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O BAPUAIINOHHBIX MPUHITNITAX
OJIA CUCTEM C HEYJAEPXKHUBAKIINMU CBA3AMU

JMarorcss BBIBOAIBI U (POPMYIMPOBKY BapHALMOHHBIX NPUHIMIIOB aHANUTHYE-
CKOJl MEXaHUKH [JIsI CHCTEM C HEYHEPKMBAIOLIUMHU (OCBOOOXKIAIOLIMMH) UEaIIb-
HBIMH TJIaJIKMMU CBSI3SIMU, IEPBOHAYAILHO YCTAHOBJIEHHbBIX UX aBTOPaMM ISl CH-
CTEM, CTECHEHHBIX YIEPXHBAIOMIMMKU (HEOCBOOOXKAAIOIINMHU) cBsi3siMU. M3nara-
I0TCA TNPUMHIMI BUPTYaJdbHBIX INEPEMEUICHUI, HEpaBeHCTBO Pypre, NPHHIMI
HManam6epa—Jlarparsxa, IpMHIMIT HAUMEHbILIETO NpUHYXHAeHus ["aycca u ero Bu-
MOM3MEHEHHE — TIPUHIMI HauOonblued padoTsl Yeraepa, mpuHiun KypreHa,
npuHiun 'amMunbroHa—OCTpOrpagckoro, NMPHHIUI HAWMEHBIIEro AEHCTBUSI B
dopmax Jlarpamxka u Sxoou, npuxuun Cycnosa—Boponua.

1. Hexoropsie onpenenenns [1, 2]. [lycte Oxyz — uHepuyanbHasi CHCTeMa KOOP/IMHAT,
OTHOCUTENIBHO KOTOPO# [BHXKETCS CUCTEMa MaTepHanbHbIX TOYek M, ¢ MaccaMu m,,
(v =1, ..., N). Ecnu Toukt M,, cUCTEMBI B IPOU3BONBLHO BEIOPAHHBIN MOMEHT BPEMEHH { HE
MOI'YT 3aHMMAaTh IIPOU3BOJILHOIO TONOXEHAS B NIPOCTPAHCTBE MM HE MOTYT UMEThb IPOU3-
BOJIbHBIE CKOPOCTH, TO TaKasi CUCTEMa Ha3bIBAE€TCsl HECBOOOAHOH. Y CIIOBHS!, HajlaraeMble Ha
TIOJIO>KEHHUS WITH ABIDKECHHS HECBOOOJHOM CHCTEMbI, Ha3bIBarOTCA cBsI3siMu. Eciut cBsizn He nmo3-
BOJISIIOT CUCTEME 3aHUMAaTh JIPOU3BOJILHBIE TIOJIOKEHHS, TO OHH HA3bIBAIOTCS FEOMETPHYECKHU-
MM WIH KOHEYHBIMHU CBsI3sIMU. Eciu cBSI3M HE [OIMYCKAalOT TOJBKO, YTOOBI TOYKHM CHCTEMBI B
JaHHBIA MOMEHT BPEMEHH HUMEIH IIPOM3BONIBHBIE CKOPOCTH, TO CBSI3M HA3bIBAXOTCS KMHEMATH-
yecknMH WK auddepeHuranbHbiMu. KoHeuHble cBsi3n, a Takke auddepeHuranbHble HHTe-
IPHPYEMBIE CBS3HM HA3bIBAIOTCS T'OJIOHOMHBIMH, a AudbdepeHLHansHble HEUHTErpUpyeMble
CBSI3M Ha3bIBAKOTCSI HETOJIOHOMHBIMY. ECITi CBsI3M HE 3aBUCAT SIBHO OT BPEMEHH, TO OHU Ha3bl-
BAlOTC CTALMOHAPHBIMM WM CKI€POHOMHBIMH; B IIPOTHBHOM Clly4ae — HECTAUMOHAPHBIMH
WM PEOHOMHBIMH.

CBs131 Ha3bIBAIOTCS YAECPXKUBAIOIIMMM, WIH JIBYCTOPOHHUMH, €CITH AHATUTHYECKH OHH BbI-
pakaroTcs ypaBHEHUSIMU BUfa

foltb X,y 2,) =0, Pl Xys Yyp Zus Xy Vyn 3y) = 05 a0 = 1, .., a5 B=1,...,b (1.1)
U HEY/EP>KUBAIOIMMH, WU OJ(HOCTOPOHHUMH, ECJIM OHU BHIPAXKAIOTCH HEPABEHCTBAME BU/A
f(x(tv xv, yvv ZV)ZO, (pB(ty xva yvy ZV’ xv; yvy Zv) 20 (1'2)

Korpa neBble 4acTu 3THX COOTHOLLIEHUH ITOIOXKUTEIBHbI, FOBOPSAT, YTO CBSI3U OC/AONIEHbI,
WIM CHCTEMA COlIIIa CO CBS3EH; KOI/Ia XK€ OHM PaBHbI HYIIIO, TO CBS3M JIEHCTBYIOT, WJIH HAXO-
parcs B HanpstkeHuu. Cesizu (1.1), (1.2) OyneM cyuTaTh HE3aBUCHMBIMH U TiIafkumu. OrpaHu-
YIMCs ialiee PACCMOTPEHUEM JIUIIb JTUHEHHBIX AuddepeHMaIbHbIX CBsI3Ei

dr,

(pB(z7 Xys Yys Zys xv, ))V, ZV) = ZBE . l..V + DﬁZO, r,= (xv, Yvs ZV)’ l;V = E
v

rne Be 1 Dy — HeKOTOPbIE PYHKIMHI BPEMEHH M KOOPJIMHAT.
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3mech 1 BCIOAY flajiee CYMMHPOBaHUE MO vV BeieTcsi oTV=1pgov=N,moa—or o =170
o=a,noB-orB=1poP=>.
SneMeHTapHbIe NepeMeleHnst Or,, YIOBIETBOPSIOLINE YCIOBUIM

8fy = zgradrvfa- r,20, Zgradfv(pﬁ -dr, 20 (1.3)

A v

npu (PUKCHPOBAHHOM 3HaueHuH BpemeHu (87 = 0), Ha3bIBAIOTCSl BUPTYAIbHBIME IIEPEMEIIIEHH-
SIMH TOYEK CHCTEMbI, IPHUEM 3HAK PABEHCTBA HMEET MECTO TOJIBKO MIJIsi HEOCBOOOK/AOLIMX
HepeMEIleHUI, OCTABISIOIMX CUCTEMY Ha CBSI3U.

