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OBIIME YPABHEHMSA AHAJIUTUYECKON ITNHAMHUKHU

Tlokaszana cBs3b 0600menHbix ypasHeHu#t ITyankape u Yeraesa, npeacra-
BISIOUINX YPABHCHHA ABMOKCHHUA MEXAHHYECKHEX CHCTEM C NNOMOLIBLIO HEKOTOPOH
3aMKHYTON CHCTEMbI HH(PHHUTEINMAIIbHBIX JTHHENHBIX ONEPATOPOB, C OCHOB-
HbIMH YpPaBHEHHAMH aHANUTHYCCKON NUHAMHKH. BbiBefeHbl ypaBHEHHS B
KBa3UMKOOPAHHATAX JJIA Clyyas N36LITOMHLIX NEPEMEHHBIX; TOKa3aHO, YTO NpH

YCAOBHAX CYLIECTBOBAHMA MHTErpaia IHEPruu onepaTop Xo= d/df yROBIET-

BOpAET YCJIOBHSAM LHMKIAMYECKHX nepemMeuieHuit no YHYeraesy., C nomouibio
HHTETPAIa SHEPIrHH TMOHHKEH MOPAAOK CHCTECMb! YPABHCHHM RABUXCHHA U
BbIBEICHb! 0000ieHHbIE YpaBHeHUS AKoON-YuTTEeKepa U3 ypasHeHull Ilyan-
Kape U ypaBHCHHUA YuUTTeKkepa 3 ypaBHeHUN Yeracena. [Toxazana 3KBUBaNICH-
THOCTh ypaBHeHusaM [lyankape-tleraesa pana ypasHeHuit ABMXECHHS HETOJIO-
HOMHbBIX CHCTEM, B YACTHOCTY ypaBHeHu#t Majxku, BoabTeppsi, KeftHa u ap.

Ha ocHOBE 3THX, a TAKXE APYrHX paHee NONYYCHHbIX Pe3yNhTaTOB ypas-
HeHus [lyankape n Hetaesa B H36bITOYHBIX NEPEMEHHbIX, NPUMEHUMBIC KakK K
rOJJOHOMHDBIM, TaK H K HErOJIOHOMHLIM CHCTEMaM, MOXHO PacCMaTPUBATh KAk
ofiuue ypaBHEHHUS KIIACCHYECKOH NTHHAMHKH, 3KBHBAJICHTHLIC OCHOBHBIM H3-
BECTHbIM (OpMaM ypaBHCHHMH ABHXKEHHUSA, PRA H3 KOTOPbIX CICAYET H3
ypasHeHull [Tyaukape u Yeraesa kak HacTHpie clyyad.

3aMeuarennHbie Haed Ilyauxape {1] u Teopus Yeraesa {2-4] no npumenenuro rpynn Jiy ans
NPEACTABICHIA YPABHCHHUM IBYOKCHHA NOJIOHOMHbBIX CHCTEM MONYYHIIH pa3suTHe B pajie pabor [3-20],

Tak nonyuexs! ypaBHEHHs B BApHALMAX 1A ypaBHeHHH [TyaHkape ¥ HCCIEOBAHO CYLLECTBOBAHNE
AN NOCeIHNX OCHOBHOTO uuBapuanTa {5, 6]. Boisegennt 8 dpopme ypapuenu#t Ilyanxkape u Heraesa
YPABHEHHSA ABHXCHHUA CUCTEMb!I ¢ OCCKOHEHHBLIM YHCIOM CTeneHed cBOBOALI ~ TBEPAOTO TEja ¢
NONOCTHIO, cofepxallell xuakoctsb [7]. V3noxen oguH U3 cnocoG0B NOCTPOCHUAS IPYNIT BOIMOXKHBIX
nepemewmenuit {8], Hano o600uienue 1 npuMeHeHHe LHKIHYECKUX nepeMelicHui Yeracna, B 4acT-
HOCTH, NONyueHo oBobuleHue TCOpPEMb] nnouianed Yannsiruna U yCTAHOBJICHB! HEKOTOPbhIE TEOPEMbI
B3auMoecTBUA vacTelt cucremsl (9-11].

B uukne cratelt [12-14] ypasuenun Iyauxape Bncpsbie NPEMCHEHBI IS HETOJIOHOMHBIX CHCTEM,
JUIA KOTOPbIX CHCTEMA OIEPaTOPOB BUPTYANLHLIX NEepeMelleHH, KaK NOoKA3aHO, HE ABJIYETCH
3aMKHYTOMN, TOTAA KaK JIIS FTONOHOMHBIX CHCTEM OHA 3aMKHYTa, HecKONbKUMH METOJaMHU BhIBEACHbI
ypasHeHus IlyaHkape AAsi HEFONOHOMHbBIX CHCTEM M MOKA3aHA UX 3KBUBAJIEHTHOCTh MHOTHM H3BECT-
HbIM YpaBHEHHSM, TAKHM KaK ypaBHeHus Annens, l'amena, BoabsTeppshl, Hannsiruxa, Peppepca M ap.

B uukne pator [15-18] nenunetnont o6paTumMolt 3aMCHOR BMITYNLCOB TAMHILTOHOBA CHCTEMA
npuBeficHa K BURy, Onuskomy K cucreme ITyankape-‘eraesa, Cnefcraun: Teopema 0 NOJHOR
HHTETPUPYEMOCTH, 00 HHTErpHPYEMOCTH Ha HHTErpajbHbIX MHOroofpaszusx U O Kjaccax
IKBHBAJICHTHOCTH TaAMHMABTOHOBBLIX cHCTeM.. IIpefanoxed HOBBLIA cnocob NONYYCHUS YACTHAIX
PeUICHUA U3 U3BECTHLIX NMEPBbIX HHTErpanos, s cay4as, KOraa KHHETHUECCKAA 2HEPrus He 3aBUCHT
OT KOOPDAMHAT, YCTAHOBJICHBI YCHOBHMA CYUICCTBOBAHMA NMOJHOro Habopa NHHEHHLIX MHTETPAIOB M
Nonay4YyeHsl KBaapaTyphl A HHX. C nomoupio BBefcHHA H3ObITOUHBIX napamerpos Ilyankape
MOJy4eHbl YPABHCHHS JBHXKCHHA HETONOHOMHDLIX CHCTEM JJIA CHYy4Yas CTAUHOHAPHLIX CBA3CH H
BbipaXXCHHUs peakuud nocnenuux. M3 ypasuenuft Ilyauxape—YHeracsa nojiydeHbl ypaBHEHHS
FHAPOAHHAMUMECKOTO THIIA M AP, |

Hokaszano [19, 20], uro xanouuyeckue ypasHeHus Yeraesa npefcrasianeT c060# raMiuIbTOHOBBI
YPaBHEHUA B HCKAHOHHYECKHX NepeMeHHbIXx. [TokasaHo, 4TO CHCTEMBI O60OLIEHHBIX YpABHEHUH
Jlarpanxa u F'amuneToHA B M30BITOYHBIX KOOPAMHATAX, @ TAKXKE YPABHEHUA B KBA3HKOOPAMHATAX
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NPeACTaBAAIOT COO0M YacTHbIE cliyyan ypaBHeHnl Ilyankape—YeTaeBa, TeopHd KOTOPBIX TEM CAMbIM
pacnpocTpaHeHa Ha Ha3BaHHbIE CHCTEMbl ypaBHEHHH#. BhIBeleHbl Tak)Ke ypaBHEHHS ABHXKCHHUS
HErOJIOHOMHEBIX CHCTeM B (popMe ypaBHenmit IlyaHkape, BHEIIHE OTIHYHbLIE, HO 3KBHBAJIEHTHBIE
YpaBHEHHMSIM, PHBEACHHBIM B [12-14], n B hopme ypaBHennit YeTaepa.

