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MNOCTPOEHHME YIIPABJIEHHUA B 3AJAYAX C HEU3BECTHBIM YPOBHEM
AUHAMHUYECKOHA MOMEXH

PaccmarpuBarores nuHeitHbIe qudyepeHyanbHble MIphbl ABYX JIUIL ¢ (DUKCHPO-
BaHHbIM MOMEHTOM OKOHYaHus. Lleb nepBoro Urpoka — NpUBECTH ABICKEHHE CH-
CTEMBI B MOMEHT OKOHYaHHUS Ha 3aJJaHHOE TEPMUHAJIbHOE MHOXECTBO MJIM JOCTA-
TOYHO OJM3KO K HeMy. BTOpoil Mrpok (IloMexa) MpensiTCTBYeT 3TOMY. YTpaBJie-
HHME IIEPBOTO WIPOKa CKAlsIPHOE M OrPaHMYEeHO 10 Mopaylro. OcoBGEHHOCThb
MIOCTAHOBKHU B TOM, YTO 3apPAHEE HE OTOBOPEHO KAKOE-IMO0 OrpaHU4YEHUE YIpaB-
neHus1 BToporo urpoka. IlpepnoskeH 1 060cHOBaH crnoco6 NOCTPOEHUS yIIpaBiie-
HHs1 OOpPAaTHOM CBSA3M NMEPBOrO UIPOKA, YNOBIETBOPUTEILHO PabOTAIOLIMI B LIM-
POKOM [Mana3oHe MOMEX M OTBEYAIOLIMI HA TIOMEXY MaJIOro YpPOBHS MaJIOi BeJHU-
YHMHOM YIMPABISIOWIETO BO3AeHCTBUs. [[s1 cnydass HeOONBILOH pPa3sMEPHOCTH
¢a30Boi nepeMeHHON pa3paboTaHa YUCIeHHast mporpaMMa. ITpuBenens! pe3ynb-
TaTkl MOMEJIHPOBAHUS CHCTEMBI, ONMUCHIBAIOIIEH KOH(IUKTHO-YNPaBISEMBIH
MasiTHHK.

1. Beepenue. B Teopun aHTaroHucTHyeckux nuddepeHumanbapx urp [1-4] THIGHE! no-
CTaHOBKH, B PaMKaX KOTODPbBIX OrOBOPEHbl I€OMETPHYECKUE OIPAHMUYEHUS] KaK IIOJIE3HOrO
YIIPaBJISIOLIETO BO3AEHCTBYSI, TaK M BO3[EHCTBIS OMexH. B TO ke BpeMsi 3ajlaHue orpaHmye-
HUSt TIOMEXM BO MHOTHX CIIy4asix He SIBISIETCS €CTECTBEHHbBIM.

PobacmHbim Ha30BEM yrIpaBIIEHHE OGPAaTHON CBSI3U, KOTOPOE NPH “MasioM” YpPOBHE HEM3-
BECTHOH 3apaHee MoMexH OoO0eCreynBaeT XOpolllee Ka4eCTBO TPAaTOH ‘Masioro” no BelWYHHe
ynpagisitouiero Bo3nenctsus. C pocToM ypOBHs TIOMEXHU NOIYCKAETCs pOCT BEJIMYMHBI YIPaB-
JISIOUIETO BO3[ENCTBYS, TAPAHTUPYIOIIEro Xopollee KayecTBO. Tako# cMbIca TepMHHA “po-
6acTHOe ynpaBJIeHUE” COrJIacyeTcs C MPUHSATBHIM B IUTEpAType (CM., Hanpumep, [S]).

IMocTpoenne muHeHOro poGacTHOro ynpasneHus aist H -3amay Ha 6a3e Teopyu aucde-
PEHIMATBHBIX UIP C IMHEHHO-KBa[paTHYHbIM (OYHKIMOHAJIOM ILIaTh] H3BecTHO [6]. Mccneno-
BaHBI JTMHEHHBIE POGACTHBIE PEryIATOPHI B 3agayax L'-onmumusanuu [7-9].

B paHHOl paGoTe paccMaTpHBarOTCH 3ajauyd ¢ (PUKCHPOBAaHHBIM MOMEHTOM OKOHYaHUs U
3a{laHHBIM FEOMETPHYECKHM OrPaHIMYEHIEM yIpaBlIeHus IEPBOro Urpoka. I1epBblil HIpok 3a-
WHTEPECOBAH B INPHBEICHUU YIIPABISEMON CHCTEMBbI B MOMEHT OKOHYAHMS Ha TEPMHUHAJIBHOE
MHOKECTBO, BTOPO¥ MI'POK INPEISITCTBYET 3TOMY. [ToHsITHE pOGACTHOrO YNpaBIEHUs! YTOYHSI-
€TCs Ha COlep>KaTeNIbHOM YPOBHE CIIEAYIOLIUM 00pa3oM:

1) ecnu ympaBieHre BTOPOro Urpoka “ciaboe”, TO NEPBbIH UIPOK JOJKEH NPHBOIUTD CH-
CTEMY Ha TEPMHHAIBHOE MHOXKECTBO (3KENIAaTENBHO, KaK MOXKHO OJIM2KE K €r0 UEHTPY), U, KpO-
M€ TOTO0, peanu3alys YnpaBleHus IEPBOro UrpPOKa TOXKE JOJIKHA ObITh “craboi’™;

2) ecnu ynpaBlIeHHE BTOPOro MrpokKa “6ojiee CHIIbHOE”, TO NMEPBBIA MIPOK NOJXKEH MO-
NpeXXHEMY 06€CIIeYnBaTh BBIMONHEHHE LENIH UTPBI, UCIIONB3YS ISl 3TOrO CBOE “‘60IIee CUNb-
HOE” yIpaBlI€HUE,

3) ecnu Ke ynpaBIeHUE BTOPOro UrpokKa “oueHb CHIILHOE” M IEPBBIA MIPOK, HEACTBYS B
npejesiax CBOero OrpaHUYeHus, He MOXKET rapaHTHPOBATh MPUBEJECHHE CUCTEMbI HA TEPMM-
HaJIbHOE MHOKECTBO, TO HONMYCTUMO OTKJIOHEHHE OT HErO, HO KaK MOXHO MEHBILIEE.

Bnu3koe K onucaHHOMY NMOHATHE pOOAaCTHOCTH HCIOIb30BaHO paHee [10].
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Jina noctpoenus pob6acTHOTO YNpaBleHHs NPUMEHUM METOAbl aHTAarOHMCTUYECKHX NUQ-
(pepeHIMabHBIX UIP C TEOMETPUYECKUMM OrPaHUYEHUSIMU YTIpABIEHUH 060uX UrpoKoB. Oc-
HOBHasl Hjiesl COCTOMT B clefyroleM. PaceMoTpum ceMeiicTBO mudepeHIHaNBbHBIX UTP, B KO-
TOPBIX OrPaHUYEHNE YIIPABIEHUS BTOPOro UIpOKa 3aBUCHUT OT YHcioBoro napamerpa. C Kax-
AbIM 3HAYECHHEM NapaMeTpa CBSDKEM TAaKXKE€ HEKOTOPOE OrpaHMYEHHME YNpaBJIEHHs NEPBOTO
UTpOKa U CTAGMIILHYIO TPYOKY (CTaGUIBHBIA MOCT IO NMPHHATON TepMuHonoru [2, 4]) B npo-
CTpaHCTBe epema X ghazoswiii eexmop. IlonyuaeMoe ceMeHCTBO TPyOOK CUUTAEM YNOPSNIO-
YEHHBIM II0 BKJIIOYEHHIO C BO3pAacTaHUEM napameTpa. I1epBblil HTPOK rapaHTHPYET yAepKa-
HME CHCTEMbI BHYTPH KaXJIOi 13 TPYOGOK IIPU COOTBETCTBYIOIIEM €l YPOBHE MOMEXH, MICIIONb-
3ysl CBOE YNpaBJIEHHE, TAKXKeE JieXKalllee B COOTBETCTBYIOLLEM OTPAaHUYEHHH. ITO CEMEHCTBO
MOXKET paccMaTpMBaThCs KaK 3ajjlaHie B IPOCTPAHCTBE UIPbl HEKOTOPOH pyHKIMH JIdmmyHoBa,
KOTOpasl, B CBOKO 0Yepefib, MO3BOMSIET NOCTPOUTD YIIPABIEHHE OOPAaTHON CBA3M ISl IEPBOTO
UTPOKA U BBIYMCIUTE FAPAHTHIO, OOECTIEYHBAEMYIO STHM YIIPABICHUEM.