OTMETHM, 4TO B 9TOM IIPOSIBISETCS CyLIECTBEHHOE OTIMYME BUPTYAIbHBIX MEPEMEIICHU
B cjy4ae ABYCTOPOHHUX CBSI3¢H OT BUPTYAIbHBIX NEPEMELIEHUI B CIy4ae OJHOCTOPOHHMX
cBsizeil. B nepBoM ciiyyae BUpTYyalbHbIE IEPEMEIEHHst OOpaTHMBbI BCErfa, TOrAa Kak BO BTO-
POM — OHH HEOOPaTHMBI, 32 UCKJTIOUEHHEM TOJIBKO BHPTYAIILHBIX NE€PEMEILEHHI, OCTABIISIO-
LIMX CUCTEMY Ha CBSI3SX; 9TUM OOCTOSITEILCTBOM M OOYCIOBIIEH ABOMHON 3HAK: PABHO HYIIO
unu 6omsblre Hyssi. OOpa3HO roBops, B CIy4ae ABYCTOPOHHUX CBSI3€H CUCTEMA HAXOAUTCS THe-
TO BHYTPH [IPOCTPAHCTBA KOH(UTYPALUIL, U €€ BUPTYaJIbHbIE IEPEMELLEHIS MOTYT OCYIIECTB-
JSIThCSL B JIIOOOM JIOIYCKAEMOM CBSI3sIMM HalNPaBJIEHUH, TOIA KakK B Cly4ae OAHOCTOPOHHHX
CBA3€H cHCTEMAa HAXOOUTCS Ha IPAHHUIIE MTPOCTPAHCTBA KOH(UIypaluil, BCIENCTBUE YETO, KO-
rja BUPTYallbHbIE IEPEMELUEHHUS HAIIPABJIEHbl BHYTPb, IPOTUBOIIOJOXHO HalpaB/IE€HHbIE Ie-
pEMELLEHUST HEBO3MOXKHbI KaK BBIBOJSILHE 3a TIPENENbI IIPOCTPAHCTBA KOHGUTypauui [3].

IIpu nBukeHMH MEeXaHMYECKOH CUCTEMBI IIOf| IEACTBUEM NPUJIOKEHHBIX 3afaHHbIX cul F,
HAJIOXKEHHBIE Ha CUCTEMY CBSI3Y IEHCTBYIOT Ha Pa3/INYHbIE TOUYKH M, CUCTEMBI C HEKOTOPBIMH
cwiami R, Ha3pIBaeMbIMH peakIusiMi CBSI3EH.

Axcuoma ceazeii. [leficTBie CBsi3el, HATOXEHHbIX HA MEXAHUYECKYIO CUCTEMY, MOXHO 3a-
MEHUTH AeicTBHEM peakimil cBsseif R,

Caedcmeue. Ecnu K 3afaHHbIM cuiiaM F,,, IeACTBYIOIINM Ha TOYKH CHCTEMBI, JOGABUTb CH-
JbI peakuuit cesadedt R,, TO cucreMy MOXHO MBICIUTB CBOOONHOH OT CBsi3eH, BBI3bIBAIOLIMX
peakiuu R,,.

HanoxeHHble Ha CHCTEMY CBSI3H 3aBUCSIT OT (PU3UYECKOH NIPUPOALI OCYLIECTBIISIOLLMX CBSI-
31 MEXaHU3MOB, II03TOMY B MEXaHUKY JOJKHA ObITh BBE[ICHA XapaKTEPUCTUKA CBSI3U B BHJIE
HEKOTOPOY aKCHOMBI, YCTAHABIIMBAIOLIEH PEaIbHO CYIUECTBYIOLUME ONBITHBIE COOTHOIIEHHS.
B xayecTBe Takoi aKCHOMBI BO MHOTUX ClTy4asiX IPHHAMAIOT OINIPEAE/ICHUE UCANbHBIX CBSI-
3eil: cyMMa 9JIeMeHTapHbIX paboT peakuuid R, uaeanbHbIX cBsA3ell Ha [IPOU3BOJNILHOM BHPTY-
AJIGHOM IIePEMEILCHHI CHCTEMbI OF paBHA HYIIIO:

ZRV-SrV =0

B Clly4ae JBYXCTOPOHHHX CBsi3€H, U PaBHa HYJIO WX OOJIbIIE HYNA B C1y4a€ OTHOCTOPOHHUX
CBSI3EM:

TR, 0r,>0 (14)

TIPUYEM 3HAK PABEHCTBA UMEET MECTO TOJILKO ISl HEOCBOOOXKAAOIIUX NEPEMELLICHH.
Haiizem Tenepp BbIpaskeHHs] peaKUMHd HAEIBHBIX CBSi3ed. PaccMOTpHM cHavana HeOCBO-
OOX/AloLINe BUPTYaJIbHbIC IIepeMelleHus Or,, il KOTOpBIX B cooTHoleHusx (1.3) umeror
MECTO 3HAKHM PABEHCTBA. Y MHOXKMM KaxJoe U3 ypaBHeHui (1.3) Ha IpOU3BOJIbLHBIE MHOXKHTE-
I — Ay M- Hg, CTIOXKMM HX U IIPHOABUM K ypaBHEHHIO (1.4), B pe3y/IbTaTe NOTY4HM ypaBHEHHE

YR, =Y Aygrad, fo— Y pggrad, g |- 8r, = 0
a B

Vv



904 B.B. Pymsanyes

U3 KOTOPOI'O HAXONUM BbIPDAXKE€HUS 1151 peammﬁ HCANBbHBIX cBsized

R, = Y Aqgrad, fo+ > Hpgrad, g, Vv = 1,.., N (1.5)
o B

rJle YUCIIO MHOXKHTENEH CBsi3ei Ay, 1 Hg PaBHO 4mcCny a + b ypaBHenuii csisei (1.1). B cymmax
B IIpaBOif yacTu paBeHcTBa (1.5) Kaxgoe cnaraeMoe IpefcTaBsieT COO0N NedCTBUE OHOM Ka-
KOH-u60 CBSI3M Ha IAHHYIO TOYKY M,

R = Aograd, fo, R = pggrad; og (1.6)

B cnyyae HeypmepKHUBarOUMX CBSI3ed [N UX peakuuil coXxpaHuM BbIpaxkeHus (1.6), Bcnen-
CTBHE 4YETO 3JIEMEHTApHast pab0oTa peakiliil HeYAEPKUBAIOIIUX CBS3€H Ha BUPTYyaJIbHOM Ilepe-
MENICHUY MPUHAMAET TAKOM K€ BHI, KaK U IS VIEPKUBAIOIMX CBSI3EH, T.€.

