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IEPEMEIIEHHA B YIIPYTOM INOJIYIIPOCTPAHCTBE
IMPU IBMOXEHMHU HAIPY3KH IO BAJIKE,
JEXAIEN HA EIrO IMNOBEPXHOCTH

PaccMaTpuBaeTcd ABUXEHUE C MOCTOSHHON CKOPOCThIO HOPMAJIbHON HArpy3KHU
no ynpyrou Oajke, nexauend Ha ynpyroM H3OTPONHOM OJHOPOAHOM MNOJYy-
npocTpaHcTBe. [ AO3BYKOBLIX CKOPOCTEH ABHIXKEHHS pa3padboTaH cnocol
NPpUOINKEHHOT0 BbIYHCIECHUS HOPMAJIbHbIX NEpEMEINECHHA NMOBEPXHOCTH MONY-

npocTpaHcTBa. JJaHa OLl€HKA MOJYYEHHBbIX BbIpAaXEHHH H ITPOBEACHO CPaBHEHHUE C
M3BECTHBIMHU PE3yAbTaTaMH [JIA 3aJ]la4H O ABHXXCHHH COCPEAOTOUYEHHON HArpy3KH
10 MONYNPOCTPAHCTBY. |

boura paccMoTpeHna [1], 3agadya 0 ABIDKEHMH COCPEAOTOYEHHOM HATPY3KH O OECKOHEYHO
IIAHHOM Oajike, JeXKalleH Ha YIPyroM NojynpocTpaHcTBE. [JJONOMHUTEIBHO K IIOCTaHOBKE
3TOH 3a7auyu ObIJIO BBEAEHO OceBoe cxartue Oankm [2]. beina pemieHa HecTaliHOHapHas
3ajlagya O BO3/ICUCTBHM PaBHOMEPHO JBMXYIIEHCH CHIIBI HA OMHOPOJHOE H30TPONMHOE IONY-
IIPOCTPAHCTBO C YYETOM BHE3aNHOrO NPHIOXEHHs Harpys3ku [3]. MccnepoBaHO paBHO-
[IEpEMEHHOE ABIXKEHHUE CHJIBI IO Oajnke THna THMOIUIEHKO, JeXaled Ha yIpyroM OCHOBA-
HUH [4]. PaccMOTpeHO HanpsDKEHHOE COCTOSHHE YIPYroro NoJynpoCTPaHCTBa, BLI3BAHHOE
PaBHOMEPHO JABHXYIIEHCA HOpPMAaJNbLHOM HAarpy3KoOH, pacpeAEeIEeHHOR B II0JIOCE MOBEPX-
HOCTH noaynpocrpaHcTBa [5]. IIpencrasnen cnocob onpefeeHus nepeMEIIEHAN B YIIPYTOM
NOJNYIIPOCTPAHCTBE, COAEPKalleM 3ariy0JeHHyI0 IMIUHAPUIECKYIO NTOJOCTD, IPH PaBHO-
MEPHOM [ABHXCHHH IO NOBEPXHOCTH NOJYNPOCTPAHCTBAa COCPENOTOYEHHOH OCIHJIIIH-
pYIOIIER Harpy3KH BAOJIb oOpa3yilomed naiuHjapa [6]. PaccMoTpeHa gedopManmst ynpyrom
6ajiki, Jexamel Ha OCHOBaHMH BHHKIEpa, IpH HEOCEBOM H3rude MOABHKHOH COCPEHO-
TOYEHHOM Harpy3Koi [7]. beuto npusefeHo [8] pemnrenne 3agayi O ABHKEHUH C NIOCTOSTHHOM
CKOPOCTBIO COCPEAOTOYEHHOM HAarpy3KH MO MOBEPXHOCTH YNPYroro moJaynpoCTPaHCTBa.

ComnocraBlieHAE NONYYEHHBIX PEe3yJbTaTOB C NEPCYUCICHHBIMA BhIIIE paboTaMu NoKa-
3aJ10, YTO B NpeAEIbHOM ClIy4yae, KOrja MaTepHaibl NMOJYNPOCTPAHCTBA B OANKH OJMHA-
KOBbI, IPEACTABIIEMOE NPAOIIKEHHOE PEIICHHE aCHMIITOTHYECKH CXORUTCA K PEMIEHHIO
[8] npu ynaneHu: OT TOYKH NPHIOXEHHS Harpy3KH.