YxazaHHas wjies HibKe peani3oBaHa [j1s 3aay ¢ THHEHHON TMHAMUKON U OrPAHHYEHHBIM 110
MOJYJIIO CKaNsPHbIM YIIPaBJIEHUEM IEepBOro Mrpoka. IIpeuioxkeH METOR NOCTPOEHHs ceMe-
CTBa BJIOXKEHHBIX CTaOMIIbHBIX TPYOOK, YIOPSIOUYEHHBIX 110 BO3PACTAHMIO MIapaMeTpa, 3afaro-
IET0 FeOMETPUYECKOE OrPAHMYEHNE YIIPaBIIEHUs! BTOporo urpoka. Omicas criocob pobacTHo-
o YITPaBIEHHs, OMMPAIOILIMIACSA Ha 3Ty CUCTEMY TPYOOK, M l0Ka3aHa TeOpEMa O rapaHTUH.

IIpy yMcEeHHBIX MOCTPOEHUSIX POOACTHOTO YIPAaBJIEHUS JOCTATOYHO XPaHUThb B NaMATH
KOMIIBIOTEPA TONBKO OfiHY 0a30BYIO TPYOKY ¥ N3MEHSIOILYIOCS BO BPEMEHH IIOBEPXHOCTb I1e-
PEKJIIOYEHHS], ONPEAEISIONIYIO 3HAK YIIPABIISIOLLETO BO3AEHCTBHUS.

2. ITocranoBka 3agagn. PaccMoTpuM nuHelHyIo uddepeHIuanbHy o Urpy ¢ PUKCHPOBaH-
HBbIM MOMEHTOM OKOHYaHUA

x = A(Ox+B(Hu+C(H)v

2.1)
xeR", teT, ueP ={ueR:|u<u}, ve R

3necy P — orpaHMuEHHE CKAJISIPHOTO YIPaBIIEHUs U IIepBoro urpoka, 7' = [, O] — npoMexy-
TOK Urphl. MaTpuuyno3HauHble GyHkiyd A 1 C HenpepbiBHbI. BexTop-hyHkims B munmne-
Ba Ha uHTepBane 7.

ITepBbIit UIPOK 3aMHTEPECOBAH B NMPUBEACHAN cUCcTEMBI (2.1) B MOMEHT U Ha TepMHHATb-
HOE MHOXECTBO M, MHTEpechl BTOPOr'O MUIPOKa NMPOTHUBONONIOXHBI. TepMIHATTLHOE MHOXE-
cTBO M npepmnosaraeTcs BbIMYKIIbIM KOMIIAKTOM B HofnpocTpaHcTBe R” € R™ HEKOTOPBIX n
BBIIEJICHHBIX KOMIIOHEHT BekTOpa X. CumTaeMm, yTo M COIEP>KUT OKPECTHOCTb HYNS 3TOrO
MOANPOCTPAHCTBA.

B oTnnuue ot cranpapTHON nocTaHoBKH [1, 2, 4] auddepeHuManbHON UIPBI B CHCTEME
(2.1) oTCYyTCTBYET OrpaHMYEHHE YIIPABIEHHUS D BTOPOr'O UTPOKA.

TpebyeTcst NpeIoXNTh CrIoco6 NOCTPOEHHsT pOOACTHOrO YIPaBIeHUS 06paTHOM CBSA3H AJIs
cucreMmsl (2.1).

3. Ynpasnsemas cacrema 6e3 (pa30BoH nepeMeHHOH B npaBod gacth. [lepeiineM K cucre-
M€, B IIpaBOH 4aCT¥ KOTOPOH HET (pa30BOH NIepEMEHHOMN:

i=B(u+C(t)v, xeR", teT, ueP, ve R 3.1)
Iepexop ocymectrisiercs ([2], c. 160; [4], c. 89-91]) npu noMolUu paBeHCTB
x(1) = X, (0, 0x(1), B() =X, (8,0B(1), C(t) =X, ,(8,)C(@),

rne X, (9, 1) — n crpok (ynnamenransuoil MaTpuibl Komm ans cucreMsl X = A(f)X, KOTOpbIe

COOTBETCTBYIOT NOJIPOCTPAHCTBY R", copepKalleMy TepMUHATILHOE MHOXECTBO M.

B HOBOII 3afja4e NEPBLIN UTPOK, KaK U NPEX/e, MbITAETCH NPUBECTU cucTeMy (3.1) Ha Tep-
MHHAJIbHOE MHOXECTBO M B MOMEHT OKOHYaHusA U, a BTOPOH HIPOK NPENSITCTBYET 3TOMY.
MHoxxecTBO M — BbINYKIIBIN KOMITAKT B R", BKIIIOYAOLIMH OKPECTHOCTD HYJISI.
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JaneHe#ue paccyxaeHus 6yneM NpOBOAUTD s cucTeMbl (3.1). ITonyyus crocob po-
6acTHOrO ynpaBJIEHUs! B paMKax cucTeMbl (3.1), nepecopMynupyeM ero 3aTeM AJIs CUCTe-
MbI (2.1).

CumBonoM E(f) = {x € R": (¢, x) € E} 0o603HaunM ceyenre MHOXecTBa E C T'X R" B MOMEHT
teT.

Ilycrs O(e) = {x € R" : |x| < €} — wap papuyca € B npocTpaHcTBe R".

4. CraéuibHbIe MOCTHI. [JOTIONHUTENBHO PACCMOTPHM Ha IIpOMexXyTKe BpeMeHH T = [0, O]
nupdepeHINANBHYIO UTPY C TEPMHHAIBHBIM MHOXKECTBOM J{ ¥ reOMEeTpUYECKUMHU OrpaHuye-
Husimu P, Q ynpaBlieHM HTPOKOB:

¥ =Bu+C(Hv, xeR", teT, M, ue®P, ved. @.1)

3pech MaTpunpl B(t), C(f) Te ke, yto U B cucteme (3.1). Muoxkecrsa M, P u 9 cunraem BbI-
MyKJIBIMU KOMIIAaKTaMH. ByneM paccMaTpUBaTh UX KaK NapaMeTphI UTPbI.

Hixe u(-) 1 () OynyT 0603HauaTh U3MEpUMbIE (DYHKIUH BPEMEHH CO 3HAYEHUSIMH B MHO-
xkectBax P u O cooTBeTCTBEHHO. [IBIKeHne cucreMsl (4.1) (cnegosaTenbHo, M cucTeMsbl (3.1)),
BBIXOJISIIIEE B MOMEHT £, U3 TOUKHU X, O] ACHCTBUEM yIpaBaeHui u(-) 1 U(-), 0003HAYNM CUM-
BOJIOM X(+; Ly, Xy, u(-), V().

Crnenyst u3BecTHOMY nopxony [2, 4], nagum omnpepeseHus cTaOMILHOTO U MaKCUMAalbHOTO
CcTabUIBLHOTO MOCTOB.

Onpeoenerue 1. MHOXKecTBO W C T X R" Ha3bIBaETCA CHAOUABHBIM MOCOM JJIS CUCTE-
Mol (4.1) ¢ HekoTOpbIME (pUKcUpOBaHHbIME MapameTpami P, 9 u M, ecmu W(O) = M u Boinon-
HEHO CIIefyIoliee CBOHCTBO crmabuabHocmu: Ais 1000# No3uuuH (¢, x,) € W i 1o0oro ynpas-
Jenust U(-) MOXXKHO NOROOpaTh yIpaBlleHHe u(-) Tak, uyTo napa (t, x(f)) = (¢, x(t; t, Xy, u(-), V)))
ocTaeTcsi B MHOXXecTBe W B 1F000# MOMEHT ¢ € (£, B].

Onpedenerue 2. MakcMMallbHOE IO BKITIOUEHNIO MHOKecTBO W T X R”, W(9) = M, obna-
Jaroliee CBOMCTBOM CTaOMIIbHOCTH, HA3bIBAETCA MAKCHMAJIBHBIM CTaOHILHBIM MOCTOM.

MaxkcuManbHbIN CTabUILHBIA MOCT SBNISIETCS [2, 4] 3aMKHYTBIM MHOKecTBOM. Ero t-ceue-
Hus1 BBIMYKJIBI ([4], c. 87) B city MUHEHHOCTH cucTeMbl (4.1) U BBIYKIIOCTH MHOXKecTBa J.

5. Po6actHoe ynpasienne o6paTHol cszd. Teopema o rapanTnu. OnuiieM NocTpoeHue
pobacTHoro ynpasnenus 1t cucreM (3.1) u (2.1). BMecro cnoB “ynpaBierne 0OpaTHOH CBsi-
3u” OyieM HHOIfia YTIOTpeOsATh CIIOBO “‘cTpaTerus’ .