ZRv or, = z)\agradrvfa -dr, + 2;],1[5gradrv(pB - dr,
v o P

OTKYyHA B cUy cooTHOMIEH!s (1.4) cnefyoT JONONMHUTENbHbBIE YCIOBUS AL MHOXKHUTEeH
Ay 20, He20; o =1,..,a; B=1,..,b 1.7

CneayeT OTMETHTb, YTO B CIy4ae OCBOOOXKJAIOUIMX BHPTYaNbHBIX NMEPEMEIICHUH JIeBasi
yacTe cooTHouleHus (1.4) mpepcraBnsieT coboil 3JIEMEHTAapHYIO paboTy peakuud Jilb B
YCIIOBHOM CMBICIIE, @ HIMEHHO, €CIIH NIPEATIONOXNTD, YTO Ha MMPOTSDKEHUU NEPEMEILIEHHS PeaK-
LU COXPAHSIOT CBOM IEpBOHAYajbHble 3HaueHUs. B aTOM cMbiciie Ha HepaBeHCTBO (1.4)
MOXHO CMOTPETb KaK Ha yKa3aHUE Ha COOTHOLIEHUE MEXK/Y HaIIPABICHUSMH TIepEMEIEHUI U
peakimii, HO He Ha paboTy peakuuii. PaboTa ke peakiyu naeanbHON HEYAEPKUBAIOLLEH CBSI-
31 Ha BUPTYaJIbHOM NEPEMEILECHUM BCET[la PaBHA HYJIO: KOrJa IEpEMENICHUE OCTABISIET CH-
CTEMY Ha CBsI3H, TO

> grad, f,-dr, = 0, grad, @3- dr, = 0
v

Korja e nepeMeEImenue CBOJUT CUCTEMY CO CBA3H, T.€. KOrga

> grad, fo-8r,>0, grad, @5 3r,>0
v

TOT/Ia COOTBETCTBYIOLME PEAKIMH OOPAIIAIOTCS B HYJIb, U CE0BATENLHO, A, = 0, pg = 0
(a=1,...,a;B=1,...,b)[1].

B nuTepaType HETONOHOMHLIE HEYIEPKHUBAIOLIAE CBI3H PACCMATPUBAKITCS B [IBYX BapHaH-
Tax. B MepBOM H3 HUX YCIIOBHS [UIi KOOPAMHAT M CKOPOCTEH 3aMMCLIBAIOTCS B BUIE HEpa-
BEHCTB KaK ¥ B IaHHOI cTaThe. BO BTOPOM BapHaHTE HEPABEHCTBA CBA3LIBAIOT PEAKIUH CBS-
3€li, a KOOPJAUHATLI U CKOPOCTH YIOBJIETBOPSIKOT YPABHEHMSM CBA3EH JI0 TEX IIOP, MOKA Peak-
LA NPHHAJIEXAT HEKOTOPOMY OTKPLITOMY MHOXECTBY B NMPOCTPAHCTBe peakuui. Kax
TOJILKO PeaKUUH BLIXOST HA IPAHMILY 3TOTO MHOXKECTBA, CBS3M MCUE3AI0T. DTOT BaDUAHT B
CTaTLE HE PACCMATPUBAETCH.

2. IIpHHIHED BUPTYANbHBIX NepeMeluennii, nepasencrso ®ypoe. [10[ NONOXKEHHEM PABHO-
BECHS CHCTEMBI, HAXOSILEHCS IO IEACTBHEM JAHHBIX CHJI, IIOJPA3yMEBAETCs TAKOE MOJIOKE-
HHE CHCTEMBI, B KOTOPOM OHA MOXKET HEOIPEENEHHOE BPEMS HAXOMHUThLCA B [IOKOE OTHOCH-
TENLHO TAHHON CUCTeMbI 0TcueTa. OGBIYHO PACCMATPUBAKOTCS MONOKEHUS PABHOBECHS CH-
CTeM, KOra 3afjanHble cunbl F, v CBSA3M He 3aBUCAT SIBHO OT BPEMEHH.
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Jononnum 3aganuble cunbl F, Bcemu cunamu peakuuit R, Torna Mexanngeckyro cucremy
COTJIaCHO aKCHOME CBSI3€il MOXKHO MBICIUTE KaK CUCTEMY CBOOOJHBIX TOYEK, HAXOMSILIHXCS
nopt aevicreueM cuil F, + R,,. [11s1 cBOGOHBIX TOYEK YPABHEHUSI PABHOBECHSI UMEIOT BHJ, [4]

F,+R, =0, v=1_.,N

YMHOXKUM CKAISPHO 9TH YPaBHEHHS HA BUPTYalIbHble NepeMellieHus Or, TOYEeK CHCTEMBI,
CIIOKUM HX M, YYUTHIBAsI HEPAaBEHCTBO (1.4), MONyUYnM COOTHOILIEHHE

ZFV -8r, <0 Q.1

CNIPaBeNJIMBOE [1Jisi IPOU3BOJIBHBIX BUPTYAIbHBIX MEPEMEILCHHUI Or, U3 MOJOXKEHHS] PABHOBE-
cusa. CoorHomieHue (2.1) He TOJNIBKO HEOOXOANMO, HO M TOCTATOYHO [1, 2] Anst paBHOBECHS, T.€.
OHO BbIpaxKaeT IPHHII, Ha3bIBAEMbI IPUHIMIIOM BUPTYa/IbHBIX NIEPEMELLEHUIA: [JIT paBHO-
BECHSI CUCTEMbI CYMMa 3JIEMEHTAPHbIX pabOT aKTHBHBIX CHJI HA JIFOOOM BUPTYAILHOM NEpeMe-
LLIEHUX CHUCTEMBbI PAaBHA HYJIIO WIM OTPULATENbHA; OHA PaBHA HYJIIO A7Isl HEOCBODOKAAIOIIMX
nepeMeLEeHNH U OTpULATENbHA AT OCBOOOXKAAIOLIMX [1I€PEMELLICHUH.

DTOT NMPUHUMIT [JIsl Cly4yasl ABYCTOPOHHMX CBsi3ell Obln ycraHoBned M. BepHynnu, a ans
cly4ast OfTHOCTOPOHHUX CBs3el — Pypee [S].