1. T'ononomusle cacremsl. 1°. Onpedeastowue koopournamut, napamempusayus ceéasell.
PaccMOTpHM MexaHHYECKYIO TOJIOHOMHYIO CHCTEMY, O0GJIafalolIyIO k cCTeneHs IMA cBOGO.bI.
ITonmoxeHue CHCTEMBbI B MPOCTPAHCTBE AN JIOOOr0O MOMEHTAa BPEMEHH ¢ 3afjacTCs OIpe-
ACNAIOIMMH KoopauHaTaMu [4] x; (i=1, ..., n = k), r,=1,(, X1, ..., X,) W=1,. ..., N), rne

— PpajgHyC-BEKTOP MaTE€pHalbHOM TOYKH ¢ Maccod m,. IIpu n > k nepeMeHHbIe X;
SIBJIAIOTCS HE3aBUCHAMbIMH JIarPaHKEeBbIMA KOOpAHHATAMH, a MPH 1 > k — 3aBECAMBIMH, WIH

H30bITOYHLIMEA KOOPAHHATAMH, CTECHEHHBLIMH CBS3SMH, 3a/laHHbIMU HHTerpnpyeMoﬁ CHCTE-
MOH JHPPepeHUNANBHBIX YPABHEHHH

Ni=a;(t, X1, ... xpnX%+ap(t, x, ..., x,,)=0,j=k+1,

rank (a;) = n—k, x; = dx/dt.
Bcropy mo noBTopsopEMcs RHAEKCaM NPOX3BOATCS CYMMHPOBaHHE.

Hcnons3oBanue H36bITOYHBIX KOOPAHHAT B PAfE CIy4YaeB MOJNE3HO NS yNPOIUEHHS
BbIpaXXCHHN KHHEMATHUYECKUX ¥ IHHAMHYECKHX BeIuyrH [21].

YcaosuMcs 0603HaYaTh I CAMMETPHHE B COKpallleHHs 3armaceif ¢ = X,
nj=a;x)x;=0,i=0,1,..n,j=k+1,..., n ' (1.1)

THE X = (Xg, X1s ««vs Xp)-

HocraTo4yHbl€ YCIOBHS MHTETPHPYEMOCTH ypaBHeHui (1.1) mMeloT, KaK m3BecTHO [22],
BH[

aaj,. aajs .
— = , 1, s=0,1, ..., n; j=k+1, ..., n (1.2)
ox, dx,

A

Honon#uM ¢opmMsl (1.1) mpou3BONLHO BEIGpAHHBIME JTHHEHHBIMA POpMaMH
N= as;(x)J'c;, J = 0, 1, ..., k, | = 0,1 .5 N, o= 1, do; = 80_ (13)

JIHHEMHO HE3aBHCHMBIMH KaK MeXAY co00M, Tak H N0 oTHoueHuIo K ¢popmam (1.1), Tak 4ro
det (a;) # 0 (i,j=0,1, ..., n), rae d;— camBon KpoHekepa.

Pemass ypasHenus (1.1), (1.3) OTHOCHTENBHO X;, MOJIy4YaeM IapaMETPHYECKOE
[IPEACTABJICHAE CBA3EH

= by (M, s = 0,1,.., k, i = 0,1, ..., n, by, = So, (1.4)

npu4eM agb;, = a;,b; = Oy, |
2°. Cucmema onepamopos, napamempuwt Ilyankape. Ilapamerpr3anus (1.4) nmossonser
IIOCTPOMTH 3aMKHYTYIO CACTEMY HHUHHTE3UMAJBHBIX IHHEHHBIX ONEPaTOPOB

(1.5)
b, df |

X.f=b, P s=0,1, ..., k, f(x)eC?
ONpPEAEINAIOIAX BUPTYAIbHbIC B JCHCTBATENbHBIE NIEPEMEIIEHAS CHCTEMBDI

f=0Xf r=1, ..,k df= nSX,fdt, s=0,1, ...k (1.6)
COOTBETCTBEHHO, Tie W, =a,(x)0x; (i = 1,...,n; r=1,. ..., k) A M, — napaMeTpsI BHpTyaJIbeIX

H JEMCTBHTEIIbHbBIX NTEPEMEIIICHNAH, BBeneHHble IIyaHKape (1].

Cucrema oneparopos (1.5) aBnseTcs 3aMKHYTOM CHCTEMOH B TOM CMBICIE, YTO €€
KoMMyTaTop (ckobka IlyaccoHa) umeeT BH]]

Xr, X Jf =X XS~ XX =c X, f,mr,s=01, ..k (1.7)
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rqe CTPYKTYpPHbIE KO3(D(PHUHEHTI

(1.8)
aam- aa. . ob. ob.
_ j _ js e
C:; —( axi —"ax'ﬁjl']bwb}r —amj(bi, ax‘. "'bis'é";f' » &y ] —O,l, cesy N
MpHYEM C, " = —C,,™, Co? =0 (m,r, s =0,1, ..., k). KoMMmyTaTop GmimHEEeH, KOCOCHM-

METPHYEH H YAOBJIETBOPAET TOXAECTBY SIKOOGH; B CBOIO OYEpPEAD, OH NMpEACTaABIAIET CO00I0
nadPpepeHEANBHBIA ONEpaTOp NEPBOro nopsaka [4, 23].
Bri6opoM BcmoMoraTtenbHbix popm (1.3) 3aMKHyTYIO cHCcTEMY (1.5) MOXXHO YIIPOCTHTD

no rpynnbl JIu, Korma Bce c;, =const [4]. IMeHHO Tako# ciyya#l paccMaTpHBald H
[Tyankape, u YetaeB. OgHako B 0011eM ciy4yae 3aMKHYTOH cucTeMbl (1.5) ko3¢ PpriueHThI

c;, 6ynyr, BooG1e roBopH, NEPEMEHHLIMHA, H 3TOT cly4yad He MCKIIOYaeTcs fajnee H3

PacCMOTPEHHS.

3ameTaM, 4TO ecnu ¢opmal (1.3) mHTErpHpyeMsl, Kak # ¢opmsl (1.1), To ycnosus (1.2)
BBIMTOJMHAKOTCA B Ind j = 1, ..., k, TOrja cywecTBylOT (PYHKUHEHA BHAA T, = T,(x), KOTOpbIE
MOTYT CIY>KHTh HOBbIMH ONpPEAEIAIONMMA KOOPAKHATAMH, IpAYEM N, =, (s =1, ..., k), H

ans_ans_a axi_a'ii =}

ox; ox;  om, on,

B sToMm ciayyae cucreMa oneparopoB (1.5) npeacrasnser coboio abeneBy rpynny QyHKUUM

aof of .
X fsb —= , =01, ..., k; i=0,1, ...,
sf lSaxl ans i n

nust KoTopo#t Bce koadpduumentsl ¢, =0 (m, r,s =0,1, ... k).
Ecin dopmbl (1.3) He HHTErpHEpyEMbl, TO BEMTHYHHBI T (Xx) KaK (PYHKLHH BPEMEHH H