1°. BeibepeM MHOXecTBO Q.. C R? — “MakcHManbHOE” OrpaHMUYEHME, HajJaraeMoe Ha
yIpaBlieHHE BTOPOrO MI'POKa, KOTOpOE NEPBBbIH UIPOK “‘COrNaceH” CYMTaThb PasyMHbIM s
npobaeMsbl npuBefeHust cucteMsl (3.1) Ha MHOXecTBO M. MHOXecTBO (., MOJXHO BKIIIO-
4aTh HYJb CBOEro npocTpancTBa. O603HauuM yepe3 W MakCHManbHbIN CTaOUIIbHBIA MOCT ISt
cucremsl (4.1), cootBercrayromuit napamerpaM P =P, 2 =0 . u M =M.

YcnosumMces, YTO MHOXKECTBO Q. BBIOPAHO TaK, YTO IPH HEKOTOPOM £ > 0 BBLITIOIHEHO CO-
OTHOIIIEHHE

oe)c W), teT. 6.1

Yucno € HiKe cuuTaeM 3aMKCHPOBAHHBIM.

2°. JlononHuTeNbHO BBEeM TpyOKy W < T'x R", kaxpoe ceuerune W (f) KOTOpO#t — MHOMXe-
CTBO JOCTHXXHMOCTH CUCTEMBI (4.1) B MOMEHT ! IpU HaYaIbHOM MHOXecTBE O(€) B MOMEHT V.

ITpu mocTpoeHud TpyokH W cuuTaeM, YTo NepBblil UTPOK OTCYTCTBYET (4 = 0) U OrpaHHYEHUE
Ha yIIpaBlieHHe U BTOPOTO Urpoka ecTb Qp,.. O4eBuaHO, yTo W — MakcHMasbHbIH CTaOMIb-

HbIil MocT st cuctembl (4. 1) npu P = {0}, 2=0,_ ., M= W (9). Umeem

O(e) c W(r), teT. (5.2)
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3°. PaccMOTpHM ceMefcTBO MHOXKeECTB W), ce4eHUst KOTOPBIX ONPENEsIIOTCs hOPMYIOi

kW(1), 0<k<1

Wk(t ) = ~
W)+ (k-1)W(t), k>1.

MmuoxectBa W (f) 3aMKHYTBI ¥ BbIyKAbL. 1151 moObIx uncen 0 < k; < k, < 1 < ky <k, B cuimy

BioXeHu# (5.1), (5.2) BBINONIHEHBI CTPOTHE BIOXEHUS

W,cW,cWoW, cW,.
Mo3xHO nokasars', uTo MuoxecTBo W), B cyyae 0 < k < 1 eCTh MAaKCHMAITBHBIH CTAGUITB-
HBII MOCT JJ1s1 cUcTeMBbl (4.1), COOTBETCTBYXOIMI OrpaHUUYEHHIO kP yIpaBiIeHUsI IEPBOrO Ur-
POKa, OTPAaHUYEHHIO kQ, . YIIPABJIEHHSI BTOPOTO UTPOKa U TEPMHUHAJIBHOMY MHOXECTBY kM. B
ciydae k > 1 MHOXecTBO W, — cTaOUNIBHBIA MOCT (HO HE 00S3aTEIBHO MaKCUMAJIbHBINA) IIPU

P=P,2=kQ, . M=M+(k-1)W (D).

TaxuM o6pa3oM, ¢ yBeauueHneM K03 UIMeHTa k ITOMyYaeM pa3pacTaroUIyrOCs CUCTEMY
CTaGMJIBLHBIX MOCTOB, MIPUYEM KaX/IbIi TIOCHENYIOLUMA MOCT COOTBETCTBYET GOJBIIEMY Orpa-
HUYEHMIO, HAJlaraeMOMY Ha YIIPaBJIeHie BTOPOTO UIPOKa.

4°. 3apamM dyakuuo V: TX R — R cnepyroumM o6pa3oM:

V(1,x) = min{k>0: (1, x) e W,}.

dyuknus x — V(t, x) npu 11060M t € T — KBa3UBBLINYKJas, T.€. €€ MHOXECTBA YPOBHS
{x € R": V(t, x) £ k} = W,(t) Bbimykibl. OTMETHM TaKKe, YTO B cuny cooTHoweHu# (5.1) n
(5.2) oHa yOBNETBOPSET YCAOBHIO JIMMUIKIA ¢ TOCTOSTHHON A = 1/€.

Yepes HA(r, x) 0603HAYHUM IIPSMYIO B IIPOCTPAHCTBE R”, mapayuiebHYIO BeKTOpy B(f) u nipo-
XOJIAIIYIO Yepe3 TOUKY X.

A(t,x) = {ze R": z=x+aB(t),n € R}.
[Iycts

V(t,x) = min V(1,2z).
z€ A, x)
MuHUMYM pocTHraeTcsl, TOCKOIbKY (yHKIMS x —> V(f, x) HenpepbIBHA M YXOAUT B OECKOHEY-
HOCTb IpH x| — oo, TaK Kak 3Ta (pyHKUMSA KBA3UBBIIYKNasi, TO MUHUMYM PeaJM3yeTcs TGO B
TOYKE, MO0 Ha OTpe3Ke.
Ecnu B(t) = 0, 6yneM cuutatsb V'(¢, x) = V(E, x).
5°. IInst nro6oro ¢ € T nMONOXUAM

() = {xe R": V(t,x) =V (1, x)}.
BaepeM Takke MHOXeCTBA

(1) = {xe R": x+0B(1) ¢ II(1), Vo. > 0}
(5.3)

[,(t) = {xe R": x+ aB(¢) & TI(¢), Vo < 0}.

Muoxectso I1(r) ssBasieTcst 3aMKHYThIM, MHOXecTBa I1 (¢) u I1,(f) HaxonsaTcs MO pas3Hble
CTOPOHBI OT HEro. TH TPU MHOXECTBA AEJIAT IIPOCTPAHCTBO R” HA TPU YacCTH.

! Fane6nwuii C.A., Kymxos C.C., Ilayxo B.C., Iamxo C.I'. Po6GacTHOE ynpaBieHHe B HIPOBBIX
3afayvax ¢ nuHeitHoi fuHamukoil: Ilpenpunt. Exatepunbypr: UMM ¥YpO PAH, 2005.
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6°. 3agaguM PyHKIUIO
V(t,x) = min{V(, x), 1}
¥ MHOTO3HAYHYIO (DYHKIUIO
-V, x)u, xe I1(1)
U, %) = LV, D), xe IL, (1) 5.4)
[-V(, 0, V(e x)ul, xe T1(2).

B xauecTse crpateruun U nepBoro Urpoka BO3bMEM IPOU3BOIBHYIO OJHO3HAUHYIO BbIOOD-
Ky 13 MHOro3HayHO# hynkiun UP:

U(t,x)e U(t,x) (t,x)e TxR".

Taxum o6pa3om, ynpasrenue U(t, x) “nepekinrodaercs’’ Ha MHoxectBe [1(f). [11st pocTOThI
MHOXecTBO 11(¢) 6ynem HasbiBaTh nosepxrocmuto nepexarodenusn (I1I1), cooTBeTCTBYIONIEH
MOMEHTY ?.

7°. Hixe 6ymet cchopMyIMpoOBaHa TeOpeMa O rapaHTHH, 0GeclieYnBaeMON IEPBOMY UIPO-
Ky POM3BOJIBHOM OffHO3HA4HOI BbIGopKOi U € UC. UTo6bI OnucaTh BIMSHAE MANBIX HETOY-
Hocteit npu noctpoeHuu [T T1(#), 6ynyT pacemoTpennl MHOXKecTBa [1°(f) D I1(¢), r > 0 u ompe-
neneHa MHoro3naynas yukuus U’, Takas, uro U'(t, x) < U'(s, x).

Ecnu B(t) # 0, nonoxuMm

B(t)

IT (¢) ={xeR :x=z+am

,ze I1(0), lo] £ r}.

Muoxectso I1'(f) ects reomeTpuueckoe r-pacimpeHue MHoXecTBa [1(f) ¢ McnonbzoBanuem
BekTopa B(f). I1pu x € I1'(¢) BLINOTHEHO HEPABEHCTBO

V(t, x) SV (¢t, x) + Ar. (5.5

Ecnu B(t) = 0, ycnosumcst cuurats [1°(¢) = [1(£) = R".

BeeneM Muoxecta 1 (1), l'Ifr (1), oTnuyaromuecs ot MHoXecTB (5.3) 3amenoit I1(f) Ha
[T°(2), u onpepenum Muorosuaunyro dyuxio U'(z, x), oTnnuaromtytocs oT dyskimn (5.4) 3a-
menoi [1(¢) na I1°(¢) u IL(¢) na IT, (¢).