B cnyyae noteHuuanbHbIX CHII, KOrAa

F, = grad,.vU, v=1..,N

rae U(ry, ..., Ty) — cuIoBast (OYHKUMS, HEPaBEHCTBO (2.1) npuHUMaeT BUR
dU <0 2.2)
3. Ipnamun Manaméepa—Jlarpamka. PaccMOTpHM [(BIDKEHHE CHCTEMBI, TIOYNHEHHON Hfie-

anbHbIM cBg3sM (1.1) 1 (1.2). C yueToM Bolpaxkenuii (1.5) 17151 peakiuil cBsi3el, HaXOMSIIUXCS B
HanpsDKEHUH, YPaBHEHWSI IBIDKEHHS 3alTMILEM B BHJIE

F,—my, + Y A,grad, o+ hggrad, ¢ = 0, v =1, N G.1)
a p
Ymuoxkas Kaxpoe u3 ypasHeHult (3.1) ckansipHo Ha Or, U cymmupys mo BceM v =1, ..., N,
noyyaem
S (Fy,—my,)-8r, + > A,8f, + Y Hggrad, ¢g- dr, = 0 (3.2)
\% o B

OTKYyJa, NPUHIMas BO BHUMaHMe HepaBeHCTBO (1.4), monyyaeM aHaIMTHYECKOE BbIPAXKEHHE
npuHimna [Janambepa—Jlarpanxka

2‘(FV —m,¥,)-dr,<0 (3.3)

CymMa anieMeHTapHbIX paboT akTUBHBIX cuil F, u cun unepuuu — m, I, Ha 1r000M BHPTY-

anbHOM NEPEMEIEHNN paBHAa HYJIIO WIN HENOJOXHUTENbHA, CMOTPS MO TOMY, OYAYT JIM Bce
CBSI3U yJIEP3KUBAIOLE UM CPEIM HUX €CTh H HEYIepXXHUBaIOIHe; 3HAK PaBEHCTBA UMEET Me-
CTO B ClIy4yae HEOCBOOOXKJAIOILNX BUPTYANIBHBIX [EPEMELICHUI W 3HAK MEHBIIE B Clydae
0OCBOOOXIAOIIHUX.

ITpusmun (3.3) BeIBEIEH KaK CefICTBUE U3 ypaBHEHUH iBkeHus (3.1). Moxno, Hao6oporT,
npHHATE (3.3) 3a MCXOAHOE MONIOXKEHHUE U U3 HErO MOMYYUTh, KaK CIEICTBUE, YPABHEHHUS IBU-
xeHus (3.1).
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Cootromenue (3.3) ompeaenseT 3aBUCUMOCTb MEXJly BHPTYaJbHBIMU MEPEMEIECHISIMA
dr,,, HOMYCTUMBIMI NPH HAJOXKeHHbIX cBsi3sx (1.1) u (1.2), akTuBHBIMEU cunamu F,, npunoxxen-

HBIMH K CHCTEME, i YCKOPEHMSIMH [, , BI3IBAEMBIMU 3a[laHHBIMI CUJIaMH TIPH HaJOXEHHBIX
CBSI35IX.
Korpa Bce yckopenus 1, =0 (v =1, ..., N) 4, clefoBaTelbHO, CUICTEMa HAXOAUTCS B paBHO-

Becud, mpuHuun Janambepa—Jlarpamka (3.3) craHOBUTCS NMPUHOUIOM (2.1) BUPTYanbHBIX Ie-
peMelleHnit (HepaBeHCTBOM Pypre).

Benuuuny P, = F, — m, ¥, Ha3bIBalOT HHOTA NOTEPSHHON CUIION, IIPY 3ToM npuHuun [Ta-

namb6epa-Jlarpanska npMHUMAaeT BUJ| HepaBeHCTBa (2.1)

> P, -8r,<0 (3.4)
v

B cny4dae€ NOTEHUUAbHBIX aKTUBHBIX CUJI IPUHITUT JlanaMGepa—JIarpaH)Ka NPUHUMAET BUN

Y (grad, U—m,¥,)-8r, = 8U - Y m,F, - dr, <0 (3.5)
\% \Y

rape U=U(t, r|,..., Ty).

Mpunign (3.3) 661 BrepBble TONYUEH IS yAEpKUBaroIux csizeit Jlarpanskewm [6] myrem
coeqrHeHus npuHuunoB [lamamb6epa u M. Bepuynnm, a s HeymepsKUBAIOIMX CBS3Ed —
M.B. Ocrporpaackim [7].

4. INpwauun Taycca namvensuiero npunyxnenns [8]. B npunyune [{anam6epa—Jlarpamka
CPAaBHUBAKOTCS OHOBPEMEHHBIE (8! = 0) MONOXEHNS I, U T, CHCTEMBI B JIEACTBUTETHLHOM U
TMHO00M OECKOHEYHO OJIM3KOM KUHEMATHUYECKH BO3MOXKHOM JBIDKEHMSIX, PAa3iIMYaIoONIecs Ha
BeJIMuMHLI 8r, = T, — I, ynosiaeTsopsoiue ycnosusam (1.3). pu stom npunmun (3.3) He

UMEET XapaKTepa IMPUHLMIA CTAMOHAPHOCTH (3KCTPEMANbHOCTH) KaKOH-ITNO0 (PYHKIH.
T"ayccy ynanocs npeo6pasosaTs npuHuMn JanamOepa—Jlarpanka B NPHHLMIT HAUMEHBIIIE-

IO NPUHYXKJICHUSI TTyTEM CYXEHUS MHOXKECTBA CPaBHMBAEMBIX JBIDKEHUH: JIEHCTBUTEILHOE

JBIDKEHUE CPABHUBAETCS C TAKMMH KMHEMATHYECKU BO3MOXHBIMU JABVDKEHUSIMH, MPU KOTO-

PBIX B JaHHBIA MOMEHT BPEMEHH ! PAILYC-BEKTOPHI I, 1 CKOPOCTH ¥, TOUEK M,, CUCTEMBI NMe-
IOT TaKHME XK€ BEIUUMHBI, KaK W B JCHCTBUTEILHOM JBMXKEHUHU. DTH BMXKEHUs ['aycc Ha3pan
MBICIIUMBIME — JJIST HIX PACCMaTPHBAIOTCS TE 3HAUEHHS YCKOPEHUH TOUYEK I, , KOTOPHIE BO3-

MOKHBI IIDH 33J1aHHbIX KOH(UTYPALMH H CKOPOCTH CHCTEMBI.
B MoMeHT BpeMeHH ¢ + T, Tie T — Majiasi BeJIM'I1HA, HIMEEM

r(t+1) = rv(t)+r'v(t)r+%i'v(t)rz+

IIpeneOperas uneHaMu TpeTbEro U 60see BLICOKUX MOPSIAKOB MO T, IIPY BAPbUPOBAHUH MO
T'ayccy B MOMEHT BpeMeEHH ¢ + dt onyyaem

Ll 2 lg 2
or, = 2(rv F)(d)" = 26rv(dt)

Toncrasus Or, B Beipaxenue (3.3) npuimna [Tanambepa—Jlarpanxka, OynemM uMeTh

S (F, - m,¥,)- 8k, <0 @1
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WM, YYUTBIBast, YTO 3ajjlaHHble akTUBHbIe cunbl F, = F (1, r, ) He 3aBucsT OT yckopeHui r,, ,
1 BBOJIl B PACCMOTPEHUE (PYHKIUIO

z=15mfe- ) (42)

A4

nepenuuieM cooTHouleHue (4.1) B Buie
. FoY o
dZ = va(rv~ nTV) - 8K, >0 4.3)
v

orkysa 8°Z =Y m, (¥, )* > 0.
v

Benuunny (4.2) I'aycc Ha3zBan NMpHHYKIEHUEM M NPUHSI 32 MEpY OTKJIOHEHHS JEeHCTBHU-
TEJIBHOTO JIBIDKEHHS OT JIBIDKEHHSI CUCTEMBI, OCBOOOXKIEHHOM OT Beex cBsideil. CnenoBaTesb-
HO, 17151 JeICTBUTEIBHOTO ABMXKEHHUS IPHHYXKACHIE Z IMeeT HauMEHbIIee 3HaUeHUe B Kiacce
MBICIIMMBIX JBIDKEHUH — IPMHLMII HAUMEHBLIEro NpuHyxkaeHus I'aycca. [Ins roTOHOMHBIX U
JVHEHHBIX HErOJIOHOMHBIX CBsi3ell MpUHIUII ["aycca uMeeT Ty Ke OOLIHOCTD, YTO M NMPUHLIMI
Hanam6epa—Jlarpamxa [2].

