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OB YCTONYMBOCTH NMEPNONUYECKUX TPAEKTOPMHIX
IPOCTPAHCTBEHHOTO BHJIJIMAPJIA

HNccaenyerca yCTOMIABOCTh NEPHOANYECKHX TPAEKTOPHM MAaTEPHAJbHOU TOYKH, JABH-
JKyIEenca MeKAY ABYMSA BEIOYKJBMHU CTEHKAaMH ¢ YHIPYICHMH OTpPa)KeHHAMH. JTa 3ajaua
TeCHO CBfA3aHAa C TeopHel pacIpPOCTPAHEHHMA BOJH B KOPOTKOBOJHOBOM npuOamxenmna [1].
IIpocTeitmas mepmoamdecKas TPAeKTOPUA — OTPE3OK IPAMOI, OPTOT'OHAJNBHHIHM CTEHKaM
B CBOMX KOHIIEBHIX TOUYKaX. 3afada 00 yCTOMYMUBOCTH JBY3BEHHOM TPaeKTOpPUHU OBLIa penieHa
[1] nnsa mmockoro cayuasa. Huxe oHa pemaeTca B TPeXMEPHOM IIPOCTPAHCTBE IIPH IOMOINH
MeToja, pasBaToro B [2)].

1. Iocranoska zamaum. lcciaenyeM yCTOMYMBOCTH JBY3BEHHOM HEePHOMH-
yecKO TpaeKkTopuu Omanmapna bupkroda ¢ rpemsa crenensamMu cBoboart (pur. 1):
MaTepHajJbHaA TOYKA HOCTOSHHO ABMKETCA IO OTPE3Ky AJAMHBL [, mepuopude-
CKH yOPYyro oTpaskasch OT rpaHumYHON moBepxuHoctum 2. Ilycrs O, O, — KoOBH-
IeBble TOYKHM [BY3BEHHOW TpaeKropuu. BBemeM meKaproBH KOOPAUHATH X,
Y, z, OCh z HanmpaBuM BHoJab oTpe3ka 0,0,. B oxkpectHocT: Touek O,, O, ypas-
HeHHUe IOBEPXHOCTH 2 HMeeT BH[

z = f (x, y) = ax*® + byxy + cy® + o (2* 4 y?)

z2 = [ (&, Y) = | — ay2® — byzy — cyy* + 0 (¢° + ¥°)

B kauecrBe mapaMeTrpa paccMaTpUBAEeMOro IIePHOJUIECKOTO [ABUIKEHHS
MOKHO B3ATH CKOpocTh To4KH v. Caenysa [2], saMeHmM ogHOCTOpDOHHEE CBA3M
IIoJieM YOPYIEX CHI ¢ IOTEHI[HAJOM

v ___{ 0, [1r<<z</,
NTAWE—1)Y2, z2<fimz>f; i=1,2

3necek N — MOJOKHATEJIBHBM IapaMeTp, KOTOPHM 3aTeM OymeT ycTpeMiieH
K + oco. dajada 0 IBMKEeHMH TOYKHK m B IoJIe ¢ HOTCHIMAJIOM Vi mMeeT ceMel-
CTBO IepHonu4YecKuXx pemeHun mnepmoma 27':

o () =0, yo () =0, 0 ¢ 2T
vN-%sin N-%¢, 0<t<"

v(t—1), TLILT
vN-%2sin N-2(t+T), T <tT +=
v(t—T —n7), T Hv<tL2T

T=aN"7%, T =<4 l/v

20 (t) = (1.1)

Ucnonssya meron Jlamymoma [3], mccaenyem ycroiiumBocTe B JmHEHHOM
NpubamKeHnu nepuoguieckoro ABmKeHnA (1.1) miaa mocraTouno 60JIpMuX 3HA-
wegnid N. Hax porasano B [2], mpm NV — +-co ycmoBus ycroitumpoctn peme-
mna (1.1) mepeiinyT B yCHOBUA YCTOMYMBOCTA ABY3BEHHON TPAeKTODPUHU OHIIIN-
apna bupxroda.