ITycTb nepBbIil MIPOK MIPUMEHSIET HEKOTOPYIO OffHO3HAYHYIO cTpaTerkio U € U’ B fuckpeT-
HOH cxeMe ympaBieHus [2, 4] ¢ marom A. Ha kaxXoM HHTepBaie JUCKPETHON CXeMBbI BbIpada-
TBIBAEMOE YIPaBJICHUE NOCTOSHHO. BbI6Mpast HauanbHYIO NO3HUIMIO (£, Xo) U ITPOrPaMMHOE
yIpaBieHue U(-) BTOPOro UIpoKa, NoyJyaeM ABWXKeHue ¢ —> x(f) cucremsl (3.1).

Iycrs B — nocrosunas Jlumumnna Gyskuuu B(f) u 6 = max|B(¢)| .

teT
CropaBeqiuBa cllefyromas TeOpeMa O rapaHTUy.
Teopema. Ilycthb uncno r 2 0 u U — cTpaTerusi IepBOro Urpoka, Takas, uTo

U(t,x) e U'(t,x) (t,x)e TxR".

Bri6epem npousBonbusble £y € T, xo € R" u A > 0. 3acdukcupyeM uucno k 2 0 u npegnono-
SKUM, YTO YIPaBJIEHHE BTOPOTO MIPOKa Ha MPOMEXYTKe [y, O] OrpaHHYEeHO MHOXECTBOM
kQ 1ax- OOO3HAUNM

s = max{k, V(ty xo)}.
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ITycte x*(-) — nBIDKEHKUE cucTeMBbI (3.1), BHIXOASILEE B MOMEHT #y H3 TOUKHU X O]l AEHCTBUEM
crpaterun U B IUCKPETHOM CXEME YNPABJIEHMS C IIAarOM A U HEKOTOPOTO yIpaBileHHsA W(f) €
€ kQua t € [1, 8). Torna peanusauus u(t) = U(t, x*()) yipaBieHust IEpBOTO UIPOKA IIOJUHHS-
€TCSI BKIIFOUEHHEO

u(t)e min{s + A(t, 1, A, r), 1} - P, te [1g, O] (5.6)

IIpu sTom 3Hauenue V(t, x*(1)) pyHk1uu V yioBIeTBOPSET HEPABEHCTBY

V(t, x*(1)) Ss+ AL, ty, A, r), te [t B8] 6.7
3nece

At tg, A, 1) = 20J(20RA + r)Bu(z — 1y) + 4AGPA + Ar.

8°. Bo3sparuasics k cucreme (2.1), BBeieM MHOTO3HAUYHYIO (DYHKI{HIO

U, x) = U X, (9, )x).

n,m
JIro6as opHo3HayHas BbIOOpKa U (f, X) U3 Hee aeT pobacTHOE YIIpaBJICHUE [JIS CHCTEMbI

(2.1). TIpu 5TOM B cuily TEOPEMBI JOIyCTUMbI HEOObLINE OIIMOKU YUCIEHHOTO MOCTPOEHUS
TIIT I1(s).

Onmucana nmpoleaypa KOHCTpYHpOBaHusl poGacTHOTO ynpaBienus U. DTa npouenypa cy-
LIECTBEHHBIM 06Pa30M HCIONB3YET YIIOPSOYEHHOCTh CTAOMIBHBIX MHOXECTB W, u onupaer-
cs Ha nocrpoenue I1IT I(¢), uamensiromeiicss BO BpeMeHH. J10Ka3aTeabCTBO TEOPEMBI IIPHBE-
IeHo B pa3p. 7. OHo Bo MHOTroM ciefyeT padoram [11, 12], B koTopbix ITIT 66111 IPUMEHEHBI
1Sl IIOCTPOEHUSI ONITHMANbHOrO YIIPABJIEHUs OOPaTHOH CBSI3M MUHUMU3UPYIOIIETO UTPOKa B
JIMHEHHBIX AHTArOHUCTUYECKHX AuddepeHIManbHbIX HIpax ¢ (PUKCHPOBaHHBIM MOMEHTOM
OKOHYaHMs X TEOMETPUYECKIMH OTPAHHYEHUSIMU YIIPABJICHHHA OOOUX HTPOKOB.

J171s1 YUCIIEHHOTrO MOCTPOEHHS YIIPABICHHS U HY>KHO XpaHUTb ceuenust W(t) mocta Wn I1IT
I1(r) Ha HEKOTOPO# ceTKe {f;} MOMEHTOB BpeMEHH. B MOMEHT ¢, IMesl NO3ULHIO X(#) CUCTEMBI
(2.1), mepecunToiBaeM €€ B KOOPIUHATHI cucTeMbI (3.1) mo dopmyite x(t) = X, (9, Hx(¢). 3nak

yIIpaBJIECHUS U (t, x(2)) = U(t, x(t)) onpenensieTcss pacnoloXXeHHeM TOYKH Xx(f) OTHOCHTENBLHO
TIT (). AHanmu3Upysi MOJIOKEHUE TOYKM X() IO OTHOIIEHUIO K rpanuie ceuyeHus: W(t) mocra W,

BbIUMCIsieM Mopnyas ynpaeiaenusi |U (f, x(#))|. Ilpxn aToM ucnonb3yeTcss mogoOHe MHOXECTB
W) mpuk<1.

3ameuarue. ABTOPBI HE YTBEPXKAAIOT, UTO NPEAIOKEHHBIA METO MOCTPOEHHS! pOOACTHOrO yIpaBiie-
HUS PEATH3YeT KaKOH-THO0 KpUTEpHit ONTHMaIbHOCTH. OTMETHM TAaKKe, YTO €CTh NPOU3BOJ B BbIGOpE
MHOXeCTBA Q... 3a(UKCHPOBAB MHOXKECTBO Q,,, HIMEEM JIENIO C IOCTPOEHUEM YIIpaBIEHHR OOpPaTHOM
CBSI3U ISl AMHAMMYECKON NOMEXH, CTECHEHHOH OrpaHHYEHHEM 3aJaHHON (DOPMbI, HO HEM3BECTHOI'O
YPOBHSL.

6. IlocTpoenne poGacTHOro YIpapieHusi B clIyuae JByMepHo# cucrems! Buaa (3.1). Ecnu B
UCXONHOH ynpaBisieMoil cucreme (2.1) MHOXeCTBO M onpefensieTCs JMLb ABYMs. KOOPAHHA-
TaM# (pa30BOTO BEKTOpa X (T.e. n = 2), TO NnpH nepexoyie K cucreme (3.1) monyyaem pasmep-

HOCTb (pa30BOrO BEKTOpPA X, PaBHYIO ByM. MHoXecTBa W(?), W (1) B aToM cilyyae Ipefcras-
JSIOT co00J MHOXKECTBAa Ha IutockocTH. MHoxecTBo I1(f) HazoBeM auHueli nepexaroueHun
(JIIT) pnst MOMeHTA 2.

OmnycaHHbIA BpIlE CIIOCOO YNpaBlIeHus BBIMISAMT TeNephb CleayiomuM odpa3oM. Beibop
YIIPaBJISIIOIIETO BO3AEHCTBUSI COCTOUT U3 ABYX YacTel: BLIOOP 3HaKa U BbIOOp MoAyis. B kax-
IbIi MOMEHT BPEMEHHM [ HIMEEM CEMENCTBO BIOXKEHHBIX MHOXECTB W, (f) Ha miIockocTH (CM.
¢ur. 1, rue k; < 1 <k,). Ha kaxxioM U3 9THX MHOXKECTB Hal1eM TOYKH, 7Sl KOTOPBIX NpsiMasi,
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®ur. 1

napasuienbHas BEKTOpY B(f), SBIAseTCs ONOPHON K MHOXKecTBY. COEIMHUB 3TH TOYKHM, NOJY-
yumM JIIT I1(¢), onpepessitoryro 3HaK ynpasienusi. Mofy/ib YIpaBasiolIero BO3ACHCTBUS 3aia-
ercst popmynon

U = {(I/L)u, xe W(r)
I, xe W(r).

3pech [ = [x]|, a L — pmiHa oTpe3ka, NPOXOJSIIEro Yepe3 TOUKY X M COeMHSIONIEr0 Ha4alo KO-
OpAMHAT C IpanHuiei MuoXxecTBa W(t).

Jns cnygast n = 2 paspaboTansl [13, 14] achpeKTHBHBIE AITOPUTMBI H IPOTPaMMBI IOCTPOE-
HHS MAaKCHMAJIbHbIX CTA0MJIBHBIX MOCTOB B JJMHEIHBIX aHTarOHUCTHYECKUX TU(depeHImab-
HBIX Urpax. DTH NMPOrpamMMbl MCIIOJIB3YIOTCS NPU KOHCTpyWpoBaHuM ceyeHuit W(f) u W (¥)

MAKCHMAJIBHBIX CTaGHIILHBIX MOCTOB Wi W .