1. IlocranoBka 3agaun. [To 6anke, neXxalmen Ha YIPYroM NONYIPOCTPAHCTBE, ABUXKETCS

COCpeIOTOYEHHAsA Harpy3Ka HHTEHCHBHOCTH P € IIOCTOSSHHOM CKOPOCThIO ¢ (purypa). Kone-
GaHHs OCH ynpyrou OaJKH ONKUCBHIBAIOTCS YPaBHEHHEM [1]
0w o’w a
B——+Pp =7 = P(x.1) (1.1)
ox* ot?
rae w(x, t) — HOpMaJbHOE NepeMenieHHe Ocu 6anku, B = E,J — ee H3ruOHast JKECTKOCTb, P —
IIOTHOCTh MaTepHalia 6anku, p(x, f) — HHTEeHCUBHOCTB Harpy3KH, NIPHJIOXKEHHOH K Oalke.

B HENOJBHKHOM CHCTEME KOOPAMHAT BEKTOP NEPEMEICHUS B YIPYIrOM NOJIYIPOCTPaH-
CTBE YIOBIETBOPAET YPaBHCHHUIO [9]

o%u '
UAu+ (A +p)Vdivu = 37 (1.2)
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rae u(uy,, Uy, U;) — BEKTOp NEpEMENICHASA A, I, p — KOHCTAaHThl MaTepHala OCHOBAaHHS.

[IpunaTO, YTO MEXY 0aNKOH H NOBEPXHOCTHIO NMOJYIPOCTPAHCTBA CHIBI TPEHHUS HE BO3HM-
KaloT, T.€.

au au ou au |
.._0 _ 2 __ .
o % 3y o D e z2=0 (1.3)

[Ipy penieHHH HCNONB3YETCS YCIOBHE COBIAJCHHS HOPMAJIbHBIX NEPEMCILNEHHH OCH
0ask® ¥ ynpyroro nojynpoCTpaHCcTBa IO HEX

wx, ) =u,x,y=0,z=0, 1) . (1.4)

Harpy3ka nepegaercsd Ha OCHOBaHHE PaBHOMEPHO 110 IIMPHUHE ONIOPHOM NOJIOCHI.

B nogBHXXHOM CHCTEME, B KOTOPOM Harpy3ka NpPHJIOXEHA B Hadyalie KOOPAUHAT, 3ajiadya
CUHTAETCS CTAl{HOHAPHOM.

Henp nccnenoBanus — NONy4YEeHUE IMPHOIDKEHHOTO BhIPAaXKEHHS [IJI1 HOPMAJIBLHOTO Iepe-
MEUIECHHA [TOBEPXHOCTH NONYIIPOCTPAHCTBA, KOTOPOE MOXKET ObITh 3(PPEKTHUBHO HUCIONB30-
BaHO B pacyeTax.

BBepeM NOABIKHYIO CHCTEMY KOOPAHMHAT, CBA3aHHYIO C Harpy3kou [1]. B aTou cucreme
HOPMAJILHOE NEPEMELIEHUE OCH YIIPYrou OajIKu YAOBJIETBOPSAET YPABHEHHIO

‘W , 0°W
B——— +p,C = P(x 1.5
YpasHeHue (1.2) B NOABIKHON CHCTEME ITPUMET BHJY
2
, U

HAU + (A +p)VdivU =pc (1.6)

i
3necs U(U,, U,, U,) — BEKTOp nepeMelICHAs B ONYNPOCTPAHCTBE B IOJBIDKHOM CHCTEME.

IIone nepememenus U packinagbiBaeTcs Ha NOTCHUHANBHYIO H COJCHOHJAJIBHYIO
cocrapisiommue: U= V® + U’ [TlorenumansHas ¢pyakiuas © n sexrop U’ ynoBiaeTBOpAOT
YpaBHEHHUAM

2 2
(A h? —- o )qmo, (A k? — 9 ]U' 0, divU’=0
ox? ox? (1.7)

rjge h ¥ Kk — OTHOLIEHUS CKOPOCTH JABMXXEHHMS HArpy3KH K IPOAOJIBHOM H IONEPEYHOMU

CKOPOCTSIM 3ByKa B OCHOBAaHHH.
[IpuMennM K nepBbIM ABYM ypaBHeHHMsAM (1.7) KOCHHyC- H CHHyC-IpeoOpa3OBaHusd
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Pypre. Hnciio HeM3BECTHBIX PYHKIMHE (OOpaTHBIX TPAHC(POPMAHT) COKPATHTCS O ABYX NMPH
ucnonb3oBaHuy (1.3) u Tperbero ypasHeHus (1.7). Ocrasuinecs: gBe HeU3BECTHBIE (DYHKIIMH
HaXOAATCAd M3 YCIOBHSA COBNAJCHHUA IIEpeMEUICHUsT OCH OalKH M NOBEPXHOCTH
NOJNynpocTpaHcTBa nof Hewn (1.4).