KOOpJAHHAT HC CYIIECTBYIOT, ONHAKO CHMBOIJIbI T IIC.TICCOOGPHBHO BBOJIHTD B PAaCCMOTPCHHC

IO/l Ha3BaHHEM KBAa3HMKOOPJAHHAT, IPHHEMAs YCIOBHbIE O0O3HAYEHHS [IJIsi KBa3HCKOPOCTEH
N, = &, ¥ nuddepeHIEATOB KBa3HKOOPAHHAT dTN, = N,df, a TakKXe AN ' 4YaCTHBIX

NMPOM3BORHBIX IO KBAa3HKOOPAHHATAM H A OOpaTHbIX COOTHOWICHHH [21]

of of of of .
—_— o U— —— » P ce ey ; y - 9y ooy 1-9
. b, ox ax, a p— i=0,1, n, s=0,1 k (1.9)

CornacHo (1.9) onepaTopsl (1 .J) B 3TOM cllyvyae npendrannmmca B BHJIE
X.f=0df /on,, s=0,1, ..., k (1.10)

C KOMMyTéTOpOM (1.7), nppHEMAaIOLIMM BH]

_ 0'f f _ m Of
e A = S om. " omaom, o

riae B obiueM ciyvae ¢, ™ # 0.
IIapaMeTpsl 1); B O; CBA3aHbl MEXAY COO0M COOTHOLLICHAAMHA

dmi/dt-sni=c::snrms’ ia r, S=0,1, veey k @ 7 @ (1'11)

IepBOHAYaIbLHO YCTaHOBIECHHBIME [lyaHkape jis cayvas, Koraa ¢y, = 0.
3aMeTuM, 4TO BbipaxkeHue (1.11) akBABaJIEHTHO BBLIPAXECHHIO BHEIIHEH NMPOH3BOLHON

dopmb1 ; = adx;. BeipaxeHus K09 HUUHEHTOB B C,; POILE HAXOAUTH A3 COOTHOLICHHNA

(1.11), Hexxenn npuMeHATH 061HMe hopmysl (1.8) [21].
3°. Ypasnenun Ilyaunkape. Ilyankape [1] u Yeraesn [2, 3] ucnonb3oBanu [isi BLIBOAA
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ypasuenul npunuun ampnavrona, a Yeraes (4] ~ rakxke n npanuun [I'AnamGepa—
Harpam B 0ObIuHOH dopme

(m¥, ~F,)-8c,=0, v =1, ..., N _ ' i (112
BocrionssyeMes HpHHIHNOM H’Ananéepaﬁnamam B OTIPEAENMIONHX KOOpRHHaTaX [4]
‘doL oL )

| L2222 .0 o5, =0, i=1, ..., n 1.13
(dt 35&:,, ax,' Qi) i § ! )

rne L{, x, x) = T(t, x, x) + U(t, x) -~ pyukuns Jlarpanxa, T(t, x, X) ~ KAHETHYECKAnA IHEPTUS,
U(t, x) — cunosas $yuxkums, x = (x4, ..., x,), x = (%3, ..., x,), @; = F: i, or,/ox; - 06001icHKas
HeHOTEeKIHaNbHAS CRTA.

Cornacno papesicrsam (1.5) u (1.6)

O, =wXx=0bh,,i=1,...,n5=1,..,k
BCHCHCTBHE 4€ro B CHAY NMPOU3IBOALHOCTR O, B3 (1.13) cnenyror ypaBHEHHS KBHXKCHHSN
Marskn [24]

| (1.14)

dt Bx, 3x

HUcnonbays (1.4), ssipasnm dyskipno Jlarpanxa s suge pasencrsa L*(t, x, i) = L(1, x, k),
nddepenimpys koropoe 1 yunrsisas (1.3), nonyunm coorHoienss [25]

BL aL ' é&g%-’-%(hb 1" +§-€M), i, jﬂo,l, voeg N

ox; on, % dx; My, \ Ox, Jx;
- doL dfor BL da,, oa,,,

dt dx, dt [an,,, an,,, [ ij il ot } =

NOACTAHOBKE KOTOPBIX B (1 14) nipusopuT K ypasHenusiM Ilyankape
d oL , oL aL’ . ._
mmﬁc n +C “‘“‘“+XL +er; m, r, JEI, ciey k (1‘15)
dt a“s‘ i anm . m ’ |

e Q. = Qb Crpykryphbie koadduumentn

da,; da
Mo | “"ﬂi‘bb , 4 J=1, .
Crs ( 3x,- axj } s ‘ J "
od,; da,. Ba _da,, -

NN § s, it | b. b 1.8*
€os [( ox; Ox, } ax, o (1.8%)

HEeTANHINPYIOT Bbipaxennst (1.8) npH sBHOM BbIJIEIEHIH | = X
Ypasrenust (1.15) smecre ¢ ypasnenusmu (1.4) o6pa3yloT cOBMECTHYIO cHcTEMY Kk + n
ARG depeHIHaNbHbIX YPABHCHHN (BHXEHHS NTEPBOTO NOPAIAKA, KAXKAOE C TAKIM XKe YHCIOM
HEHIBECTHLIX Ny, ..., Tk XYy ... Xy 3aMeEYaTENbHO, 4TO ypaBHeHns (1.15) B H36LITOUHLIX
KOOpRHHaTAX HE comepXat Cun peakunin cesideit (1.1) # HMeOT OIUH M TOT K€ BHEUIHKHI
BH KaK B HE3ABHCHMBIX (n = k), TAK ¥ B 3aBHCHMBIX (1 > k) KOOpRHHATAX.
~ Ypasuenns Ilyanxape (1.15) copepkar, KaK yacTHble clyyaH, ypaBHEHHs, BepBble
naunble Ilyankape [1] nns cnyvasn = k, Xo=0/0t,¢}. =0, Q,"=0 (i, s = 1, ..., k); ypaBHeHus
Jlarpanxa sroporo popa B cayvyae n=k, i, = x,, X, = 0/0x,, Korjga Bce ¢, = 0;
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obobuieHsbie ypanneum Jlarpanka [19] B H30LITOMHBIX KOOPAHHATAX

3x =Q, s=1, ... ki jmk+l, .., n

KOrjAa cBA3H 3aJaHbl B BUle X;= bk (s = 0,1, . ok Jek+1,...mux=n,L*=L"(,
Xis cone Xpo X0 o -0 Xp), 2 TAKKE oﬁoﬁmcﬂumc ypaaﬂem Eonbuuana {26] — Tameng [27] B
xsasuxoopnumax

do . oL oL’ aL _
Esﬁtgcﬁn, anm "'{m 31; Bu +Q., m, r, 5=1,..., k Z_ C (1.16)

rae L =L"(t, xq, ..., X0 By, ... 0.

YpasHenus (1.16) npeacrapaaior 8 equHoi GopMe ypashHeHus boasyMasa B caydae
3ABHCHMBbIX KOOPAMHAT (IIOCAES BCKAKOYCHHUA HEONPEACACHHBIX MHOXKHTEACH) H YPABHCHHA
boasymana-TaMens B ciyyae He3aBECHMBIX KOOPAMHAT. B MacTHocTH, #3 ypasuenui (1.16)
BHITCKAIOT ypABHECHHS JANcpa FBUKCHHA TBEPAONO TEAA BOKPYT HENOABIKHON TONKH.

Ypasucuua (1.15), (1.4) npu onpefencHubIX yCAOBHSX JOMYCKAIOT HEKOTOPHIC NEPBHIC
HHTErpaibi.