PoGacTHoe ynpaBieHne oOpaTHOU CBSI3M CTPOMTCst Ha OCHOBE cedenuii W(t,) mHoxecTBa W
u JITT I1(z;), KoTOpBIE 3aIOMUHAIOTCSI HA HEKOTOPOH CeTKe {f;} MOMeHTOB BpeMeHu. I1pu uuc-
JIEHHBIX IOCTPOEHMSIX ceueHus! W(Z;) — BBINTYKIIble MHOIOYTOJILHUKHU, OHHM XPAHATCS B IOAXON-
mem Bupte. Kaxpas JITT T1(#;) npepcraBinseT co060# 1oMaHyro ¢ YETbIPbMsl IMHEHHBLIMH CETMEH-
Tamu. [Ins 3anoMuHaHuA B MAMSTH KOMITBIOTEPA KaXIOW TAKOH JIOMAaHOM HYXKHO 3afUCaTh
IITH €€ BEPIIMH (OJIHA U3 KOTOPBIX SIBIISIETCSt HA4aJIOM KOOPAMHAT).

7. Joka3aTenscTBO TeopeMsl. 1151 3anucy u3MeHeHUsT (PYHKIUM V BOIb ABISKEHUS X(+) CH-
creMbl (3.1) Ha HEKOTOPOM ITPOMEXYTKE (¢, ;] BBeleM 0003HaYeHNE

var(V, [1, 1,]) = Vit x(1)) - V(1,, x(1,)). (.1)
Bcnomozamenvhvie ymeepycoenus. J1ns KOMIakTHbIX MHOXECTB X, Y B R mycThb

d(X,Y) = maxmin|x - y|
xeXyeY

XaycopdOBO OTKJIOHEHHE MHOXECTBA X OT MHOXeCTBa Y.
CumBonoM G(t; t, X) npu k = 0 0603HaYUM MHOXECTBO HOCTIKHUMOCTH cHCTeMBI (3.1) B
MOMEHT ! > [ W3 COCTOSTHUSI X B MOMEHT [ C MCIOJB30BAHUEM BCEBO3MOXKHBIX H3MEPUMBIX

NPOrpaMMHBIX ypasieHust u(t) € P, W) € kQ,,,, Ha TpoMexyTKe [ £, f]. ITonoxum

G (t;1,%) = G,(1; 1, %) + O(2(1 - )Op).
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Jemma 1. Ilyctn
k=20, teT, xeintW, (1), 6>0, t+06<9. (7.2)

ITycts x*(-) — pBIDKeHUE cucTeMsbl (3.1) B CHITy MPOrpaMMHBIX yripaBieHuit u(t) € P, (1) € kQ .y

BBIXOJIsitliee B MOMEHT ¢ 13 Touky X . Torma cnpaBeqiuBa OueHKa
V(i +8, x*(F+8)) < V(E, ¥) + APps’. (7.3)

JHoxazameavcmso. O6osnaunm 1 = 1 + 8. [Tockonbky x € intW,(1), 10 ¢, = V(1 , %) 2 k. T[loaTomy,
UCTIONB3Ys CBOMCTBA (PYHKIMHU V, IO YNPaBIEHHIO V() MOXKHO HalTH TaKoe ynpaBineHue u'(-), uto u'(f) €

€ ¢cPcPraec =V (1, X), ¥ IpH 3TOM JIBIKEHHUE X'(+), BBIXOMIAIEE B MOMEHT I M3 TOUKH X H MOPOXK-
AaeMoe yIpaBJICHUAMH u'(-) U V'(), yOBIETBOPSIET BKJIIOUYEHUIO

X(e W, (1), re[iil. (7.4)

Hmeem

(D)= x(1) = [BO) () -w(1)dt =
: 7 : (1.5)
= [(B(t) = B(D)(u(r) = u (1))t + B(D) [(u(r) ' (1))dr.

CHMBOJIOM T 0003Ha4UM ONIEPaTOp OPTOrOHAIBHOrO MPOEKTHPOBAHUS NPOCTpaHcTBa R” Ha noanpo-
CTPaHCTBO, OPTOTOHANLHOE BeKTOPY B(7).

ITpunumas BO BHUMaHKE, YTO YNIpaBieHMUs u(t) U u'(f) OrpaHUYeHb! 10 MOAYJIIO YUCIIOM [, PYHKHUS
B(f) ynosneTBopsieT ycnouo Jlunmua ¢ nocrosHuoi B u tB(1 ) = 0, u3 cootHoweHus (7.5) noayunm

[k (F) - ' ()] < Bpd’. (7.6)
Iycrs x — Gmkaiiwas k MHOXecTBy W, (1) Touka na npsimoit A(7, x*(7)). Y3 Brirouenns x'(7) €

€ WC* (1), BBITEKAKOUIETO M3 HEPAaBEHCTBa (7.4), U ONpeIeNIEHUs OTIEpaTopa T CIIEYET, YTO
d({x}, W, () <nx—nx' () = |me*(d) - mx'(D).

OrTcioa, yuuThIBast TMMLIKIEBOCTL YHKUMH x — V(f, X) M paBeHCTBO ¢, = V(1 , X ), nojy4aem
V(%) Scy + ({3}, W, (1) S V(7 B) + Mrx* (D) - ().

Tpebyemoe HepaBeHCTBO (7.3) BLITEKACT U3 HepaBeHCTBa (7.6) U TOTO, UTO
V(@ x*1)) < V(@I X).

Jlemma 2. ITycts BeInonHeHs! yenopus (7.2). Ilpennonoxum, 4o
G (t+8; 1, Xx)cIl(1+8) (Gy(t+8;1,x)cIl (7+03)).

ITycte x*(-) — pBIDKEHUE cucTeMbl (3.1) B CHITY IOCTOSIHHOTO YITPABIICHUS
u()= V(L oW, (ut)=-V(i, 3)p) .

¥ HEKOTOPOro ynpasieHust Wt) € kQ, .., BEIXO[See B MOMEHT ¢ u3 Touku X . Torpa crpa-
BE/I/IMBA OLIEHKA

V(i +8, x*(F+8)) < V(i ) + ABps’. (7.8)
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Hokasameavemeo. O6o3naumm ! = 1 + 9, ¢, = V(1 , % ). Kak 1 B HayaJbHOM 4acTH 10KA3aTeNbLCTBA
JeMMBI 1, o 3aaHHOMY U(-) BeIGepeM yripaBnenue u'(f) € ¢ P,rae ¢ = V (%, %), Tak 4TO6GbI COOTBET-

CTBYIOLLIEE IBIDKEHHUE X'(+), BBIXOJAIIEE B MOMEHT ! U3 TOYKH X, YIOBJIETBOPSIIO BKIIOYECHHIO

xX(ye W, (1, te [7,7]. 7.9

Tak xak ju(t) = V (¢, x)uu ¢P={uec R:|u<V (i, x)u},To
lu()] 2 1u' (1), te [i,7].

TTonoxum

t
= x'(i)+B(?)j(u(z)—u'(z))dt. (7.10)

!

ITokaxeM, yTo
V(i,2) < V(I X'(1)). 7.11)
Paccmorpum cnyvai

G5 L, x) I (D) u()=V(i, DU

Nmeem x'(7) € T1,(7), 7 € T1,(7). ockoneky u(f) = u'(t), t € [, 1], To npu B(1) # 0, ucnone3ys npea-
crasnenue (7.10), nony4aem, 9To TOuKa z JeKMT Ha npsmoit A(7, x'(1)) oTHOcuTENBHO ToukH X'(1) B

HanpasjieHun Bektopa B(7). Orcrofa, y4uThIBasi KBa3UBBINYKIOCTL QYHKUMH X —> V{(Z, X), BLIBOOUM He-
paseHcTBO (7.11).
B cnyvae

G, LX) I (D) u@)=-V(i,0u

HepaBeHCTBO (7.11) nokasbIBaeTCcsd aHATOTHYHO.
ITockonbKy mpaBasi 4acTb HepaBeHCTBA (7.11) HE IPEBBIIAET ¢, TONyYaeM BKITIOUYEHHE

ze€ W, ).

CTtano 6bIThb,
d({x*(D}, W, (D) < lx*(3) - 2.

Vicnonb3ys onpefiesieHue BEKTOpa Z , AMEeM
i

*(H-z = x*(t)—x‘(?)—B(?)'[(u(t)—u'(t))dt = J-(B(t)—B(?))(u(t)—u'(t))dt.

t

Tostomy |x*(3) -7 < Bud’.
Tpebyemoe HepaBeHCTBO (7.8) BRITEKAET U3 TOTO, YTO

VR x*() < VE D) +Ax*) -2, V3V, ).