2. 0600mennnpii Meron JlAmyHoBa. Y paBHeHHA B BapHAOHAX IUIA NepHo-
nuaeckoro pemenuAa (1.1) mpexcrasmM B Bupae auHeiiHo# cmcTeMmul nadpdpepen-
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q?n:é;rf,ﬁig@ ypaBHeHm IepBOTO HOpAAKA -
I N 0 1 -0 Of
. __{—2api(t) 0 —bp't) O
| | | —bip;(2) O —2¢;p;(2) O

pi (1) = (—1)!oN % sin N% t npn t= 0,7, i=1nt=s(T, T+ ),
i =2, p; () =0 npm ocraibHHX B3HAYCHEAX {. | .

tlycts X (1) — dynpamenransmas marpuma cmeremm (2.1): X = AX,
X (0) = E . Myasrunaakarops HepHoOAmIecKoro pemeHusa (1.1) — KOPHH
XapaRTepucrmieckoro ypasueHus | X (27') — pE | = 0. Tak KarR nBWKenne

TOYKA B ToJe ¢ moreHmuaioM Vy - ommchBaercs ypaBHeHmAME ['aMEIbTOHA,
TO 3TO XapaKTePHCTHIECKOS ypaBHeHHUe BO3BparHoe [3]:

p* +ap® +bp* +ap+1=0, a, b= R (2.2)
Pasmomav nesyio wacts. (2.2) Ha MHOMETEIH:

P tdpo+1)(p*+dp+1)=0 5 2
d:t = [ai'(az-——éb —l— 8)%]/2 ( ' )

B obmeum crygae Kosppunmentst dy MOryr GHTH KOMDIEKCHEIME THCIAMM.

- Heobxonumoe ycnosme ycroitampoctn pemenus (1.1) sarmogaerca B Tom,
TTOOH BCe KODHE ypaBHeHHA (2.2) JeXKald Ha eUHAIHON ORDYKHOCTH. DTo
YCIOBH® BHIIONHAGTCA TOT.(a H TOMHKO TOTAA, KOIa dy' BemecTseHHH 1 | dy | <
<¢-2. [Ipn yuerte (2.3) morysaem cmcremy HOPABEHCTB,] CBASKHBAOMUX Bele-
TH%



CTBeHHHE K03pdunmeHTH a, b:

la | <4, 2a—b< 2, 2a+ b>—2, b a’/4+ 2 (2.4)

Kycouno-rianikas TPAHALA COOTBETCTBYIOmEl 061acTH B IJIOCKOCTH ma-
paMeTpoB a, b cocTomT W3 Tpex KpHBHX V; (fur. 2). o

Ecau Touka (2, b) JeHT HA IPAHAIHOM OTPe3Ke y;, TO HepHOAHIECKOe
pellleHMe BHPOKIEHO: OfHA U3 IIap MYJbTHINIHKATOPOB COBHNANAeT C TOYKOU
o = 1, npm sTOM Apyras mapa pacmojioKeHa HAa eJMHAYHOM OKPYKHOCTH.
Ecuau (a, b) & v,, TO OfHA U3 Hap MYJIbTHINIAKATOPOB COBIAAET C TOIKOU P =
=—1, a gpyrag mapa TakKKe JIeKHT Ha eqIMHNYHOR OKpYy:KHocTH. Hakonen,
ecau (a, b) & y,, TO COBIAKAIOT ABe HApPH KOMINIEKCHO-CONPAMKEHHBIX MYJIb-
THIIAKATOPOB. Y TiIoBEM ToYkaM A, B Ha ¢ur. 2 0TBeYAOT CIAydau, KOIJa
p =1up=—1— deTHpexKpaTHHe KOPHH XapaKTePUCTHIECKOTO ypaBHE-
"mudA (2.2), a Toake C COOTBETCTBYIOT [ABYKPATHEe KODHH ( = 1 u p= —1.
Il:1s1 ompefeleHnA KodahPuaenToB o, b BOCHONb3yeMCsL MeTof[0M JIAmyHOBA

(cm. [3]). las sroro BeemeM B ypasHenme (2.1) mapamerp W:

Torga pelleHHA MOMHO HPEACTaBHTH B BHJE PAMOB IO CTEHEHAM W, CXO-
namuxcsa npu Beex | p | << 1. Ionaras satem p = 1, IONyIAM BHpasKeHAA
Ui JIeMEHTOB MATPUIEL MOHOJPOMHM B BUJE CXONAIMXCA PAAOB. ¥ CTpeMuM
‘napameTrp N X 0eCKOHEYHOCTH. OxasnlBaercsa, B mpejielie pAAL CBOAATCA K KO-
HEYHHIM CyMMaM, M [OITOMY YCJIOBHA YCTOMIMBOCTH MOKHO IPE[CTaBUTH B
asroM Buze (cp. ¢ [2]). Omyckaa BramcaeHns, HpUBeieM OKOHIaTeXbHEE Gop-