BreinuieM BhIpaXXeHHE JJIsI HOPMaJIbHOIO NEPEMEILEHHUS IOBEPXHOCTH YIPYroro moJy-
IIPOCTPAHCTBA IO ABIDKYILENCS HArpy3Kou [1]

4(1-v*) P % S(u)du

U.0.0.0) === e W +60)5) (18)
rae
2 00 .
S(u)=—k—- D, sin(ut)dt (1.9)

1-v o t[4Dy(D; - D,)D§ — k*]

Di =1+1*, Di=1+1*-h*, DI =1+1%-k?

2 4
8;_-2_(_!:_\_’_.2(3) B, &= ’B.b_ c(é)
nE b B \2

E, Vv — ynpyrae KOHCTaHTbl OCHOBAaHHUS, b — IIHPHHA OIIOPHOM MOJIOCHI.

Cnenysa npeanoxeHHOMY B [1] MeTony pelueHHsi, HOpMAJbHOE NEpeMEIIEHHE MOBEPX-
HOCTH NOJIYIIPOCTPAHCTBA NIPEACTABUM B BHJIE

41-vHY P~ a’l(o, y) (2x )
U, (x,9,0)=———2 [——= 202 ood 2% o | do . 1.10
Y ) = e — 605 >\ B (1.10)
rue
k> < d, sinf (Zy ) -
I(0,y)= —— [—— 20 cos| ZXB |d 1.11
NN S Bladyd, —dpydt —o] =\ P )P (1D

dy =B* +0a?, df =p*+(1-r")a?, di =B*+(1-k*)a?

PacueT nepemeinennu no ¢popmyne (1.10) rpebyer 6onbpmoro o6’eMa BbIYHCIEHAH, TaK
KaK NOj 3HaKaMHM HHTErpajoB cofepxKaTcs ObIcTpO ocuuanupyroume ¢pyakumu. Huxke
MOKa3aHO, KaK HauTH npuOnwkeHHoe BbIpaxeHue And (1.10) npr goctaToyHO OOIMX NpeEf-
IIONIOXKEHUSAX.

2. Ilpn6anxenne narerpanos I(a, y) m S(a) crenenHbIMEA pARaMH. BOJIBIIHHCTBO COBPE-

MEHHBIX Ha3€MHBIX TPAHCIIOPTHBIX CPEACTB JBIKYTCA CO CKOPOCTSAMH HA NOPANOK MEHBIIIE
- CKOpPOCTEH pacCIpOCTPaHEHHA aKyCTHYECKHX BOJIH, CI€JOBAaTEIbHO, IPH NO3BYKOBBIX CKOPO-
CTAX ABMJKCHHS HArpy3KH lapaMeTpsl h2 1 k2 Manbl.

Pa3znoxum pyHKIUN d ¥ d; B psAfbI 10 CTENEHAM IMapaMeTpoB h2, k2 1 BO3BMEM 11O [Ba
IIEPBBIX YICHA PAa3lOXECHUN

2 a2

1 04
' do=dy———h%, d,=~d, -——k? 2.1
1 =do o 2 =do =0 (2.1)

B BbeIpaxkeHHHM 1IOA 3HaKOM uHTerpana /(o, y) mpOH3BEACHHE [BYX IIOCIEAHHX CO-
MHOXXHTEJIEH 3alIAIIEM B BHJIE

sin 3 cos(z?y B) = -21-(sin oyB-sina,B), o= sz +1, o, = %—)X - (2.2)

ITopcraBum BbipaxeHus (2.1), (2.2) B (1.11) u BeimoauuM 3aMeHny B = ot. Ilpu no-
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3BYKOBBIX CKOPOCTAX BO3MOXHO IIPEACTAaBJICHUC
1 = g 5= 2k* — k*h*
Dy -6 k=0 D§*** 2(k* - h?)