Echu

xﬂﬁ 3/6!, Cgi =‘0, X()L*~$ O’ Q;RO’ i,S = l, coes k (1,17)

TO CYWIECTBYET HHTETPaN SHCPIay

-@—L-i—n,-—L =h=const, i=\, ..., k

i

npaxaMaioiuli 8 obweM cayvyae L™ =L," + L,"+ Ly', rae L,” — opuopogubie PpopMbi
nepeMeHHbIX N, creneuu s (s =0, 1,2), sua L," - Ly = A. '

3ameTumM, 4T0 ycxosua (1.17) spinoaunsaiorca, ecnu B ypashenuax (1.3) u (1.4) sce
a0 =bx=0, a x03PPUUHECHTDI g H b;; HE 3aBHCAT ABHO OT BpeMeHH, Kak ¥ (pyHkuus
Jlarpam L*(Xm, eoos Xps My 20y N

Ong cayqas Q,-"' =0(@ =1, ..., &) Yeraes {3, 4] Bsen noHATHE URKAHYLCKHX HepeMeliCHuN
Xo(@=1+1,..., k), yAOBACTBOPAIOIHX YCAOBHAM:

DX, X,1=0,5=01, ...k, 2)X L =0 | (1.18)
[Ipu Q.* =0 u ycnosuax (1.18) ypasuenus (1.15) umMesor nepsbie HHTErpPaibi
oL 13, =B, =const, au=1+1, ..., k L9

C nomousio murerpanos (1.19) Yeraes nocrpoun ofobuicuuyio dyskuuo Payca u
nokazas, 4To ypapueHuA [lyankape npEMEMAIOT AN HCHHKAHYCCKHX nepeMmeicHuii X
(s = 1, ..., 1) sujn obobmcHHBLIX ypasucunii Payca (3, 4].

Cpasnusas ycaosad (1.17) u (1.18), suguM, 4To oneparop Xo= 0/0t yROBACTBOPALT
yenoemsaM (1.18), 1.e. apageTCs ONEPATOPOM HEKAMUECCKOTO NEPEMLICHEA, KOTOPOMY OTBE-
YACT BHTErPAJ IUCPTHM.

B camoMm gene, ecaM npeacTasuTh ypasuenus [lyauxape B napamerpuyeckoit popme, KOria Bpems
I = xo 8 KoopRuHarhl x; (i =1, ..., n) paccMaTpHBaIOTCH KaK HE3aBHCUMbIC OFHA OT APYroi

nepeMenbie Xo (& =90,1, ..., n), crecuenusie puddepenuuansubive cogzamu (1.1) u 3ajaBaempic

HEEPEPLIBHLIMM AU epeuyupyeMbiME PYHKUMAME HCKOTOPOro HapaMerpa T, Xy = Xy (T), T
HEPEMCHHOH x() Bpu ycnosusx (1.17) Gymer oTBeyaTh HHTErpan SHEPruM HapAMETPEYCCKHX
ypasueuuii Myanxape ¢ narpasxmanon [28] L*(x;, ) x'g, X' = dtid1.
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Hcnonp3ys HHTErpal 3HEPrUH, MOXHO MOHH3HTD MOPANIOK CHCTEMDI YpaBHEHHH, Ompe-
AeJIsAs U3 HHTErpajia IEPEeMEHHYIO

xO" t'= (P(xi, My h)
1 cTpos pyHKIHIO Payca

. , oL oL
R(x;, Mm,, h)= L x; —(L - n,Jx’ = NsX, (1.20)
° om, /" o,

B NpaBOH YacTH KOTOpO# IepeMeHHas Xx, 3aMeHeHa JQyHkpEeH @(x; Mg, h).

IITapameTpuuyeckne ypaBHeHHsi Payca npm T = ¢t npuHEMalOT BHJ ypaBHeHHM IlyaHkape
(1.15), B koTOpBIX BCe ¢y, =0, 0, = 0. | |

Ecnn Xe NpHHATE 32 nMapaMeTp T OJHY M3 BEJIHYHMH T, CKaXXeM T;, TO B3 HHTErpaia
HEPIrud MOXHO HaUTH

m=1=1=¢(x;, N, h),r=2,...,k

rge M', = dn,/dn,=n,/n; t =dt/dr, = 1/n,, 1, noacraBuB B (1.20), NOXYyYHTHL HOBYIO
dbyukumio Payca

R'(x;, M), h)=——= - (1.21)

HeTpynHo noxka3ats [25], 4TO cripaBeInBbl paBEHCTBA

dR __Q_L__ Q{i___l__a_l_,_, i=1 ..., n,r=2, ..., k

MOJCTaBsAsl KOTOphbie B ypaBHeHust (1.16) ans s = 2, ..., k 1 Bcex ¢, = Q, = 0, monyyum
060011eHHBbIE ypaBHEHNS SIko6u [29] — YrTTekepa [25] B KBa3NKOOpAHHATAX
d R’ OR’ 3R (1.22)

=2, ..., k

—— p = ‘nr
dTC] ans i anm E)n
Ecnu nonoxuTs B (1.3) n; = X; (rorna [26] ¢,,' = 0), To ypaBHeHus (1.22) npuMyT BHX

d R _ ., OR 3R (1.23)
dxl 3'1§ 3'1m an’ |
Kak orMeueHo B pa3jy. 1.2°, B cllyuyae HHTErpEPYEMOCTH ypaBHeHHﬁ (1.3) nepeMeHHbIE T,

MOTYT CIY>KHTb HOBbBIMH ONpeNeIsIOIIMMA KoOpaArHaTaMi. Toraa Bce ¢, = 0 1 ypaBHEHHS

(1.23) npumyT Buf ypaBHEHHH SKOOH—Y HTTEKEpA. |
YpaBHeHnﬂ (1.23) HagmexXxHuT HccleaoBaTh B OOIIEM Cllydyae COBMECTHO C YPaBHEHUSIMH
cs3eit (1.4), mepenucaHHbIME B BH/IE

xX'=bMmsi=2,...,nms5s=2,...,k (1.24)

YpaBueHnns (1.23) u (1.24) MOXHO paccMaTpUBaTbh KaK YpPaBHCHHS [BMJKCHHS HOBOH
THHAMHAYECKORX CHCTEMBI C k—1 cremeHdMu CBOOOAbI, KIS KOTOPOH R’ MpeACTaBIAET

KHHETHYECKHHA MOTEHLHAT, T), — TApaMEeTPhbl ACHCTBATEIbHLIX NNEPEMELLCHHAH, a X; UIPaAET
POJb BPEMEHH B KayeCTBE HE3aBHCHMOM IEPEMEHHOH. 3aBHCHMOCTb X; OT BPEMEHH !

yCTaHaBJIHMBAETCA KBapaTypou [25].
4°. Kanonuuveckue ypaeHeHus Yemaesa. YeraeB [3, 4] npeobGpa3zoBan ypaBHEHHSA

[Iyankape K KAHOHHYECKOMY BHIY BBE[ICHHEM BMECTO T\, H L'(Z, X, ) HOBBIX NEPEMEHHBIX Y,
u byukumn H' (¢, x, y), onpeaensieMbiX paBeHCTBaMHA

s=2, ..., Kk

yo=2L  s=t, ok H'(x y)=ym—Ltx, M) (1.25)
ans | Py
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M3 KOTOPhIX CIERAYIOT PaBEHCTBA

XH =-XL, n,= oH , §=1, ..., k (1.26)
| | ays
ITpeo6pa3oBanne (1.25) npexncrasaser cobon npeobpa3osanue JIexangpa, eciy y4ecThb,
YTO ||62L"' [om,of#0, (r, s=1, ..., k). Tak kak

Ys oan, 9% am, PiOys> Ny =4agX;,  P; %

TO, OYEBH/IHO, CTIPABEIIABO PaBEHCTBO
H*(t, X, y) = p,b,saijj— L(t, X, x) = H(t, X, p)
(yunTbiBaeTcs popmyaa agb;; = ;).