5. Bnpousmenenne npunuuna l'aycca — npaauun Yeraesa [9]. H.I'. Yeraes npennoxun uH-
TepecHOe Bujou3MeHeHne npuHuuna I'aycca. Hapsny ¢ neficTBUTENEHBIM [BIXKEHHEM CHCTE-
MBI PACCMOTPUM KJ1aCC MBICTHUMBIX (W) 1o ["ayccy ABHXKEHHMI CUCTEMBI 33 IIPOMEKYTOK BpeEMe-
HHU OT ! IO t + dt, ONIPEQIETICHHBIX B MOMEHT / BEIMYUHAMM I, I, = V,, U HAJIOKEHHBIMH Ha CH-

creMbl cBsizsamu (1.1) u (1.2)
Pabora 3apanHbIX cun F, Ha 6ECKOHEUHO MallOM NEPEMEILICHUH

r(t+dr)-r (1) = (r‘v + %Sl‘vja’t

MBICIIMMOTO JBH2KCHHUS paBHA
1 i )
SF,- £y + 8¢, |di
\%

riae OF, — N3MEHEHHe CKOPOCTH TOYKM M, 3a TIPOMEXKYTOK BPEMEHH dI JIst MBICIMMOTO [[BH-
seHust. 113 9TOro BbIpaXXeHUsI BbIYTEM BhIpaXKeHHe paGoThI Ha paccMaTPHBAEMOM IIepeMellie-

HHUM CUN M, I, , KOTOPBIX ObLIO ObI JOCTaTOYHO JJIst CO3[laHMs NEeHCTBUTENBHOTO [BIDKECHUS,

ecn Ob1 TOUKM M, Ob1IM COBEPIIEHHO CBOOOTHBIMU:
P R

varv Slrg+ §5rv dt

v
B pesynpTare nonyuum BhIpaskeHUe

. T
A, = Z(Fv —m,¥F,) - (rv + iﬁrv)dt (5.1
A

pa60T}.1 Ha 3JIEMEHTAPHOM LIMKIJIE, COCTOSALIEM U3 IIPAMOrO MBICIUMOIO ABHKEHUA B I10JI€ 3a-
JaHHBIX CHJI U IBIZKCHUSA IOIIATHOIO (OGpaTHOI‘O) B IIOJIE CUJI, KOTOPbIX ObLIO OBl TOCTATOYHO
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IJIst CO3TaHUsI ICUCTBUTENBLHOTO IBUXKEHHUS, €CITH ObI TOUKH CHCTEMBI ObIJIU COBEPILIEHHO CBO-
OOIHBIMH.
Pabora Ha aHATOTHYHOM LIUKJIE, IOCTPOCHHOM 11 ACCTBUTEIBHOTO ABIDKEHUS, paBHA

A
A=Y (F,-mi,)- (rv+§drv)dt (5.2)

Brruuras paBencTBo (5.2) u3 paBeHcTBa (5.1), nonyyaem

dt

A -A = Z(Fv—mva) - (8F, —d¥,) = (5.3)

2

O603HaynM uepe3 A U3MCHEHHUE NPU NIEPEXOJIE OT ACHCTBUTEILHOTIO JIBIKCHUS K MO OT-
JIMYHOMY OT HEro MBICIUMOMY JBIXKCHUIO. Tak Kak cunbl F,, He 3aBUCAT OT yCKOpEHUH, TO
AF, =0, u ypaBHeHHE (5.3) MOXHO NPEACTaBUTh B BUJIC

2 2
AA = ("T’)E(Fv_mva)-uv . —AM%ZZ%(FV—mVi‘V)Z (5.4)

CornacHo cooTHoOWIEHUIO (4.1) momyyaem
AALO

IIpuMeHsst K 9TOMY HEpaBEHCTBY ONEPALHIO A, HAXOAUM

(an’

2
A"A = - >

3 my(AF,) <0 (5.5)

CrnepoBaTebHO, CIpaBEAAUB NMpUHIMI YeTaeBa HaubONbIIEH paboThl: paboTa A Ha 3ne-
MEHTapHOM LHKJIIE, COCTOSNIEM U3 MPSIMOTO JIBUXKCHHUS B NIOJIE 3aJaHHBIX CHJI U JIBICKCHUS 00-
PaTHOTO B MOJIE CUJ, KOTOPBIX ObITIO ObI JOCTATOYHO AJIS CO3[aHMs JCHCTBUTENBLHOTO IBUXKE-
HUs, ecny Obl MEXaHudeckas cucreMa Oblfla COBEPILEHHO CBOOOTHOM, ISl ICHCTBUTEIBHOIO
IBIXKCHUS MMCET MAKCUMYM B KJIacce MBICITMMBIX MO I'ayccy BIDKEHHH.

6. Ilpuanun 2Kyppgena [10]. B otnuuune ot npunuunos Janambepa—Jlarpanxa, I'aycca u
Yeraesa B npuHiyne 2KyppeHa feficCTBUTEILHOE IBUKEHIE CPABHUBACTCS C TCMU M3 KIHETHU-
YEeCKH BO3MOXKHBIX JIBIDKEHHH, ISt KOTOPBIX B TAHHBIA MOMEHT BPEMEHH ! PAINYC-BEKTOPHI I,
TOYEK CUCTEMbI TaKyE XK€, KaK U B IEACTBUTEILHOM IBUKEHUM.