Jlemma 3. Ilycts

k>0, ieT, te (0]
ITycrs x*(-) — puxkeHMe cucTteMsbl (3.1) B cuny nOCTOSHHOTO ynpasineHus (7.7) 1 HEKOTOPOro
ynpasnenust Wr) € kQ,.,, BBIXOAsIEe B MOMEHT ¢ 13 TOYKH X . [Ipeanonoxum, 9ro

x*(1) e TL(ONntW, (1), (x*(2) € TL_(:)\int W, (1))
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npu Beex t € [, 7]. Torna cnipaBejuiiBa OLEHKA
V(i, x*(1)) < V(i, X). (7.12)
Hokazameavcmeo. be3 orpanuvenns oGLHOCTH, PACCMOTPHM ClTy4aii, Korja
u(t)=V(L, x)u, x*(t)e MM, ()\intW, (1), te [i,1].
TIpennonoxum, 4To
V(i x*(1) > V(i, X). (7.13)

Ilycts 7 — MaKCHMAJIbHbII MOMEHT U3 npoMexyTka [, 7], korma V(t, x*(1)) = V(1 , %).

Pasenum untepBa [f, { ] MOMEHTaMH ¢, by, ..., t,, (t, = 1, 1, = }) c arom § Tak, 4TO6LI /15 THOBBIX
n=1,2,...,m— 1 BbINOIHAIOCH COOTHOILIEHUE

Gk(trl+ l; tn’ x*([n)) < H+(tn+ l)‘

DTO MOXHO CAIENaTh, ONUPAsICh Ha MPEANOIOXKEHHE O PACIHONOKEHNH TOYKU x*(¢) oTHOocuTenbHO TTIT
I1(#). OT™MeTHM, YTO NpH JTHOGOM 1 UMEET MECTO HEPABEHCTBO

V(t,, x*(1,)) 2 V(i, %). (7.14)

PaccMOTpPUM NPOM3BOIBHBIN IPOMEXKYTOK BpeMeHH [1,, 1, , 1. CUMBONIOM X, (-) 0603HaUMM [IBIDKE-

HHe cucTeMs! (3.1) B CHITy IOCTOSHHOTO YIIPABNEHUS U, (1) = vV (t,,, x*(t,))UL IEPBOTO HTPOKA U OTOBOPEH-

HOro B (hOPMYJHPOBKE JIEMMBI YIIPaBIeHHs 1-) BTOPOro UIrPOKa, BBIXOASLIEE B MOMEHT !, U3 TOYKH
x*(t).
B cuny neMMsbl 2 iMeeM HEpaBEHCTBO

V(t,, p %1, , ) S V(t, x*(1,)) + ABus’. (7.15)
Ouennm V{1, , |, x*(t,, 1)) yepes V{1, , 1, X (1, , 1)):
V(tn+ 1” x*(tn+ l)) s V(tn+ I i(tn-v» ])) + x|}"(tn+]) _x*(tn+ l)| (716)

ITockonbky

List Tast

Xty o) =X, ) = j B(1) (i, (1) - u(t))dt = j B(t)(V(t,, x*(1,)) - V(1, ¥))udt,

t !

n n

TO

[X(2, 4 1) = x*(t,, D] Sou(V(1,, x*(1,)) - V(i, 0))d. (7.17)
3,11er BOCITIOJIB30B&JIMCh HEPABEHCTBOM

V(t,, x*(1,)) 2 V(i, x) (7.18)

BBITEKAIOLIUM U3 HepaBeHCTBa (7.14).
B cuny cootHowenuit (7.16), (7.17) nony4aem

V(o1 X DSV, 0 X, 0 )Y + ABUS(V (2, x*(1,)) - V (1, X)).
Cornacao HepaBeHCTBY (7.18)

V(t, x*(1,)) - V(1, %) S V(t,, x*(1,)) - V(1, %).

W3 nepaBencTsa (7.15) 1 nmocneHUX ABYX HEPABEHCTB CIIENYET HEPABEHCTBO

V(X (. ) SV, x*()) + 7\.[3u82 +Aopd(V(t,, x*(t,)) - V(i, X)),
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KOTOPOE 3aMMIEeM NPH oMoy o6o3Hauesus (7.1)

Var(V, [1,,1, 1) <ABuS” + AoudVar(V, [1, 1,]). (7.19)

n

OTMETHM, YTO

n-1

Var(V, [1,1,]) = Var(V, [1;,1,]) = Y Var(V,[1,,1,,,])

p=1 (7.20)
Var(V, [t,, 1,]) < ABud’.
3aitMeMcst OUEHKOM BEJTMUHUHBI
m-—1
V(I x*(1)-V(1,x) = Var(V, [1},1,]) = 2 Var(V, [t t, D). (7.21)
n=1
PaccMOTpUM TEOMETPHYECKYIO IPOIPECCHIO
a,=ab""", k=1,..,m-1; a, = ABpud’, b = 1+Aous. (7.22)
N3 cootHomenui (7.19), (7.20), (7.22) BugHO, 4TO
Var(V, [t t,, \D<a,, n=1,..,m-1 (7.23)
Hmeem
mila . bm,l_l _
n | b—-1
n=1 (7.24)
= B3(1 4 nopd) TP 1)< B ponih ) B ponT
o o c
31€Ch UCMONB30BAHO paBeHCTBO m— 1 = (7 — 1)/8.
CooTHowenust (7.21), (7.23), (7.24) npUBOAAT K HEPABEHCTBY
V@, x*(B) < V(T 3) + %S(e“’”- N, (1.25)

KOTOPOE CTPABEINBO NPH Pa3GHEHHH IPOMEXYTKA [, 7 ] ¢ MOBBIM [OCTATOYHO MaNbiM 1maroM &. [lo-
TYYUIH IPOTHMBOPEYHE € NMpEANnonoxeHueM (7.13).

Takum o6pa3om, oueHka (7.12) foka3zana.

Crnenyromias ieMMa JacT TPUBHATLHYIO OLEHKY M3MEHEHUS (PYHKUMH V BONb [BIDKECHHMS
cucTeMsl (3.1) MpU HEKOTOPOM AOMYCTHMOM NPOTPAMMHOM YIIPABIECHUM NEPBOTO MIPOKa U
OIPaHMYEHHOM ITPOrPaMMHOM YIIPABJICHUH BTOPOI'O MT'POKA.

Jlemma 4. TlycThb

k20, teT, xeintW (1), fe (f0].
ITycrb x*(-) — ABU>KEHME cucTeMsl (3.1) B CIUTY IPOrpaMMHBIX YIIpaBlneHHil u(t) € Pu ) € kQ,..,
BBIXOJISIIEE B MOMEHT [ U3 TOUKH ¥ . Torma cnpaBejiivBa OleHKa

V(E, x*(1) < V(E, X) + 2 oW(f-1). (7.26)

Hoxazameavcmso. llyers ¢, = V(1 , X ). TTo ynpaBnenuio 1(-) TOCTPOUM TaKoe ynpaBleHue u'(-), 4To

# () € P n peiokenue x'(+), BLIXOJISLIEE B MOMEHT [ W3 TOUKHM X MOJ AEHCTBHEM u'(-) ¥ U(-), YIOBIETBOPS-
€T BKJIIOUEHHIO

X(e W, (1, reliil.
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CnengoBaTensHO,
V(i x (1) < V(t, X). (7.27)
ITockoneky
x*(1) -x'(1) = IB(t)(u(t) —u'(1))dt,
1
TO
lx* (1) - x'(D)] <20 - 1). (7.28)

YuureiBas yenosue Jlummmua g pyHkupm x — V(¢ x), uMeeM
V(i, x* (1)) - V(I X' (1)) < Mx*(H) - x' (D).

D10 BMecre ¢ HepaBencrBamu (7.27) u (7.28) naet HepaBeHCTBO (7.26).
3asepuiernue dokazamenbcmea meopembt. Y CTAaHOBUM CIIPABENNIMBOCTb HEPAaBEeHCTBA (5.7).
TTpu BHITIOTHEHNH 3TOT'O HEPABEHCTBA TAKKE BBITIONHAETCS M BKItOUEHHE (5.6), TOCKOIBKY

|U(t, x) < V(t, x)i = min{V(¢s, x), 1}

Ha npoMexyTke BpeMeHH [fy, ] BBINENUM 3aMKHYTbIC UHTEDBANbI, Ha KOTOPBIX X*(f) &
¢ intW,(¢). Bue 3Tux nHTEepBanoB uMeeM V(t, x*(f)) < k < s, u HepaBeHcTBO (5.7) aBTOMATHYE-
CKH BBITIONTHSIETCSL.

TIycts [€, {] — 1pou3BOJBLHBIN M3 YKa3aHHBIX MHTEPBaJIOB. CYUTAEM, YTO €rO HENb3sl pac-
HIMPUTD BIEBO ¢ cOOMIOfieHueM yenosus x*(1) ¢ intWy(r). Torma nu6o V(E, x*(&)) = k, nn6o
V(E, x*(§)) > k. TTocnensmi ciy4ail BO3MOXEH JIub npu & = 4.

Hokaxem cootHoutenue (5.7) na npomexytke (&, {].