ITopcranoBka (1.25), (1.26) B ypasrueHus Ilyankape (1.15) nprBOAAT K KAHOHHYECKHM
ypaBHEHHAM YeTaeBa

dy, _ mOH
= c" A)
d  dy,

oH"
9y; -

OTH ypaBHECHHA B O0O1EeM cllyyae HAJIEXKHT HCCIEAOBATh COBMECTHO C YpaBHECHHSIMH
(1.4), c NOMOIIBIO KOTOPBIX BTOPOH rpynne ypasHeHan (1.27) MOXHO npujaTh Apyros BH]

[4]:

'éx"':‘ —_ Xax,- -+ aH
dt dy,

Ym +C$)’m-st*+Q:, N = m, r, s=1, ..., k (1.27)

Xx, i=1, .., n ' (1.28)

OTMmeTHM, 4TO, MOXOOHO ypaBHeHHAM (1.15), nepByro rpynny ypasHeHu# (1.27) MOXHO
BbIBECTH HEMOCPEACTBEHHO U3 YypaBHeHHuH (1.14), nepenncaHHbIX B BHJE

dp; OJH
—t——0. |b.. =0, s=1, ..., k
(dt ax,- Q‘] N ’

(yuyHTBIBaIOTCA paBeHCTBa BHAa (1.26)).
YpaBHeHns Yeraena (1.27) cogeprkaT KaK 4acTHbIE CIyYaH: -
1) KaHOHHYeCKHE ypaBHEHHS ['aMHIbTOHA, KOrjja nmepeMeHHbI€ X; — HE3aBHCHUMBbIEC

narpaHXeBbl KOOpAHMHAaTBHI (n = k), a rpynna (1.5) cBoguTcd K NepecTaHOBOYHBIM

npeoOpa3oBaHHUsAM, MPHYEM 3a NMApPaMETPbl ACHCTBHTEJIbHLIX NMEPEMEIICHHHA NPHHATHI
narpaHxeBbl 0600LIEHHBIE CKOPOCTH 1|; = X;, IPA 3TOM NEPEMEHHBIE X;, p; OYAyT

KaHOHHYECKAMH KOOpAMHATaMH, a H(tx, p) — kiaccaueckon ¢pyHkuuen I'aMrainbTOHa;
2) 060611eHHbIE YpaBHEHHA ["aMHIIbTOHA B H30BITOYHBIX KOoopauHaTax [19]

dy, OoH’ oH™ . dx;, OoH’

= - ~b. +Q., —= , s=1, ..., k; j=k+1, ..., n
dt ox, T ox; T dt 9y,
3) kaHOHHYeCKHE ypaBHeHHS bonbiMana—I"amens B kBasukoopauHarax [19]
dy, mOH" m oH® _. dn, OH’
=c +c - +Q., —=
d t rs ayr y m O.S‘y m ans QS dt ays

Ons ypaBHeHuit (1.27) npr Q=0 cnpaBegnuBel 0600u1ieHHbIE TeOopeMbl SKOOHM m
Ilyaccona [2-4] (mocnegHsist NpH HEKOTOPBIX AOMONHATENBHBIX YCIOBHAX).

[Ipu ycnoBusax Xo=0/0t, ¢;; =0, XoH =0, Q,"=0 (i, s=1, ..., k), 3KBHBaJIEHTHBIX
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ycnosusaM (1.17), ypasuenns (1.27) HMEIOT HHTErpan HEprun
H™(xy, ..., X, Y1» - .., Yi) = CORSL
PaBHOCHIbLHbIA HHTErpany 3Heprud ypasHeHnlt (1.15).

B cayyae cymiecTBOBaHES HHKIAYECKHX nepeMemenuit X (u=1[+ 1, ..., k) npH ycroBusX
(1.18) ypasnenns (1.27) npu Q," = 0 ponyckaior HHTErpabl |

=P,=const,t=1+1,...,k

aHanoruynble HHTerpanam (1.19) ypasnennit (1.15). [Ing Henuknnyeckax nepemeneHui X,
(1.27) nprHEMAIOT BHJ YPaBHEHHH

dy, _ , OH’ oH" _OH

di = C "'5;_)’: +c, ayr B+c5iys +COiB_ XiH* +Q;’ N, = ays (129)
iL,r,s=1,..,0L a=1+1,..%k
IKBHBaJIEHTHBIX 06001eHHbIM ypaBHeHHAM Payca [3, 4], rne H* = H"(t, x1, ..., X, Y1 ««-s Vi

B/ + 15.--» Bp). ITocne unrerpuposanus ypasHennii (1.29) nepeMeHHble 1, ONpERENAIOTCA pa-
BEHCTBaME N, =O0H /OB, (0o =1 + 1, ..., k).

C nmoMouib10 HHTErpaa aHEPrHl MOXHO MOHU3UTDH Ha [iBE €HHULbI MOPSROK yPaBHCHHUI
Heraesa. [leficTBATENLHO, MycTh MHTErpan H (x;, y,) + h = 0 pa3spelinM OTHOCHTEILHO
[IEPEMEHHOH Y4, TaK 4YTO

4 + K(x]’ vers Kps Y25 coos Yir h) =(

PaccmoTpuM nipeo6pasoBanue Jlexannpa pid ypassennii (1.22) u (1.23)
y,=0dR'/on;, K(x, y/, )=ym.—-R'(x, ., h), r=2, ..., k

H3 KoToporo ciaepyiot pasencrsa X, K = -X,R’, 1, = 0K/oy’,.

C yuyeToM 3THX paBeHCTB ypaBHeHus (1.22) 3anuiueM B Buie 06O6LIEHHBIX YpaBHEHH
Yurrekepa [25]

dy’ K oK dt 9K dh
dn, E)y, Im on S ‘dr, Oh’ dm, (1-59)

Kak 4 ypaBHenns (1.23):

dys mOK K o s=n .k d_9K dh_, (1.31)
dxl a d aﬂs | dxl ah dx]

Ilocnenuue maper ypasuenun (1.30), (1.31) MoryT GbITh OTAENEHBI OT OCTaJNbHBIX ypaB-
HEHHH, TaK Kak nepsbie 2(k — 1) ypaBHeHnit He cofiepXar ¢, a h = const. [ToaToMy nepsbie
2(k — 1) ypasHenuit (1.30) mnu (1.31) MOXHO paccMaTpHBaTh KaK YPaBHEHHS JBHXXCHHA
NMPHUBEACHHOM CHCTEMBI C kK — 1 cTenensiMu cBoGOabI [25].

2. Herononomusie cucremsl. / °. Ypaeuenus Iyanxape u Yemaeea 0aa He2040HOMHbIX
cucmes. YpasueHus Ilyankape, kak H ypaBHeHus BoabnMmana-T'amens B KBa3HKO-

OpJAHHATAaX NMPHMEHHAMBI IS ONHCAHUA KAK I'OJOHOMHDBIX, TAK H HETOJIOHOMHBIX CHCTEM.
Panee aToT Bonpoc m3yyascs B paborax [12-15], a Takxe B [19], rne paccMaTprBainCch B
3TOM CMbICJIE H YpaBHEeHus YeTaena.