IIpu BapbupoBanuy no ZKyppaeHy B MOMEHT ! + dt OyjieM UMEThb

r, = (£, —F)dt = 8F dt (6.1)

TToncraBnss ato BeipaskeHue B BolpaxkeHnue (3.3) npunuuna [JanamOepa—Jlarpanxa, nonyya-
eM npuHLun KypaeHa

N (F,—myi,) 8, dt <0 6.2)

7. Npuanun Famunsrona—OcTporpagckoro. PaccMoTpuM BIDKEHUE FOJIOHOMHON MEXaHU-
YECKOM CHCTEMbI B IPOMEXKYTKE BDEMEHH OT £ IO ¢, @ TAKXKE AJISL KAXKIOTO MOMEHTA ¢ BUPTY-
allbHble NEPEMELICHMUs Or, U3 ITOJOXEHHA I, 3aHIMAEeMOrO B [EHCTBUTEIILHOM [IBIKEHUH.
BupryanbHble nepemellienusi Or, OyaeMm npeanosiaraTb (GYHKUUSAMH f, NPUHAIICXKALUMHA
knaccy C, 1 oOpallalolIMMUCS B HY/Ib B MOMEHTbI BPEMEHMU [ U !|, COOTBETCTBYIOLLHE BO3-
MOXHBIM MOJOXEHUsIM Ay U A| CHCTEeMbI B KOH(PUTypalMOHHOM IpocTpaHcTBe. Ilocnenosa-
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TENBHOCTb TONOXEHUH I, + Or, MOXHO PACCMaTPUBATL KAaK BAPbHPOBAHHBIA, HIH OKOIb-
HBIH NyTh, KOTOPBIH, OIHAKO, AJIs1 HETOJJOHOMHOH CUCTEMBI HE YIOBIETBOPAET YPaBHEHUSIM
cBsizei [1].

Bapuauusi KHHETUYECKON 3HEPTUU CUCTEMbI PABHA

d dr,

8T=Y m,r, -8f,, mnpuuem 8r, = T

v

Hurerpupys no ¢, 0ygemM UMETh

I

1 1
'[STdt = J.zml:\, : %dt =Y mpi,- Sr\,‘:’ - J-vai"v -, dt
1 o Vv v to v

ITepBoe cnaraemMoe B IIpaBOH YacTH 3TOTO PaBEHCTBA PABHO HYJIIO, TaK KaK IO YCIIOBUIO
dr, = 0 B MOMEHTbI BPEMEHH [, U t|, BCIEJCTBHE YETO

L h

[|8T+ X ¥, -8r, |dt = - (m,E,~F,) 8r.at

v

fo N

IIpaBass 4acTb 3TOro paBEHCTBA HEINOJOXKHMTENbHAa COIJacHO NpuHuuny JlanamGepa—
Jlarpanxa (3.3), Tak 4TO
’1

J- 3T+ Y F,-8r, |dt<0; 8r, =0 mpu =151 (7.1)

N v

IMpuxuun NamunbsToHa—OCTPOrpajcKoro: UHTErpasl 110 BPEMEHH OT CyMMBbI BapHaLlMU KHU-
HETHYECKON SHEPruM i pabOThl AKTUBHBIX CHJI HA BUPTYANbHBIX NEPEMELLEHHsIX Or, 1JIst Heii-
CTBUTEJILHOTO JBHKEHMSI PABEH HYJIO MJIM OTPHUUATENEH M0 CPABHEHHIO C JIBIKCHUSMU MO
OKOJIBHBIM IyTSM, MAYLIHIM MEXKAY TEMH XKCE TONTOKEHHUSIMU Ay U A, €CITH NEPEXOJ] CHCTEMBbI
TI0 BCEM ITYTAM COBEPIUAETCS B OMH U TOT XK€ MPOMEXKYTOK BPEMEHH £, — &y, TIPUYEM fy U ¢; —
obmye Auist Beex MyTeil HauadbHbIN U KOHEYHbIA MOMEHTBI BDEMEHH.

B cny4ae moTeHnmanbHbIX aKTUBHBIX clil, xorpa F, = gradrv U(v=1, ..., N), nonydyaeM
npuHumn lamMunsToHa
n
[8Ldr<0; 8r, =0 mpu =11 (7.2)
Ty
rae L =T+ V — dyuxuus Jlarpanxa, T.e. Ajis AeHCTBUTEIBHOTIO IBHXKEHHS
h
8[Ldr<0; 8r, =0 mpu =151 (1.3)
fo
IIpunnun (7.1) 6pu1 NEpBOHAYAIBHO YCTAaHOBIEH 'amMunibToHOM [11] Ansg ciyyast cTauu-
OHAPHBIX TOJIOHOMHBIX CHCTEM C JBYCTOPOHHMMHM CBS3SMH, HAXOMSILUXCS MOJ AeHCcTBHEM
MOTEHIUANBHBIX CHII, a 3aTeM pacnpocTpaiedn M.B. Ocrporpanckum [12] Ha HecTanuoHap-
HBIH Clyyai, a TaKK€ Ha Clly4yaid HENOTEHUMANbHbIX CUl. [IJ15 TOIOHOMHBIX CHUCTEM, CTEC-

HEHHBIX OTHOCTOPOHHUMHM CBsI3siMH, NpHHUMIbL (7.1) u (7.3) 6b11u uccneposansl H.E. Crag-
pakosoii [13].
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8. Ilpmaman AanMensiero AefictBas B ¢opme Jlarpamka. Ilepsas cnosecHass ¢opmynu-
POBKa IPUHLMIA HAUMCHBILETO AeHCcTBUs OblUIa HaHa MomnepTion (1744 r.), KOTOpBIN 3aTeM
(1746 r.) 06BSIBUN €0 YHUBEPCATbHBIM 3aKOHOM ABUXKEHUSI U TOKOs [14]: “OO01ui mpUHIHMIL
Korpa B npupojie NpOUCXOAUT HEKOTOPOE M3MEHEHHE, KOJMYECTBO ACHCTBHUS, HCOOXOMUMOE
JIJ1s1 9TOTO U3MCHCHHS, SIBJISICTCS] HAMMEHBILMM BO3MOXHLIM. KonuyecTBo feficTBHS €CThb Ipo-
H3BCMICHUE MACChl TCJ1 HA HX CKOPOCTb M Ha PacCTOSIHUE, KOTOPOE OHU MpoberaroT.”

MaremaTuyeckyro (pOpMyIHMPOBKY NPHUHIIMIIA HAHUMEHBILIETO AEHCTBYSI ISl CIyUast MaTepH-
anbHON TOYKM fan Diutep [15]. Jlarpanx [6] BbIBE MPHHIMII [/t CUCTEMbl TOYEK, CTCCHEH-
HOW JIByCTOPOHHUMH CBSI3SIMH.