MYJIH [JA Kodpdunuentos a U b:
a——-——4+8ol——(h + h.) I?, 6—l—kl—|—kl2—|—kl3—|—kl4
' k, = —160, ky, = h, —l—h —|—64(a1+a2)(ci—|—cz)+
+ 16 (aa5 + c4¢5) — 1602 — 24b,b, — 160, -
ky=—8(cy+e)ha— 8 (ay+ a)h +8(by+b)H  (2.5)
ky = hh, — H?, 0 =a;+a, +¢,+¢c;
— 4 [(4g® + bd) (4gs® + DA%, ¢ =a, ¢
H = 8 [byb, (a; + ¢) (a3 + ¢3)]%

3. Ycaosns ycroifumoctn. IlpoananusupyeM HepaBeHCTBA (2.4) ¢ yueroM
coornomenmit (2.5). PaccMoTpuM cHavasa gacTHHI caydai, Korga by = b, = 0.
Cunras moBepxHOCTh 3 BHOYKIOH M moaaras jud ompepeneHroct 0 < a <
< a,, 0< ¢;< ¢y, 13 (2.4) mOMyIuM yCIOBHA YCTOMYMBOCTH B JIHHEHHOM IPH-
OavKeHnH: - S -

L << Ypay mnm Yeay U< Vgay + Ysa,
1< Mgeo mmm Mgey U Yoy + Yty

B sTom cayuae ypaBHeHmsa (2.1) pacmapmarorcsa Ha nBa HeBaBHCHMHx :ypéB—-
Hennma Xwuaiaa m HepaBeHcTBa (3.1) mawT ycaoBus yCTOMYHBOCTH I[BY3BBHHOEC
NepHOAUIeCKON TPAaeKTOPHHM INIOCKOro Omiimapra Bnpnroqya (Rorna y=0
wian z = 0 coorsercrBenno) [1].

O6parmMca k apanmuady obmero ciayuas. llosoporom ocenn z, Yy MOMHO n;o—-
frThCcs oOpameHHA B HYJIb KodpdumnumeHTa b;.

- TlocmegHee HepaBeHCTBO B cmcTeMe (2.4) Bcerja BHIIOJHEHO.
flelicTBHTEIBHO, €rO MOKHO npencTaBmL B CleAyomeM BRBHBaJIeHTHOM

sune:

.- | (3'1)

[l (A 4 Ac) — (ai'?+ ay — oy — )12 + Uy (A, — 2a4a;) + 2
+ Yy (A, — 2¢165) + b2 =0, Aq = qy (49 + b,2)%, g = a, ( 2)
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JTO HepaBeHCTBO IpeBpalfaeTcAa B paBeHCTBO Jgumb npum b, = 0. Ho Toraa
ycaoBua ycronumsocTd uMeoT Buj (3.1). Ecanm b, = 0, To B (3.2) mmeem cTpo-
roe HEpaBeHCTBO, ¥ IMO3TOMY HapH KOMIUIEKCHO COIIPSYKeHHHX MYJbTHILIA=
KaTopoB He coBmagaioT (cM. pasg. 2).

tak, ycaoBuAa yCcTOMYMBOCTE B THOWYHOM ciydae (Korga b, = 0) mmeror
BH]L

la | << 4, 24+ 0>—2, 2a — b < 2

rae a, b oupenensaiorca u3 (2.9). JapuKCUpyeM 3HAUYeHWS mapaMeTpoB a;, b
¢; 1 OygeM U3MeHATH PACCTOSHME MY CTeHKaMX [ OT HYJIA 10 0eCKOHEIHOCTH.
Uccaenyem puHaMEKy MYJIBTHIIMKATOPOB HA KOMILIGKCHOR INIOCKOCTH NIPH
yBeandeHuu [.