Cnenyer, OfHaKO, NOQYEPKHYTD, YTO CHCTEMA ONEPATOPOB BHPTYaNbHbIX NIEpEMEIUCHH
[JisE HETOJIOHOMHBIX CHCTEM HE SIBAAETCS 3aMKHYTOH [14, 15], BCiiencrBae yero npuxoqnTCcs
HCIIOJIb30BaTh ONEPaTOPbl COOTBETCTBYIOLIEH TOJOHOMHOM CHCTEMbI, NOJIyYaeMoOi H3
paccMaTpUBaeMOH HETONOHOMHOM CHCTEMbl MBICICHHBIM OTOpachiBAHHEM HEUHTEIDH-
PYEMBIX CBsi3€H.

IIpn paccMOTpEHHH HErOJIOHOMHBIX CHCTEM, a TakXe ypasBHeHu#l Bonbimana-Tamens
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nccaegosanci [19] cayuait orcyrcreas nmerpﬂpyemam cBsidelt. 3pech paccMoTpEM oOnHit
Cly4yad HETONOHOMHOR CHCTEMBbI B H30bLITOUHLIX KOOPAHHATAX, CTECHEHHON KaK HHTEr-
PHPYEMBIMHE CBA3AMHE

Ni=a(xx; =0, rank (@) =n-k,i=01,... .nj=k+1,..,n (2.1)
TaK H HEHHTErPHPYEMbIME CBA3IMH '

Mo = agiX)%; = 0, rank (@) =k—1,a=1+1,...,k _ (2.2)

Hpon3BonbHO BhIOEpeM THHEAHBIC nmp(bepemmanbnme dopmbr '

N, =a,{x)%,s=01, ..., ag;=d,; | (2.3)

HE3aBHCHMBIE MEXIY COOOH, a Takxe ¢ dopmama (2.1), (2.2), det(a;)#0 (i, j= 0,1, ..., n). B
YaCTHOCTH, 32 BEIHYHHBI T}, (s = 1, ..., [) MOTyT ObiTh NpHEEATHI 0600IEHAbIE CKOPOCTH X,.
Paspemtenne dpopm (2.1)(2.3) npHBORET K ypaBHCHHARM
;=b,00m, i=01,...,ns5=01,..1 by=0g | - (2.4)

IInst cOOTBETCTBYIOMICH FOJIOHOMHOH CHCTEMBI, NMONy4YaeMoOll H3 paccMaTpHBaeMoil
MbBICACHHbIM OTOPacbIBAHHEM HCHHTEIpHpPYEMBIX cBa3elt (2.2), T1.e. nonaras Ny # 0

(a=1+1,...,k), BMecro (2.4) aMeeM paBeHCTBA
=b M, i=0,1,....,ms=01,....k

H CTPOHM 3aMKHYTYIO CHCTEMY onepartopos (1.5).
Tak xak napaMeTpbl BEPTYaNbHbIX NepeMeiteHHl (O, = ( npr HanuynHE cBs3ei (2.2), To

u3 npusuana [I'AnamGepa-Jlarpanxa (1.13) BbIBOREM ypaBHCHHS RBHKCHES HEroio-
HOMHOK cucreMb! BaRa (1.15)

d oL JL oL
Ea’l’ "cmﬂ,———--l'c ""'""""‘""X L +Q,, s =19 vevy I; m=l$ ”"k . (2'5)

m, = om,

YHCIO KOTOPbIX MEHbIIIE YHCa ypasHeHnR (1.15) va £ — 1. Crpykrypnsbie xoaddnunesThI
C.y" HO-MIpEXHEMY onpeneasorcs dopmynamu (1.8), B KOTOpbIX, ORHAKO, HHRCKCHI 7,
s = 0,1, ..., L. OrMeTaMm, gro ypasaenmk (2.5) EMeIOT Takoll XXe BHECIUHHE BHA, KaK H ypaB-
HEHHS (5 ..3) [19] B He3aBEcEMBIX Koopamsarax. K ypasHenuam (2.5) gomxsbl ObiTb
poGaBieHb! YPaBHCHEA CcBi3eli (2.4), B pe3yabTare NOay4aeM COBMECTHYIO CHCTEMY [ + n
YPaBHCHHH ABIDKCHEA ¢ TAKHEM XK€ YHCAOM HEH3BECTHBIX Xi; ..., Xy, Ti1, - --» TV

3amereM, yto GyHkuEs L'(7, 1)), burypapyiomas B ypasHenmix (2.5), NOCTpoeRHan s
COOTBETCTBYIOWECH FONOHOMHONR CECTEMbI, MOXKET 3aBHCETb B O0IIEM caykae OT BCEX
napaMeTpos 1, (r = 1,..., k), BCACKCTBHE 4€ro ypaBHEHRS cBa3el Ng=0(a=7/+1,...,k)
NOJKHBI YMATBHIBATECA TOALKO NOCAE COCTaBicHRs ypasnenni (2.5) [27, 21, 30].

OrmeTHM, yro ypasaeHns (2.5) B cnyyae O, = () akpuBancHTHbl YpasHeHEsM (3.14) [12]

B (1.13) [13], Ho BHEemHE HecKOABLKO npomie HX Onarogaps BbIGOPY NapaMmeTpoB T,
o0pa120IMAXCH B HYAb B CAY YPAaBHEHH HEHHTEIPHPYEMbIX cBa3ct (2.2).

Inst caydaes, KOTAa 33 mapaMeTpsl 1), (2.3) npaHaMaloTcs 0GOGINEHHbIE CKOPOCTH
k=M, (s=0,1, ..., ), e Korgaa, = d,; (i = 1, ..., n), Bce cTpykTypHbie K0a(dHIBEHTDI]
[26] ¢, = Ommm = [, m ypasneHns (2 5)np1mnuammn

d oL ,, oL . ) . - ) s . (2.6)
df ax fJ m ro-.ros anm ] ’ y veey Py " Ay saecy

npadeM L™ = L7(t, x5, ..., Xy, X1y oeoy X1, Tlgats +ees Mi)-

Ecnu 3amenuts B Gynkuun L'(¢, x, 1)) B ypasHeHmix (2.5) KuHeTHuecKyio aueprmio T7(z,
X, Ny, .-, iy) COOTBETCTBYIOM{EH rONOHOMHONA CHCTEMBbl HA KEHETHYECKYIO 2HEPTHIO 6(f,
XM, --., T;) HETONOHOMHOH CHCTEMB! CO CBS3AMHE (2.2), TO ypaBHeHns (2.5) pAMYT BHA
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ypaBHeHnH (5.5) [19]:

d 90 00 oT" '
———=(c;sN, +Co5)— +(cfn, + ) — [+ X, (0 +U)+ Q] 2.7
a o, N, +¢, I ( )[aT]p] ©@+U)+Q ‘ (2.7)

m, r, s=1, ..., I; p=l+1, ..., k

rie (0T"/om,) o3HavaroT BbipaxkeHns 0T /on, ipun, =0 (p, s =1+ 1, ..., k).