B urore nMeeM cneayroiee NpAOIIDKEHHOE BbIpaXXeHHE:

1 k?
I(a,y) = m:——[fo(aal) fo(oy) +G Z (S (001, ) i1 (002))O ] (2.3)
rae
®  sinoudt 2k* —2k*h* + h*
o —, 2.4
fl@=] T T 2w 9
1:(1: +1)2
AHaJNOTrHYHBIM 00pa30oM, UCNIONB3YsL MPHOIIKEHHAS
D, = D, LI D, = DO-----I—/\:2 . (2.5)
2D, 2D,
uHTerpain (1.9) MOYKHO NpENCTaBHTh B BHJE
1 k?
S(a) = 2 ) 1=V = {fo(a)'FF: Y, fin(®)O } (2.6)

U3 (2.3), (2.6) cnexgyer, 94T0o npobdieMa MOJYyYEHUS] NPHONUKEHHOrO BBIPDAXECHHUS HJIA
HOpManbHOro nepemeieHus U,(x, y, 0) noBepxXHOCTH NONYNPOCTPAHCTBA CBENACH K PACYETy
HHTErpanos (2.4).

3. Paznoxenns ¢pynkuu# fi(a) B crenennnle pansl. MiaTterpan f;(0) BbipaxkaeTcs 4epes
¢dyskuaio MakgoHansga [1]

Jo(o) = IKO(u)du - (3.1)
0

HMcnonb3ya u3BectHoe pasnoxenne Ky(o) B crenennon pap [10]; ammeem

- ’) ko 1 oL oL 2k+1
Jo(0) E (2k +1)(k!)? {,El Z_C+2k+1"l“('2')}('2") (3'2)‘2

[TokaxeMm, kak nonyuduts (3.2). U3secTHo npeacrasaenue fi(Q) uepe3 dpyukumo Meii-

epa, KOTOpasi BbIpaXkaeTCs IPH HMEIOIMX MECTO mapaMeTpax 4epe3 MHTErpall, COfep-
xammi I'-pynxkumro [11],

1 2s
21 oc 1 2 1 o ds
o —— 1 1 =—— T (——s)(—-) — ~. 3.3
Jo(Q) 4 |=, =, 0| 4mi }[ 2 2 § | (3-3)
2 2
L — KOHTYp, OXBaThIBAIOLIAI 0COOblE TOYKH § = 1/2, ..., 1/2 + k, ... . YTOOBI HAUTH BBHIYETHI

Y_1. x TOAbIHTEerpaNbHOl PyHkuuu (3.3), Heo6xouMbI KO3GIHUMEHTDI @y 4, by, ks Cp, & ABYX
MJIaIIAX 4iIeHOB pa3noxeHni I'(s), I'2(s), s-1(0/2)2s B OKPECTHOCTAX yKa3aHHBIX OCOOBIX

TOYEK.
Koadduumenrsl a, ;, 13BECTHBI [ 12]:

1 K k 1
a“*"=(k!) G0k = (k. {gﬁ TC} B9
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(C — nocrosiHHas: Junepa). Koadpduuuenrsl b, ;, NOAyIUM NEPEMHOXHAB COOTBETCTBYIOIIHE
a, . KoappuuueHTsl ¢,  BO3bMEM M3 psaja Teunopa pynkuun s-1(0/2)2%s.
IlepeMHOXHUB COOTBETCTBYIOIME b, . ¥ C;, 1, TOTYYHM 'y 1. k» & HHTErpA f(0) IPEMET BHUJ

[13]
1 & 4 ko 1 o (o)
o) =— y, Y =E—m— ——C+ —In—3| —
fol®)=7 § Lk e S o k) {,E. n 2k +1 "2}(2)
AHAJIOTHYHO MOXKHO HaWTH Pa3JIOXEHUA U OCTANILHBLIX HHTErpanos (2.4). HanpumMep,
k—1 2k+1
Lh@)=a —2 4 > -1-—C+—1—+ l —In< (E) (3.5)
k=1 kW(k—1)1(2k+1) (=1 n 2k 2k+1 21\ 2
2 40 2 ¢ 4
por=Za 48425 4
3 912 3 k=2 kl(k- 2)'(2k+1)
k=2 2k+1
Iy Ll et 4 1 ¢ (9) (3.6)
n=1 N 2k-1 2k(2k+1) 2\ 2