1°. Iycts B > 0, 6 > 0. TTonoxum

h = JQopA+r)/pu. (7.29)

A. Boigenum Bonb aBwkeHns x*(-) “neTnun’”’, cBA3aHHBIE C 3aX00M B MHOXecTBO IT°(¢).
OmpepenmmM Takke CBOOOIHbIE TPOMEXKYTKH.

Hsurasce ot £ k {, HaxonuM nepBLIi MOMEHT ¢, koraa x*(f) € IT(£). Takoi MOMEHT Ha30BEM
MOMEHTOM Hayasa NepBOii neTnu u 0603HayuM ¢,. lanee oTMeuyaeM MOMEHT 1, OKOHYAHHS
NepBOR METIN KaK MOCIEHHA MOMEHT f Ha TIPOMEXYTKe [1,, 1, + h] N [, {], B KOTOpBIN
x*(1) € IT'(r). MomenT ;1 , B YaCTHOCTH, MOXET COBNAJIATh C 1.

B KkauecTBE MOMEHTA 1, Ha4alla BTOPOH NIETIM BO3bMEM IIEPBLIA MOMEHT ¢ € [t + h, (], xo-

raa x*(¢) € I1°(f). 3aTeM OTMeYaeM MOMEHT 7, OKOHYAHHS BTOPOM METNIM KaK TOCTETHMI MO-

MEHT ! Ha IPOMEXYTKE (1, I, + h] N [&, (], korna x*(f) € IT'().

[Mpoposkas Tako# MpoLecc, NOIyIuM HaGop neTenb Ha [, (.

Vnansem u3 [€, {] BHYTPEHHOCTH NPOMEXYTKOB MOCTPOEHHBIX nieTens. [Tonyyaem yrnops-
HNOYEHHBIH HaOOp OTPE3KOB BpeMeHH. Kaskiblil 13 HIIX HAa3bIBAEM CBOOOIHBIM IIPOMEKYTKOM.
OH MOXeT ObITh BBIPOXKEHHbBIM, T.€. COCTOSIIMM U3 OfHO! TOYKH.

Ecnu ua [, {] netnu orcyrcTBytoT, To cuntaeM [, ] CBOGONHBIM IPOMEXYTKOM.

B. Ilycrs [T, ] — HekOTOpPBIA cBOOOAHBIA NpoMexyTOK. ITokaxeM, 4TO npupalleHue
(yHKIMK V Ha HEM OIMICHIBAETCS HEPABEHCTBOM

Var (V, [1,1]) < 2A0RA. (7.30)

Hyoxauil mHAEKC f TOYe PKUBAET, YTO U3MEHEHHE (DYHKIMH V IOICYMTHIBAETCS Ha CBOOOHOM
MIPOMEXYTKE.
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Ha BHyTpeHHOCTH CBOOOAHOrO NMpPOMEXYTKa ABIDKEHME Xx*(-) HAET MO OAHY CTOPOHY OT
MHOXXECTBa

M ={(tx):te T ,xe 1)},
a cTano ObITh, U IO OIHY CTOPOHY OT MHOXECTBA
M= {(x):te T, xell(t)},

B MoMmeHT 1, Hayana o4epeHOro AUCKPETa BPEMEHH TIPU
x*(1y) € T(1)  (x*(13) € TIL(14))

BbIOMpaeTCs yIIpaBlIEHUE
u(ty) = V(g X* () (u(1y) = =V (1, X*(15))1)

U 3TO yIpaBJIEHME AECHCTBYET IO Hayana CIegylollero guckpera. B cuny nemmsl 3 uMeeM
Var(V, [ty ta+ A]) <0, ecma £, + A<, 1 Var(V, [1,, 1]) <0 B cayuae 1, + A> 1.

[Mpon3Bons cyMMHpPOBaHHUE IS BCEX NUCKPETOB BPEMEHM, HAUMHAIOILIMXCS HA MONYUHTEP-
Bane [T, M), nonyyaem ‘

Var(V, [1§’,n]) <0.

3nech t(Al) — HayaJo NepBOro JUCKpeTa Ha [T, M).

Jlnst npoMexyTka [T, t(Al) ] B cuny nemmel 4 HaxomM
Var(V, [1, "] < 20opn(£? - 1) < 2A0pA.
CknafipIBasi Ba IOCIEAHUX HEPABEHCTBA, NPUXOANM K olieHke (7.30).

B. ByneM roBopuTs, 4TO [T, T|] — IPOMEXYTOK BUAa E|, ECIIH OH COCTAaBIIEH U3 HEKOTOPOH

TIeTIH [¢,, 1;] ¥ IPHMBIKAOLIETO K HEl CIpaBa CBOGOJHOTO NpoMexyTKa. [IpoMexyToxk [T, ]
Bufa E| NpH IONOIHUTENBHOM yCIOBHH T + h < T 6GyieM Ha3bIBaTh IPOMEXYTKOM BHa E.
OnenuM npupailieHue (yHKUMH V BJOIIb ABIDKEHHS x*(-) Ha IpOMEXYTKe Bufa E,.
PaccMOTpHM IPOMEXYTOK NeTNH [¢;, 1;]. Bocnonbaosasumcs femmoit 1 ipu 8 = #; — t;, no-
JIy4UM

V (T, x*(1)) < VL, x*5(1) + ABu(Fi— 1)
I[TOCcKOMBKY #; — t; < h, TO BTOPOE ClIaraéMoe B ITPaBOit YaCTH MOXHO 3aMeHUTD Ha ABUA(T; —1).
YuurbiBas HEpaBEHCTBO
V(i x*(1)) SV (£, x*(1))) + Ar
CTpaBENIMBOE B CHITy HEPABEHCTBA (5.5) M BKIIIOYEHUS x*(;,-) € H’(;,- ), IPUXOAMM K COOTHO-
IIIEHUIO
Var(V, [, ;1) S ABRA(t; - t,) + Ar. (7.31)
Ha cBo6ogHOM NpoMeXyTKe [;,- , N] mveeM HepasereTso (7.30) pu T = ?,- , 00’ beUHSIST KO-

TOpOE C HepaBeHCTROM (7.31) ¢ y4eTOM COOTHOIIERHS ; — ¢, < T) — T, IONyYHM
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Var,(V, [1,n]) SABUA(M - T) + 2AGUA + Ar. (7.32)

Hisxxuit nHpekc 1 mogyepkuBaeT, YTo NOACYET MpUpaleHnsl (OYHKIMU V MPOUCXOUT Ha Npo-
MexXyTKe Bufia E|.

IlepeiineM Kk oueHKe npupalieHus Var, pyHkiuu V BIojb ABIKEHUS x*(-) HAa TIPOMEXYTKE
Bupa E,. [TockonbKy B 3TOM citydae 1 — T 2 h, To U3 cooTHoureHust (7.29) cnefyeT HEpaBEHCTBO

2A0UA + Ar S ABRA(M - 1T).
ITpusnekas HepaBeHCTBO (7.32), mony4um

Var,(V, [1,n]) S 2ABph(n - 1). (7.33)

I. PacemorpuM npoMexyTok [€, 1] (¢ < ). TIpencTaBuM €ro COCTaBIEHHBIM U3 TIEPBOTO CBO-
6onHoro npoMexyrka [&, 7 ], KOHEYHOro Yncia NPOMEXYTKOB BUAA E,, MAyLmX [pyr 3a fpy-
rOM OT MOMEHTA ! JIO HEKOTOPOTO MOMEHTa ! (WX CyMMApHBIA MPOMEXYTOK BPEMEHHU €CTh

[z, 7]), 4 OCTATOYHOIO NMPOMEXYTKA [, t] Buma E,. TIpimensist TOCIENOBATENBHO ONEHKU
(7.30), (7.33), (7.32), umeeM

Var(V, [, 1]) = Var(V, [E, 1]) + Var(V, [, 7]) + Var (V, [1,¢]) <

S2AOUA + 2ABUA(E— 1) + APUA(t 1) + 2ACUA + Ar = 2ABUA(1 — 1) + 4AGUA + Ar.
IToncraBnss h no dopmyne (7.29), monyuum

Var(V, [€, ] S A(L E A, r). (7.34)

2°, Tlycrs B = 0, 6 2 0. [surasics ot & x ¢ (¢ < {), HAXONUM HEPBBIA MOMEHT, KOrfa
x*(t) € II'(#). O6o3naunm ero ¢ . [ycrs 7 — nocnemumit Ha [€, 1] MmomenT, Korma x*(1) € IT().
Nmeem

() e (1), tel& 1)Ul r].