C moMombio npeobpasoBanus Jlexauapa (1.25) ypaBHeHus (2.5) ABHXEHHS Hero-
JIOHOMHOH CHCTEMBI 3aITEChIBAIOTCS B BH/I€ KAHOHHYECKHX ypaBHeHHl YeTaesa

dy, _ m oH" _oH’

dt " 9y, dy,

r, s=1, ..., I, m=1, ..., k

Ym +CosYm = X;H™ +0;, M, (2.8)

K KOTOPbIM CJIEAYECT MPHCOCANHATDL YPABHEHHA CBA3€H (2.2) u cooTHOoIIeHHA (2.4), nepenn-
CaHHbIE B BHJIE

oH =0, a=I+1, ..., k; ﬁ=b,.,- oH » i=1 .., ny j=0,1, ..., (2.9)

YpaBuenns (2.8), (2.9) o6pasyioT NOaHYIO cHCTEMY 7 + k + | ypaBHEHHI C TAKHM Xe

YUCIIOM HEH3BECTHBIX X1, ..., Xp, Y1y ooy Yoo My -5 T;- Y paBHEHRA (2.8), (2.9) nmpu n = k mpHHA-
MaloT BHJ ypaBHeHnH (7.17)—(7.19) [30].

KaHOHMYECKHE ypaBHEHHS JBIDKEHUSN HETOJIOHOMHBIX CHCTEM, 3KBHBAJIEHTHBIEC ypaB-
HEHUAM (2.7), HMEIOT BHJ

dy oH" oH" aT” *
S | ~m + " +| P +c? - X.H + 2.10
dr (Crs ayr Cos ])’ m (crs 3 y, Cos )( a,np ] $ Qs ( )

nszaH*/ays, m, r, s=1,...0;, p=l+1, ..., k

rae H =yn,~-0-U.
2°. Jkeusanenmnocmo ypaerenuii Ilyanxape u 9Yemaeea pasauunvim popmam ypashe-

Hul osuxcernusn. Panee [12—14] npsaMbIMHE BbIYHCIEHHSIMHE Gblna NMOKa3aHa 3KBHBAJIEHTHOCTD

ypaBHeHHH IlyaHkape ABHDKEHHS HErOJIOHOMHBIX CHCTEM ypaBHeHHAM YamabirmHa, Anmne-
a1, l'amens, BonsTeppsl, eppepca # HEKOTOPBIM APYTHM. DKBHBAJIEHTHOCTh YPaBHEHHI B
KBa3HKOOpAHHATAX YpaBHEHHSIM AIIMENSA, a TaKXe ypaBHeHHsIM YannbirmHa Oblna JoKa-
3aHa [30] BeIBOOM 3THX rpynn ypaBHeHui m3 nmpuHumna ' AmamGepa-Jlarpanxka. M3
ypaBHeHnH Ilyankape (5.6) [19] BriBegeHb1 ypaBHeHHsT BopoHija.

ITokaxeM 3KBHBAJEHTHOCTb ypaBHeHHi [IyaHKape HEKOTOpBIM IpyruM ¢opMaM ypas-
HECHUH BIDKECHHUS HETOJOHOMHBIX CHCTEM. .

B pa3np. 1.3° ypaBHenus IlyaHkape BbiBeieHbl M3 ypaBHeHmid Mamxu [24] (1.14).
AHaNOru4YHoO, ypaBHEeHHs (2.5) akBHBaNeHTHbI YpaBHeHUAM (1.14) npu yueTte (2.2).

Kak noka3an Mapxu [24], B3 ero ypaBHEeHRH CIEAYIOT KaK YpaBHEHHS Anmneis, Tak H
ypaBHeHHsA BoabsTepphl.

Manku paccMaTpHBan MEXaHHYECKYIO CHCTEMY ¢ KOOpPRUHATaMHu X; (i = 1, ..., n), CTECHEHHYIO m

JTHHEHHBIMH CBA3SIMH, KOTOpbl€é MOTYT ObITb KAakK TOJIOHOMHBIMH, TaK M HEroJOHOMHBIMH,
3aBUCALLMMH HIH HEe 3aBHCSILMMH SBHO OT BpeMeHH. Pa3pelunB ypaBHEeHHS CBA3ell OTHOCHTENBHO X;,

OH IIpENCTaBHN HX B BHJE (2.4), Ha3BaB BENIHYHHBI 1), (B €ro 0603HaYEHUSX — €5) XapaKTepPHCTHKaMH
ABIDKEHMS PacCMaTpHBaeMOM CHCTEMBI, MpHUEM b, = 0x/ONg = OX; /MMM (s= 1,....,1 =n — m).

Ilepexoas K BLiBOAY ypaBHEeHH BoabTeppbl, Magku npeo6pa3oBan cBou ypaBHeHus BHpa (1.14) (B
KOTOPBIX y HEro BMeCTO L purypupyer KHHeTHUecKas 3Heprus T, a Q — Bce aKTHBHbIE CHIIBI,
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NPpUJIOKCHHBIC K CHCTEME) K BAY

i£=.‘_i_b£..§!_+b_ .@I_...p” r=1, .., 1; P=0Qb, (2.11)

dtom, 4t dx; T oox

BoasTeppa [31] paccMaTpuBan cucreMy N MaTepHaJIbHbIX TOYEK, CKOPOCTH KOTOPHIX B A€KAPTO-
BOM CHCTeMe KOOPRHHAT CBA3aHbl C XapaKTEPUCTHKAMH ABIDKECHHS COOTHOLICHUSIMH Bufa (2.4)

x,' - b,',ns, I = 1, ooy 3N, S = 1, ...,I

rae b, = b, (x4, ..., X4y). IIpH 3TOM ypaBHeHns Mamxu (2.11) npuHuMaroT BUA ypaBHEHUNR BoibTepphl
[31] | '

d oT L

& m =N, + B,k 1os=1, ., o _ (2.12)

db; ..
(Cg‘) = mibik ax":' js» My =M =Miygy b J= 1, ..., 3N]

J

rne T(xl’ se ey x3N’ nl, ev 0y n’) — KHHeTquCKaH 3Heerﬂ-

. He npuBops 3aech BbiBOAa Mamxn ypaBHEHHH Anmneis 3 ypaBHeHud (1.14), ormeTum,
4YTO HX NpOIIE BBIBECTH HEMOCPEACTBEHHO M3 ypaBHeHms (1.12). Nuddepenuupys mo

BpeMeHH ypaBHeHHd (2.4), 6yaeM uMeTh X; = b;(x)N, + ..., TAe MHOTOTOYHE O3HAaYaeT

YIeHbl, He cofepxamme T, OTCIoNa HaXOAMM, YTC OX /0N = b;;, BCIEACTBAE YETO U3
(1.12) nonyyaeM ypaBHEHHA AnNMens

aS/om, =I1, s=1, ..., | - (2.13)

rae S = m?,/2 — aHeprust yckopeuui, [1,.= F, - b, — 06001eHHas cHla, OTHECEHHAsA K
KBa3ukoopauHarte 7, [30].

[TokaxeM, HakKOHell, 9KBHBaJICHTHOCTh ypaBHeHHi KeiHa ypaBHeHusaM Ilyankape.
CornacHo (1.6) or,=Xr,(v=1,...,,N,s=1, ..., ). IloacraBnsis 3T BelpaxkeHus B (1.12),

NojlyyaeM ypaBHEHHS ABIDKECHHUS B BHJE |
- myr,-Xr, =F, - -Xr, s=1, ..., [ - (2.14)

IInst cucTeMbl € JJarpaHX€eBbIMH KOOPAHHATaAMH ¢;, CTECHEHHON HEHMHTErpHPYEMBIMH
CBSA3ZSIMH |

gi=bi(t,q)gs + bft,q),j=1+1,..,n;5=1,..,1
n oneparopamu (1.5) Bupa

d 0
%S = e ey
S J

ypaBHeHu (2.14) coBnagaioT ¢ ypaBHeHBIME KeitHa ([32], ypaBHeHns (19))

qu+K;s-—-0, s=1, ..., [

KOTOpBIE, CIEAOBATENLHO, 3KBHBAJIEHTHbI YPaBHEHHSM (2.5).