TaxuM o0Opa3oM, BeIpaxke€HUE [JI1 HOPMANBHOI'O NEpEMEIICHAS IPEICTaBUMO B BHJE,
yAOOHOM [JIs1 BBINIOJIHEHUS PACYETOB:

1 P A+2p % N
U,(x,y,0)= Py E'(‘%-:H—)“ £{fo(aal)“fo(aaz)+§k§0 [fis1 (00 ) = fi iy (01O )]Gk} X
~1
x{a+a)a2(oc2 -52)[ fo(a)+§§ fkﬂ(a)]o“} cos(%xa)da (3.7)
| k=0

, N =const

1(2)43 A+ 21
W=—|—| ————
2 WA +u)

T
Ilpr momy4yeHHH BbIpasKE€HHUS AJII HOpPMaJbHOro nepemeuieHus nop 6ankou (y = 0)
MOJKHO MCIIOJIb30BATh HEUETHOCTh (PyHKIHM f1(O0).
4. CpaBHeHHe pelleHHs ¢ NMOJY4Y€HHbIMH paHee pe3yabTaraMu [8]. M3BecTHO BhIpa-

XEHHE HOPMAJILHOI'O NEepEMEMEHN NNOBEPXHOCTH YHNPYroro NOJIYNIPOCTPAaHCTBA IOA

JEUCTBUEM COCPEAOTOUYEHHOM HArpy3KH, ABHXYUIECHCA IO IMOBEPXHOCTH, B IOABHXHOMN
cucreMe [8]

Pk* 1 ., )’) 2 . 2(_)1)]%
Uy (x, ):,0)._211:,Ll < sin (r [l—h sin?| > (4.1)
V2! % 2
Q= 4[1 _ K2 sinz(l)] 2 [1 _ k2 sinz(l)] " [2 _ k2 sinz(l)]
r r I &
rt =x%+y?

bbI BBINOJHEH pacyeT HOPMATBLHOIO NEpEMEEHHs OTpe3Ka MoBepXHOCTH 0 < x < 50 M,
y = 1,36 M no ¢popmynam (3.7) u (4.1). Ha purype nokasaHnsl nepeMeineHns, pacCINTaHHbIE
110 3THM (pOpMyJiaM, B NOJABIKHON cucTeMe (KpuBblie I H 2 COOTBETCTBEHHO) ISl CIIydas,

Korjga MaTepHan OajlkM COBIAflacT ¢ MAaTEpHAaJIOM OCHOBAHHA M ONH30K 1O (PU3HUKO-
MEXaHHYECKUM XapaKTEPUCTUKAM K H3BECTHAKY [14]. bbinm B34AThI Ciaeaylomue 3HaYEHAS
KoHCTaHT: P = 104 H, ¢ = 44,44 m/c, b = 2,7 m, J = 0,0027 m4. PenreHrs npakTHUYECKH

COBIIadlOT IIPDH YAAJCHHAH OT MECTa NPHIIOXKCHHUS HAI'PY3KH, OJHAKO MAaKCHMAJIBHOEC pa3-
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nuune nepemenieHud (npu x = 0) cocrasuno ~30%. CpaBHeHHE NepeMENEHUI Ha TOM XK€

OTpe3Ke IPH XapaKTepUCTHKAX MaTepHaja NoJyNpPOCTPaHCTBa, 6IM3KUX K IPAHUTY, CIAHIY
M THEMCY H IIOCTOSTHHOM MaTepHaje 0ajku (ecyaHHMKe) MoKa3alo, YTO 3TH NEPEMEIECHUS
IIOXOXXH Ha KPUBYIO / ¥ OTIIHYAIOTCS JHIIB 10 BEIHYHHE.

M3 u3JI0OXEHHOTro CIEAyeT, YTO B Cliy4ae, KOria CKOPOCTH ABMXEHHS HArpy3KH Ha
MOPSAROK MEHbIIIE 3BYKOBBIX, ONPENECIICHAE NNIEPEMEILCHUA B YIIPYTOM OCHOBAHHH CYIIECT-
BEHHO ynpouaercs. IlonydeHHoe npuOankKeHHOe peleHne aCHMIITOTHYECKH COBHAAAET C
HN3BECTHBIM pEIICHHEM [8] NpH yAaneHuu OT O0NaCTU NIPHIOXEHHS HArpy3KH, KOrja MaTe-
pHanbl 0aJIKU ¥ NOJNYNPOCTPAHCTBA ONMHAKOBBI.
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