Bynem panee npeqronaraTh, 4YTO HAJIOXKCHHBIC HAa CUCTEMY I'OJIOHOMHBIE CBSI3U CTallOHap-
HBI, IPUYEM YAaPbI, BO3MOXHbBIC B CHCTEME IIPH BBIXOAE Ha OTHOCTOPOHHHUE CBSI3M MJIU CXOfie C
HUX, aBCOIFOTHO yupyrue (KoagduuueHT BoccTaHoBnenus O = 1) [1]; npuiosKeHHbIC aKTHB-

HbIC CUJIBI IOTEHLMAJIBHBI C HE 3aBUCSIILICH OT BpEMEHH CUnoBOH dynkuuen U(r, ..., ry). I1pn
9TUX YCIOBHSAX CYILIECTBYCT HHTErPal 3HEPIUU
H=T-U = h = const 8.1)

B camom nene, IpH yKa3aHHBIX YCJIOBUSAX AeHCTBUTENbHbIE IEPEMEILECHHS dT, = T, dt

(v =1, ..., N) HaxopsiTcd CPEAM BUPTYaIbHBIX MEPEMEILCHUN. YMHOXKas! CKaJlsipHO Ha dr,

ypaBHeHUs: (3.1) U CYMMHpYs IIO BCEM V, NONYy4YacM IIPU CAENAHHBIX IPENIONIOXKCHUSIX
ypaBHCHME

N m¥, -dr,-dU = d(T-U) = 0

\Y

oTKyaa ciaefyeT unrerpan (8.1). Ecnu cooTHOLIEHHST MEXy TeKapTOBBIMH U OOOOIICHHBIME
KOOpAMHATAMH HE 3aBUCAT OT BpeMeHH, To (pyHkuusa Jlarpamka L(g, ¢ ) = T + V OyaeT Takxke
HE 3aBHCETh OT BpEMEHH, U uHTerpas (8.1) OyAeT cyluecTBOBAaTh U B 3TOM ClIy4ae.

ITpenocraBnenHast camoil cebe MEXaHMUYECKasi CHCTEMA MOXKET BBLIOMPATh CBOM JBHKEHHS
U3 [BMKCHUI C JAaHHBIM 3aIaCOM MOJIHOH 3HEPTUM h, MO3TOMY MHOXECTBO CPaBHMBAaEMBbIX
NBUKECHUH MOXHO OrpaHHYUTSH yenoBuem (8.1) [2].

HeicTBUTENBHOE ABIKCHME OyleM BapbUPOBATh TaK, YTOObI HaYaIbHOE Ay M KOHEYHOE A |
NIOJIO’KEHHSI CUCTEMBbl OCTABAJIUCh HEU3MEHHBIMU. BapbMpOBaHHYIO TPACKTODPHUIO IOIYYUM,
COOOIIMB B KaKbI MOMEHT BPEMEHH ! BUPTYAJIbHOE NepeMellienne or,(8g,) OTHOCHTEIHHO
[EHCTBUTENILHON TPAEKTOPHH, IPHYEM MOIOKEHHUIO Iy, + Or (g; + 8¢;) Ha cpaBHMBaeMOM Tpa-
€KTOpPHH COOTBETCTBYET MOMEHT BpeMeHH ! + Of. Tak Kak nosiHast aHeprusi H mOMxHa ObITh
PaBHOH A HA BCeX pacCMaTPHUBAEMbIX TPAEKTOPHUSIX, TO OTCIO[a HAXOUTCSI CKOPOCTh B MOJIO-
SKEHHH r,, + Or,,. Takum 06pa3om, B OTIIMUKE OT IPEABIAYIIETrO, BPEMst BADBUPYETCS, U TIPOIOII-
3KHTEJIBHOCTb CDABHUBAEMbIX JABIXKCHUI OYIET OTIMYATHCS OT MIPOAOIIKUTEIBHOCTH NEHCTBH-
TENIbHOTO NBIXKEHHs MEXJY ToukaMu Ay U A,. Byaem cunrars nanee or,(8g,), 6 dyHkimsiMu
BpeMeHH ¢ kiacca C, [16].

ITpounTterpupyem BuipaxkeHnue (3.5) npuniuna [Janambepa—Jlarpamka mo ¢ B npefenax ot
to 10 t — MOMEHTA OCTIKEHNS] KOHEYHOr o nojoxkenus A . ITonyyum

ll

0> [|8U~ Y m,, - dr, |dr
lo v

Tak kak

h h

Jr‘v -dr,dt = ¥, - 8rv|j;—.[1‘v -Or,dt; Or, =0 mpu 1 =11

I 1y
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TO NpeabIAyLIEE COOTHOECHNE MPUHUMAET BUJL
h

0> [(8U+8T)d; 8T = Y m k- 8F,

1y v

Bapbupys unrerpan sueprud (8.1), nonydaem 87 = dU, 1 CIENOBATENBHO, IOCTIEIHEE COOT-
HOUIEHUE MOKHO TPEJICTABUTD B BHJIE

h
sjzmso; dr, =0 mpu =141, (8.2)
Iy

OHO BBIpakaeT NMPHHIMN HAaUMEHBIUETO fiedcTBUS B dopmMe Jlarpamka jnis MaeaabHbIX
[IIaIKMX OfIHOCTOPOHHHUX CBSI3EH.

JleficTBUTETBHOE ABMXKEHME, OYY"H CPABHEHO C PYTMMH [BIKEHUSMH, MaJIO OT HETO OT-
KJTOHSIFOLLIMMUCS ¥ TPOTEKAFOLLUMHY € TOU XK€ MOCTOSIHHOM aHeprueit H, yloBIeTBOPSET YCIIO-
BHUIO (8.2); IpH 9TOM BapHallMH NMOJIOXEHUH OMXKHBI ObITH BUPTYAIbHBIMH NEPEMEILEHUAMH,
a Ha4yaJbHOE ¥ KOHEYHOE MOJIOKEHHUS CHCTEMBI OCTAIOTCHd HEBAPBbHPOBAHHBIMHU.

9. Ipuanyun HanMensuiero Aedcreus B opme Axko6u. SIxobu [17] ucknrouun Bpems ¢ u3
BbIpaKeHMs AeHcTBUA (8.2) ¢ MOMOIIBIO MHTErpala SHEPTHHU 1 MPUJAJI IPHHIMIY HAMMEHBIIE-
o JIEHCTBHSI TEOMETPUUYECKHII XapaKTeD.