T npomexyTkoB [€, 7] u [, {], onapasich Ha neMMbl 3, 4 (TaK Xe, Kak NPH BBIBOJIE HEPA-
BeHcTBa (7.30)), nonyunm

Var(V, [&, t]) <2AopA, Var(V,[1,t]) <2AcHA. (7.35)
st mpoMexyTka [ 1, i1, obpatuasics K iemme 1 npu 3 = 0, umeem
V1, x*(2)) S V(1, x*(1)).
ITosToMy, yYUTBIBasi HEPABEHCTBO
V(@i x*¥(1)) <V (1, x*(3)) + Ar,
NPUXOHM K OLIEHKE
Var(V, [t,7]) < Ar. (7.36)
O6benunsist HepaBeHeTBa (7.35), (7.36), monyynm
Var(V, [, 1]) S4ACUA + Ar. (7.37)

3°. Omapasick Ha HepaBeHcTBO (7.34) ausi cnydas, korna > 0, 6 > 0, U Ha HEPABEHCTBO
(7.37) B ciiyuae B =0, 6 > 0, uMeeM OLEHKY

Ve, x*() SV(E x*(E)) + A(1, & A, r). (7.38)
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B moment & 3nayenne V(E, x*(§)) dyukunn V paBusiercst nu6o k, mu6o V{1, x,). Takum 06-
pasom,

V(&? X*(g)) S max{ks V(to, xo)} = s.
ITopcraBuB 3TO HEPaBEHCTBO B cOOTHOILEHHE (7.38) U NpuHSIB BO BHUMAHUE, YTO

At 1y, A, r)2A(LE A ),

noJly4yaeM HepaBeHCTBO (5.7).
8. IIpumep. KongankTHo-ynpasiseMbli MasaTHAK. [1ycTh ciucTeMa, onmuchIBaroIast INHea-
PH30BaHHBIN KOH(PIMKTHO-YIIpaBJIsieMbIi MasiTHUK, 3aJJa€TCs CIEAYIOLHM 00pa3oM:

X, =X,+0, X, = -X +u. 8.1)

3pech u, U — CKaJIsipHblE YIIPABIEHHUs IEPBOrO U BTOPOrO UrPOKOB (II0JIE3HOE yIpaBJIeHHE U
nomexa). BenuuuHa ynpapieHHs IIepBOro Mrpoka orpaHuyeHa: |u| < 1. OTo HepaBEeHCTBO
onpepessieT MHOXecTBO P. ['eoMeTpuyecKoe OrpaHUyeHUE Ha YIpaBjeHUe BTOPOro Hrpoka
IO TIOCTAHOBKE 3aJ/]a4yy He 3ajlaHo.

IToBenenue cucreMsl OyneM U3ydaTh Ha npomexyTke Bpemernu T = [0, 10]. Ha mnockoctu
(ha30BbIX IEPEeMEHHBIX X, X, ONPEAeIUM TEPMUHAILHOE MHOXKECTBO M B BUJIE Kpyra pajuyca
2 C IeHTPOM B Hayajie KoopauHaT. IlepBblit UrpoK nbITaeTcs npuBecTu cucremy (8.1) Ha MHO-
>KecTBO M B MOMeHT okoH4YaHus ¥ = 10.

[t nocTpoeHust po6acTHOro ynpasneHus U ciemyeT BbIOpaTh BCIIOMOTaTeIbHOE OrPaHu-
qyenue Q.. Ha yIIpaBjeHHe BTOPOro urpoka. BospMmeM ero B Bugie [V < 1.

Ha ¢wr. 2 gnst MomenToB ¢ =0, 2, 4, 6, 8, 10 npuBeneHs! ceyeHus: W(f) MakCHMaBHOTO CTa-
6unbHoro Mocra W, coorseTcrByromero MHoxecrsam P, Q... u M. lllTpuxamMu noxa3aHsl
taxxe JIIT [1(r). CaMBonbl + M — 0603HAYArOT 3HaK YIPaBJIEHUs] B COOTBETCTBYOIIEN 00a-
cru. MI306paxeHns JaHbl B KOOPIMHATAX X, X, UIpsI (3.1).

IIpennonaraeM, 4To podacTHoe ynpasieHue U (f, X) BblpabaTbIBaeTCs B TUCKPETHOH cXe-
Me ynpasnenus ¢ waroM A = 0.05. B xauecTBe HayanbHOU TOYky npuMeM x(0) = (0, 1). Mox-
HO IIPOBEPUTH, UTO

x(0) = X, ,(10,0)x(0) € W(0).

Jlnst cpaBHEHUS NOJNYy4YaeMbIX pe3y/lbTaTOB MONOIHUTENBHO PAacCMOTPUM ONTHMAJIbHbIE
cnoco6bl yIpapiaeHus (ONTHMAaNbHbIE CTPAaTErU) NIEPBOrO U BTOPOrO UTPOKOB B aHTArOHH-
criuyeckoil nuddepeHIHATLHON UIpe, rjie 3apaHee OroBOPEHO OrpaHMYeHHe Q YIpaBleHus
BTOPOro urpoxa. Ilpumem

9 =130,,,. 8.2)

OrpanuyeHye yrpapJieHusi IEPBOro UrpoKa ocTaBuM npexHuM: |u] < 1. ITycrs @(x) = 0.5]x| —
TepMUHANIbHAsK (PYHKLHA IUIAThI B TaKOH Mrpe. ONTUMasbHbIE CTPATErMH UTPOKOB MOXKHO 3a-
mats [11, 12, 15] npu noMoru nopepxHocTed nepexioyeHusi. CHMBOIOM S| 0603HAUMM ONTH-
MaJIbHYIO CTPaTerdio NEepBOrO MIPOKA, CUMBOJIOM S, — BTOporo. IIlar nuCKpeTHBIX cxeM
ynpaBJI€HUs IPY UCIIOIB30BaHUU cTpaTeruid S, S, nonoxum pasHbM 0.05.

IIpu MopenupoBanny GBUIO B3STO BA BIA YNPaBIeHUs BTOPOro Urpoka. IlepBolit — npo-
rpaMMHOe CHHycoufanbHoe yrpasineHue U(t) = 1.3sin(0.87t). BTopoi — crparerus S,, nony-
YeHHast U3 ONMCAaHHOM BbIILIE AHTATOHUCTHYECKON AuddepeHInaNbHON UIPhI C OTOBOPEHHBIM
3apaHee orpannyenueM (8.2). TakuMm o6pa3oM, B 000HX CIIy4asix MaKCUMaJIbHbIA YPOBEHD NO-
MEXHU NPEBBIIIAET TOT, YTO 3a10XKEH B Q...

Ha c¢ur. 3 nokaszann! pe3ynpTaThl cyeTa s clydyas CHHYCOMJAIbHOU NoMexu: ¢a3oBble
TpaeKTOPMH Ha INIOCKOCTH X, X,, pealu3aLliy YIIpaBIeHus u(f), CHHyCOHAaIbHas noMexa (7).
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Ludpoii / 0603HaYEHBI KPUBBIE, COOTBETCTBYIOLIME poGacTHOMY yripasienuto U, mudpoii 2 —
KPHBbIE, IIOJy4EHHbIE IPH OMOILY cTpaTernu S,. MakcuMasnbHOE 3HaUeHHE YIIpaBlIeHus u(f)

npu cnoco6e U numb HEMHOTO NpeBbiIaeT ypoBeHs 0.5, npu cnocobe S, peanusyrorcs 3Ha-

yenus u(t) = 1. Tlonoxenue ha3oBoi TOUKH B MOMEHT oKoH4YaHus U = 10 npu cnocobe U
HECKOJIBKO JTy4lle, 4eM npu crnocobe S,. Kakoro-nmu6o npoTuBopeyss 31€Ch HET: PacCMaTpH-
BAaeMO€ CUHYCOMIAJIbHOE BO3MYILLEHUE HE SBIISIETCS ONTHMANbHBIM C TOYKH 3PEHMS BTOPOro

UrpoKa.
PesynbTaThl MogenHpoBaHUs [JIsl MOMEXH, (POPMUPYEMOH O MPUHIMITY OOPATHON CBSI3H

NIPX IIOMOILM CTPAaTEruH S,, MOKa3aHel Ha dur. 4. BugHo, YTO nonyyaeMble pe3ynbTaThl Ha-
MHOTO XyXe€, YEM B CJlyyae CHHyCOMfanbHOM noMexu. IIpu aToM cnoco6 yrpasneHus S; nep-
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BOT'O UIPOKA, OPUEHTUPOBAHHBINA Ha orpaHuyenue (8.2), IPUBOAMT K JIydIIEMy pe3ybTaTy Mo

CPaBHEHMIO C poOaCTHBIM yIpaBieHueM U .

AsgTtopb! 6naronapar JI.B. KamueBy 3a 3amedanust.

PaGoTa BeInonHEHA Npy noipepxkke Poccuiickoro ¢oHma yHiaMeHTaAbHBIX HCCAEI0BA-
nuit (06-01-00414, 04-01-96099).
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