Ecan | — 0O, To, coraacuo (2.9), a - —4, b > 6. Bynem yseamumBarsp I,
CootHomenna (2.5) sagaior Ha miockoctu R? = {a, b} HexoTOpyw KpmBYyIO,
BHJ KOTOPOU IO3BOJAECT CYAUTh 00 yCTOMYHMBOCTH JBY3BEHHOH# TPAaeKTODPHH,
Ecan o < 0, To, coraacuo (2.9), a << —4 mpm Bcex I > 0 m moatomy pac-
cMaTpuBaeMas mepuoguIecKas TPAaeKTOpHUA HeycToudnmBa. B manbpHeiimeMm mpen-

moixaraercsa, 410 ¢ > (. Torpga npu yBenmwenum ! mapaMmerp a Boapacraer o
JIOCTHUraeT MAaKCHMyMa IIPH

I = 1, = o/[2 (A, + A,)]

lIpm manmix [ Touxa (a (I), b(l)) Haxoqurca B samrTpuxoBaHHON Ha dur. 2

obnactu, eciu cupaseniauBo HepaBeHCTBO 2a (I) + b (1) > —2. Ilocaemguee
9KBUBAaJIEHTHO YCJOBHIO

A ,>/ 01 A — 8 (a’i _l— az) (01 _l_ 62) —I_ 2 (aiaz _l_ 0102) - szz'—Aa T Ac (34)

IlokaskeM, 94TO 9TO HEPaBEHCTBO 3aBEIOMO MMEET MECTO HJIS BHIOYKJIOHA IO-

BePXHOCTH 2 (KOTAA a;, ¢; > 0 u 4ayc, > b,?). leiicTBUTENBHO, BOCIONB3YEMCH
ONeHKaMu

(4a5® + by < 2a, + c,, (4cy® + by2)% << 26 + a,

Torna nesas 9acTs HepaBeHncTBa (3.4) He MeHbIe cyMMH 8a,c; + 7 (a,cq +
+ a,c,), KOTOpAsA BCerga mojoMxuTeanpHa. Urak, ecinm moBepx HOCTH X BHIOYKJIA
TO IPpA MAaJEX 3HAYeHHAX [ [By3BeHHas TPAeKTOpHA YyCToldmBa.

bypem ysenmumBath paccrosanme l. Toukra (a, b) oxamerca Ha mpamoii,

cofep:Kame:d TPAHUIHBIA OTPE3OK 7Y, €CIH |l — KOpeHb KBaJgpPaTHOIO ypaB-
HeOnsd

8AA L — 8L 1(e, 4 ¢;) Ay - (ay + a)) A + A = 0 (3.5)

Mosxuo mokasarnp, 4T0 ypaBHeHEe (3.D) Bcerma mMeeT [Ba BeIIeCTBEHHHIX
KOpHsA, OpWYeM, eCJIH BHIIOJHEHO HepaBeHCTBO (3.4), To 00a KopHA HOJIOKHE-
TeJIbHE, B IDOTHBHOM CJIy9ae OAMH N3 HHUX oTpunarexeH. l{pome toro, eciun [
COBHIAJaeT ¢ HamOOIbIIAM W3 IOJOKHTeIBHHX KopHeH| (3.5), 1o a (I) < —4,

Tarmam obpasom, ecam Touka (a (I), b (l)), BHAZA W3 yraoBoir Toukm A,
Iomaja B HOJYMIOCKOCTh 2a + b << —2, 1o mpum Bcex ! > 0 touka (@, b)
Oypmer pacmojo;KeHa BHe 3aMTPUXOBaHHOX oOjgactz Ha ¢gur. 2. 3nech
BCHOJB3YIOTCS COO0paskeHWs HENPEPHBHOCTE W TOT (AKT, UYTO KPHBAA
(2.9) He mepeceraer mapabony b = a®/4 4 2, eciu by 5= 0. Urak, grsa ycroit-
YABOCTHA ABY3BEHHOM TPAEKTOPHH HeoOXOQMMO BHIIOJHEHAE HEepaBeHCTBA (3.4)e

Haxopnsice B samTpuxoBaHHOUM oOxaactm, Touka (a (I), b (I)) mosmer mo-
CTHYb I'DAHHUIHI Y, OPH BRIIOJHEHUH YCJIOBUA 24 — b = 2 mid, B ABA0M Bule:

NN — 4D (e + ¢2) Ag + (ay +a5) A) 11 (A2 + 2A, +2A) —
— 20l +1 =0 (3.6)
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3nech BO3MOKHHL TPHW ciaydad: ypasHeHme (3.6) mMeeT uYeTHIpe II0JI0KH-
TeJILHBIX KOpHA (cYmTas KpPaTHOCTH), MMEET ABA HOJORHTEJbHHEX KODPHI MM
‘BoBce He wMeeT KopHeidl [ > (. llepsmit caywait 3aBeoMo peanmayercs Opm
by — (. Ecau ypasrHerue (3.6) He uMeeT IOJOKATEIbHKNX KOpPHEH, TO mpu [ >
> I (l; — HanMeHBIINH IOJOKATEIBHNE KopeHb (3.5)) Touka (a, b) BrIXomm®
M3 3aMTPHXOBAHHON 00JaCTH, JBHKETCA 3aTeM B IOJYILIOCKOCTH 2a + b <<
< —2, KOTOPYIO 012 MOKHAAET 3a IPefeNaMHI BePTHKAIbHOMA mo0cH | a | << 4.

llpeqmomomum teneps, 4To ypaBHeHHEe (3.6) mMeeT gBa IOJIORHTENHHHX
KOpHA [, u I3, npmiem [, << [3. Torpa Touka (a (I), b (I)) focTHrHET TPAHAIH Y,
¥ BHIEAET M3 3aMTPUXOBaHHOMX 00JaCTH B HOJYILJIOCKOCTH 2 — b > 2, ecam
ds < l;. B mpoTtuBHOM ciydae oHA mepeceKaerT mpAMyo 2a — b = 2 BHe oT-
pe3Ka 7s.

Ecau ypasHenue (3.6) uMmeeT 4YeThIpe MHOJOKHTENBbHHX KOPHA I, << I3 <<
<< l, << l;, 7o B 3aBucumocTu oT BexmdumBAs [, Toaka (a (), b (I)) cmavaira ne=
‘pecerkaeT Jubo nMpaAMYI0 2a — b = 2 nmnbo npamyio 2a + b = —2. [lpz ganape
-geiimeM yBexmuenuu [ > l; Touka (a, b) mepecekaer mpaAMyl 2a - b = —2
3a IpefeleMH IOJYIJIOCKOCTH & > —4 M HOCTOAHHO HAXOJAHTCA IOPH JOCT3=
pouHO GoJbmEX 3HA4YeHHAX [ B obmactu 2a¢ + b > —2, a® — 4b 4 8 > 0

B xadecTBe elme OJHOrO0 NPHUMEHEHMA HOJYYCHHHIX BHIIIE YCHOBHM YCTOMIUBOCTH Pace
CMOTPHM CJy4ail, KOorja BHOYKJIaA IpaHAIA 2 COCTOHT M3 JBYX ONHHAKOBHX NUINHIPHYC=
-CKHX IMOBEPXHOCTeil, TOB6PHYTHX APYL OTHOCHUTOJBLHO APyra Ha Yrox @ (0 < ¢ <t/ 2)e
‘Torna B ypaBHeHHAX (2.6) HAJO0 HOJOKHUTH

a, =a >0, by =¢; = 0; a3 = a cos? ¢, by = a sin 2¢, ¢, = a sin? @

Ecaz ¢ = 0, To ABy3BeHHaA TPAeKTOPHA OygeT BHPOKIeHHOM: 0JHA Tapa MYJbTHILIA=
'KaTOpPOB paBHAa eJHHHIE, a Apyrad Iapa JeHT HA eJUHNYHON OKPYKHOCTH IPH YCJOBHH,
aro £ = al < 1 (cp. ¢ (3.1)). 3navenuam § = 1/,, & = 1 oTBevaeT [BYKpATHHI MYJbLTHILIA=
‘gatop p = —1, p = 1. IIpu ¢ = n/2 o6e maps MyJbTANIAKATOPOB JIEKAT HA OKPYKHOCTH
| 0 | = 1, npuueM 3Hagenmo, £ = 1/, oTBevaeT mapa MyJABTHILIAKATOPOB, paBHag —1. He=
00X0IEMHEEe YCIOBHA YCTOHIABOCTHA B MPOMEKYTOYHHIX CAydasaX CBOAATCA K JBYM HepaBeH=

.CTBaM:
£ < (4 — cos @—3 cos? @) (8 sin? ¢ cos @)L

8sin2@cos @ & — (4 3cosp —3cos? @) &2+ 45 —1 <0

13 9THX HepaBeHCTB BHITEKaeT, 9TO N MAJHX 3HAYCHAM yIJIa IOBOPOTA ¢ yCIOBHSA
yCTOYMBOCTA B JMHEHHOM IPHOIMKEHNH CBOJATCA K ofHOMY HepaBeHcTBY & < 7/ 16,
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