PaccmoTpuM KOH(HIypaliOBHOE MPOCTPAHCTBO, ONMPENENIEHHOE THHENHBIM 3IEMEHTOM [2]

n

d52 = Zaijdq,-dqj
i

u HpeﬂCTaBI/IM KPIHCTPI‘-ICCKyI-O 3Hepm}0 CHUCTEMBI B BUJIC
e 1 2(ds)? dt
T = = g.g. = =t | —1|, = = 9.1
22“’/‘1'% 2 (dr) dt ©-D
ij

rae T — HekoTopblil napametp. Ilycre cemercTBO moBepxHocTe (g, ..., g,) = ¢ MEpECEKAET
AEHCTBUTENIBHYIO TPAEKTOPHUIO CHCTEMBI, a TAKXKE OECKOHEYHO ONM3KUE TPAEKTOPHH, NTPOBE-
IEHHBIE Yepes TOUKH Ay U A KOH(MUTYPALMOHHOro npocrpaHcTBa. Kaxyro 13 aTHX KpUBBIX
MO>KHO CUMTATh 33laHHOH CBOMMH KOODPMHATAMHU, NMPEACTaBICHHbIMU (pyHKIMsIMK OT T. Bup-
TyaJIbHBIE MEPEMELLEHNUS, IEPEBOAAILIE CUCTEMY MX KAKOH-TNO0 TOYKH AeHCTBUTENLHON Tpa-
€KTOPHHU B TOUKY CPaBHUBAEMON TPACKTOPHH, IMYCTh OTHOCATCA K OJIHOMY U TOMY K€ 3Haye-
HMIO T, IPHYEM TIONIOXEHNSI A M A| OTBEYAIOT 3HAYEHHAM Ty M T; COOTBETCTBEHHO.
Bripasum T' u3 paBencrsa (3.1) u 3aMennM T Ha U + h, TOTAa NONYy4UM

, 1 ds _ 1 ds

= — = = (9.2)
2JTdv  2(U + Rh)dt
U TIPEICTaBUM COOTHOLIEHUE (8.2) B BUjIe
1
SJ'A/2(U+h g%d'cso, 8g, =0 mpu T = 1,71, (9.3)
Ty

TaxumM 06pa3oM, BapHalMOHHbII NpHHLMI JIarpaHika ¢ 3aKpeluleHHbIM HIDKHUM U CBOOOH-
HbIM BEPXHHM INpejeNiaMi NpeoGpasyeTcs B BApHALMOHHBIN NpHHIAN SIK0OH ¢ 3aKperuIeHHbI-
MH TpEfieIaMu Ty ¥ T, U 3aKPETUICHHBIMA KOHIIAMU Aj U A .
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YpaBHenus Jitnepa—Jlarpamka ans 3agauu (9.3) OynyT cnenyrommmi [2]:

[m /z ay0;) - 5| SO /zauqq,}- Cs=loan 4

(gq; = dq/dt). Ouu npencTaBIAOT cO60K0 MU PEPEHINATLHBIE YPABHEHUS IEACTBUTENLHOMN
TPAEKTOPHH B IPOCTPAHCTBE KOH(Urypani. [IBUXEHHE BO BDEMEHH HAXOAUTCS IyTEM MHTE-
IpUpOBaHMs ypaBHeHU (9.2), 4TO faeT f Kak (pyHKUMIO apaMeTpa T.

Ecnu Ha paccMaTpuBaeMoil TpaekTtopuu dtf # 0, TO B Ka4eCTBE MapaMeTpa T MOXHO BbI-
OpaThb BpeMsI f, U3MEPEHHOE Ha IEHCTBUTENLHON TPAEKTOPHH, NSt KOTOPOH HMEET MECTO UH-
terpan (8.1). Ilpn atoM ypaBHeHus (9.4) NnpuHUMarOT BUA ypaBHEHMI fiBiDKkeHus1 Jlarpamka
BTOpOT'O pofia

doT oT _ dU -1 n
. 5 T 5 - [ECEREY

dtdg, dq, dq,
YTO W IOKa3bIBaET NpUHLUUN SIKOOM.

OtmeTuMm [2], 4TO B MEXaHHYECKUX 3afladax HEeNb3s Hanepel (PUKCUPOBATh BEMYUHBI fy, 1,
A, Ajnh

10. IIpunuun CycioBa — BopoHua niis HEroJIOHOMHBIX CHCTeM. PaccMOTpUM MexaHMde-
CKYIO CHCTEMY C 00OOIIEHHbIMH KOOPANHATAMH ¢ (O = 1, ..., ¥ + b), KOTOpbIE TOXAECTBEHHO
YHOBJIETBOPSFOT BCEM FOJIOHOMHBIM CBsi3siM. I1yCTh, KpOME TOT'O, CHCTEMA HO[YMHEHA b HETO-
JIOHOMHBIM CBSA3sM [ 1]

r

drap— D, pp(de Ddp—p(q )20, B =1,..,b (10.1)
p=1
TaK 4TO BI/IpTyaJILHbIC NEPpEMCHICHUS YTOBJICTBOPAOT yC.TIOBP[ﬂM

r

8q,.5— X, upp0q,20, B =1,..,b (10.2)

=1

Omnepanun gudepeHIUpOBaHNS U BAPbUPOBAHUS NE€PEMECTUTEIbHBI JUIIb IS
p=1,...,rTe.

d .
d—tﬁqp =8¢, p=1..,r

a [ OCTAJBHBIX b 3aBUCUMBIX ckopocTel u3 HepaBeHCTB (10.1) u (10.2) BeIBOASTCSA COOTHO-
LIEHUS

r

d : , :
7:94,,5= 84, = D [ip,09, — Godupy1 ~duy = 8By, B =1,...b (10.3)
p=1
CumBOIIOM 8B 0603HAYEHBI BLIPAXKEHHS, IMHENHbBIE U OTHOPOJAHbIE OTHOCHTENHHO EqB. Ecnn

ypaeHenus (10.1) uurerpupyrores, To Bee 0Bz = 0.
Bripaxkenne npuriuna [lanambepa—Jlarpamka B 0600MIEHHBIX KOOPAHHATAX

r+b

oT doT
SU + Z(q dtaqojsqﬁso

(&)
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HPOMHTErPUPYEM OT #y JIO ¢

oT dodT
SU + ( }5 dr<0 4
oo+ 3 (32220
CYMTas, YTO UIA £ = [y ¥ ¢ = 1) Bce He3aBUCHMBle Bapuauun dg, (p =1, ..., 1), a CleQI0BATENbHO,
H 3aBHCHMbIe Bapuauuu dq, , , pasubl Hymo (B=1, ..., b).

ByneM HUMETh

1 1

d oT T T d _(oT
.[ Ilaqpsqp - az)asqut = —jaq_p
)

dtaq g dt, p=1,..,r

p

fo

a TakKe ¢ yueToM cooTHoiuenui (10.3)

oT d

8‘]r+ pdt =

Jd oT 8‘1r+B ;=

dTaq

84r+B ja

L L
oT oT
~[<22-84,, qdt - [==——8Bpdr, B =1,...b
'[aq,-+B Orep :I.a‘Ir+B P B
0

TlopcraBnsisa HalijieHHble pe3ynabTaTbl B cooTHowexue (10.4), nonyyaem npunmum Cycno-
Ba—Boponua [1, 18]

n

b
J. SU+d8T + z a
_ r+[3

B]dt <0 (10.5)
to ™

Agtop 6narogaput B.®. XKypasnera, o6paTuBuiero BHUMaHue Ha MOHorpadguro [19].
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