PaboTa BuInoNHEHa npu PHHAHCOBOM nopgepxke Poccmitckoro ¢poHna ¢pyHpaMeHTa b-
HbIX BHccaenoBaHui (96-01-00261) 1 MexayHapogHO# acCoOLHALMHA IO COREUCTBHIO COTPY/-

HIYEeCTBY C YYCHBIMH U3 He3aBHCHMBbIX rocynapcts ObiBiiero Coserckoro Coro3a (INTAS
93-1621).

JINTEPATYPA

1. Poincare H. Sur une forme nouvelle des equations de la mecanique // C.R. Acad. sci Paris. 1901.
V. 132. P. 369-371.

2, éetajev N. Sur les équationsde Poincaré // Jokn. AH CCCP. 1928. N2 7. C. 103—-104.
927



3. 9emaes H.I'. O0 ypasuenusx Ilyauxape /f ITMM. 1941. T. 5. Bumn. 2. C. 253-262.
4. Yemaes H.I'. Ypasueruan Tlyanxape // Teoperuueckan mexaumka. M.: Hayka, 1987. C. 287-322.

S. liypoea K.E. Bapuuposanue ypasuenmit [lyanxape // TIMM. 1953. T. 17. Buan. 1. C. 123-124;
1954.7T. 18. Bumn. 3. C. 384.

6. lllyposa K.E. OcuoBHON MHBAPHAHT ypaBHCHMIA B BapHANANX ll Becrn. MI'Y. Cep. MmaTeMaTHKH,
MCXAHHKH, acTpoHOMEANR, QuiuxH. 1958. Ne 3. C. 47-49.

1. Pymanyes B.B. O0 ypaBHeHERX ABYDKEHHS TBEPROTO TENA C NOJOCTLIO, HATONHCHHOA XHAKOCTHIO
1 TIMM. 1955.T. 19.Bainn. 1. C. 3-12.

8. Amunocs M.UI. TlocTpoeune rpynu Bo3IMOXHubIX fnepememenusl // Tp. Mexsy3. xond. mo

' MPEKAAJHON TCOPHH YCTONYHBOCTH ABYDKCHHA M aHanuTHYeckohk mexanuke. Kaszaun: KA, 1962.
C. 21-30.

9. bozoaenencxuii A A. llnxnwyeckne nepemeieHus gi1s 0600menHono HHTErpana unouauack j/
ITMM. 1961.T. 25. Bum. 4. C. T74-771.

10. bozoreaencxuii A.A. Teopembl 33anMofeHcTBRA yacTeil Mexanmyeckoil cacrenmst /f TTMM. 1966.
T. 30. Bua. 1. C. 203-208.

11. bozoasaencxuii A A. CsoiicTBa BO3MOXHDBIX HEepeMEicHU IS TeopeM B3auMopciicTaas qac'neﬂ
mexaumaeckoil cacremst // TTMM. T. 31. Bun. 2. C. 377-384.
12. Pan I'yen. O6 ypaBHECHARX ABHXCHHA HETONOHOMHLIX MCXAHHYECKHX CHCTEM B HEPECMEHHLIX

Iyaaxape-Yeraesa // IIMM. 1967. T. 31. Bumn. 2. C. 253-259.
13. Pan I'yen. K ypaBHEHEIM ABIKCHHEA HETOJOHOMHBLIX MEXAHHYECKHX CHCTEM B NCPEMEHHBIX

[lyanxape—eraesa /f [IMM. 1968. T. 32. Bumn. 5. C. 804-814.
14. Pam I'yen. O6 opuolt popme ypasHeHHE ABIXeHHN Mexanmyeckux cucreMm Jf [IMM. 1969.
T. 33. Buem. 3. C. 397-402.

15. Mapxawos JI.M. O6 ypasuernmax Ilyangape u Ilyanxkape-Ueraesa /f ITMM. 1985. T. 49. Bumn. 1.
C. 43-55.

16. Mapxawoe JI.M. O6 oaxom 0600uennu Kasonm9eckoil Gopmul ypasauenuit I1yauxape f/ ITMM.
1987. T. 51. Bum. 1. C. 157-160.

7. Mapxawoes JI.M. Q6 ogaoM 3aMcUannm Hyaam J/ TIMM. 1987.T. 51. Bum. 5. C. 724-734.

18. Mapxawoe JI.M. O 9acTHbLIX PEliCHEAX ypaBHEHUWA FBHXeuHs A ux ycrohumsoctd /f Has. AH
CCCP. MTT. 1987. Na 6. C. 26-32.

19. Pymnnyes B_.B. O6 ypasacanax [lyanxape—Ueraesa /f IIMM. 1994. T. 58. Bun. 3. C. 3-16.

20. Pymaryes B.B. O6 ypasucamax Ilyauxape—Ueraesa // loxn. PAH. 1994. T. 338. Na 1. C. 51-33.

21. Jiypve A.HM. AnaamTasecxan Mexanuxa. M.: dusmarras, 1961. 824 c.

22. Jla Baane-llyocen Wl XK. de. Kypc ananmsa Geckonewno mansix. T. 2. JI.; M.: Focrexm3gar, 1933
469 c.

23. Aproavd B.M. MareMaTHIeCKBE METOBI KnaccHyockoll Mexanuxu. M.: Hayxa, 1989. 472 c.

24. Maggi G.A. Da alcune nuove forma della equazioni della dinamica applicabile ai sisterni anoloaomi //
Atu deila Reale Accad. Naz. dei Lincei. Rend. QL. fis. e math. Ser. 5. 1901. V. 10. Fasc. 2. P. 287-291.

25. Yummexep E.T. Ananwraveckas gunamuxa. M.; J1.; OHTH, 1937. S00 c.

26. Bolizmann L. Uber dic Form der Lagrange'schen Gleichungen fur nicht holonome, generalisiernte
Koordinaten // Sitzungsh. der Wiener Akad, der Wissenschaften. Math.-Naturwiss. K1. 1902. Bd. 140.
H. 1-2. . 1603-1614.

27. Hamel G. Die Lagrange-Eulerschen Gleichungen der Mechanik /f Z. Math. und Phys. 1904. Bd. 50.
S. 1-57.

28. Rumyantsev V.V. Parametric examination of dynamical nonholonomic systems and iwo problems of
dynamics // Differential Equations: Qualitative. Theory. 2nd Colloq. Amsterdam: Horth-Holland,
1987. V. 2. P. 883-919.

29. Arvobu K. llcxuum 5o gunavaxe. J1.; M,I‘owcm:m 1936. 270 c. -

3. Helimapx 0.H ., Pypacs H A. {unavwxa neronouoManix crcred. M.: Hayxa, 1967. 519 ¢.

3. Volterra V. SmammmmmdmmmellAmdth.MddkSmme 1897.
1. 33. P. 451-475.

32. Kame T R. Dynamics of nonholonomic systems // Trans. ASME. Ser. E. J. Appl. Moch. 1961. V. 28.
Ned. P.3574-3578.

Mocksa Tiocrymana B PpeRaKIFiO
13.1V_1996




