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0 CYIMECTBOBAHUY MHTETPAJIBHOTO WHBAPUAHTA
MJIAJIKUX TUHAMAYECKUX CHCTEM

Ro3saos B. B.

PaccMaTpuBaerca 3afiada 0 CYmIeCTBOBAHUH Y AMHAMUYECKOI CACTEMHE Ha [MIAHADHYE-
¢KoM $a30B0OM NPOCTPAHCTBE MHTErPaJLEOr0 HHBAPHAHTA C INIaJ{KOli INIOTHOCTLIO. M3BecTHAR:
reopema HKphurosa — BoromioGoBa rapaETEpyeT CyIleCTBOBaHHe MHBAapHAHTHON MepH
y 11000/ CHCTeMEl Ha KOMIIAKTHOM IPOCTPAHCTBe (0OCY:KIEHHe 3TUX BOOpOocoB cM. B [1, 2]).
OmHaxKo 3Ta Mepa 3a4acTyl COCpef0TOYeHa HA MHBAPHUAHTHHIX MHOKECTBAX MaJjIod pasMep-
HOCTH M B 00IIeM ciydae He SIBASETCA MHTerpajbHHM MHBAPUAHTOM ¢ CYMMUPYEMOH ILIOT-
HOCTBIO. /lJ1A comepiKaTeNIbHEIX NPHUMEHEHHUl 3ProAUIecKOil TeOPHHU, & TaKKe B TeOpPHH HH-
Terpupyouiero MEOKUTENA Jiiepa— AKoOu moje3aHO MMeTh MHBApPHAHTHYIO Mepy B Bujae
UHTEr pajIbHOT0 HHBApUAHTA C IVIAIKON INIOTHOCTHIO. B pabore mpepsiomeHH 3¢pPeKTHUBHLIE
KpPUTepHH CYN[eCTBOBAHMAA TAKUX Mep Yy IVIAZKHUX AMHAMUYECKHX cucTeM. PeayxbraThl 00-
IIero XapakTepa MPOUAAIOCTPUPOBAHN IpPHUMEpaMd M3 HEeroJOHOMHOII MeXaHUKH.

1. IlocranoBka 3agauun. PaccMoTpuM mmiamAnpugeckoe da3oBoe HPOCTPaH-
crBo M"™ = R* X Tr* ¢ koopgmHATaME Zyy « - «y Tp, CPEXH KOTOPHX k
JAHEHHRX U n — k yraoBmX. Ilycrs v — riaagkoe BektopHOe moie Ha M".
Emy orBeuaer pguddepennuajbHOE ypaBHEHHE

(1.1) xr = v ()

Paccmorpum 3amauy o cymecrBoBaHHE y cmcteMul (1.1) mETerpansHOTO
VHBAPHAHTA '

(1.2) mes (D) = \ f (z) d"z

C TJIaJAKOM HOJMOKHTeJbHOH miotHOCTRIO f: M" — R. .
RpurepuemM cymecTBOBaHHMA HMHTerpaJbHOro maBapmanrta (1.2) aBaserca

ypaBHenne JlmyBuaaa div (fv) = 0, koTopoe ¢ y4eToM IOJOKHATEJIBHOCTH
GYHKOUU [ MOKHO Iepenucarh B BHJE

(1.3) w = —divv, w =Inf

flcro, 9T0 W — rnagkaA PyEknua mEa M". |

Ilo TeopeMe 0 BHIDpAMIEHNH TPACKTOPHUiA, B MAJOA OKPECTHOCTH HEOCOOOH
TOYKH cHCTeMH (1.2) mMeercsa mesioe cemMelCTBO MHTETrpaJbHRIX MHBAPHAHTOB.
CinenoBaTesibHO, 3alady 00 MHTerpaJhbHOM MHBAapPHAHTEe MMEET CMBEICJ pPaccMaT-
PHBATh WA B OKPECTHOCTHU IOJOKEHMUA PABHOBECHSA, HIH ;Ke B JOCTATOYHO
Oonpmux o00JacTAX Qa30BOT0 HOPOCTPAHCTBAa, TIJe TpaeKTopu:m o00JamaoT
CBOMCTBOM BO3BPAI{aeMOCTH.

N3secTHO, 94TO ypaBHEHHMA [BUKEHHSA TOJOHOMHEIX MEXaHMYECKHX CHCTEM
BCerjga MMEIT eCTeCTBEHHYI HHBapHAaHTHYIO Mepy (dopMa oObeMa Ha IIpPOCT-
paHCTBe KOKAaCaTeIbLHOIO PaCCIOeHHA MPOCTpaHCTBA moaoxkeHmi). Hak orme-
qeHOo B [3], HeromoHoMHEIe CHCTEME MOT'YT BOOOINE HE HNMeTh MHBAPHAHTHOM
MEPhEl ¢ HHTEerPUPYEMOHA IJIOTHOCTHIO.

YKaKeM Ba IpHMepa HEerOJOHOMHHIX CHUCTEM, KOTOPHEe OYAYT HCHOJbh30BAHEL IJIA HJI-
NIOCTPANUAN PE3YJIbTATOB.

1°. Badaxa o kaveruu maxenozo meepdozo mead ¢ 8UNYKAOL NOBEPTHOCMbIO RO AbCoA0 M-
HO wepoxosamoli 20pus3orRmaabroli naockocmuy.' Yannsrua Hame/J HHBAPAAHTHYIO Mepy B CIY- "
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Jae, KOrja OBepXHOCTH orpammyeHa cepoil ¥ IEHTP Macc Tela COBIA/IAET O e FeOMETPH:-
9eCKUM MeHTPOM [4]. MOKHO M0Ka3aTh CyMecTBOBAHAEG NHBAPHAHTHOM MEDHE M B TOM ClIy1ae,
KOr[a TBepjoe Teio 00JajaeT 0CeBOM CHMMeTpHeH (Kak reoMeTpPHYEeCKOM, TaKk ¥ NAUHAMH-
YEeCKOH). |

2°%. 3a6aua Cyc.moea 0 6paWeHUL NO UHEPYUL meepﬁoeo meaa 60Kpye ueno@euafcnou moy-
Kl ¢ He20A0HOMHOL CERILIO’ oOpamaercs B HYJb npoemmﬂ ymonou cnopoc'm HA HeKOTopoe
HeIOXBHKHOE B Tejie HanpasaeHue [5]. [Iycts Oz,z,r3 — MOABHKHAA OPTOTOHANBHAA CHCTE-
Ma ocei, P, ¢, ¥ — TPOGRIMN YII0BOH CKOPOCTH HA 3TH OCM: MATPHIA MHEPLUHUU TBEPAOTO
TEJA

WA D E|
(1.4) ' - D B F| - L R

o, B, ¥ — HanpaBiAKImHAE KOCHHYCH HENOABUKHOM BOPTHKAIM OTHOCHTENHHO ocei
Zy, %3, 3. YpaBHeHHe HOTOJOHOMHOIl CBA3U IIPUMeM B BUJ® T = 0. ITosopoToM ocell z; &
Ty MOJKHO I[06HTI>CH BEIIONHEHUA COOTHOIIOHNS D = 0 B IepeMeHHKX p, ¢, O, B, v ypaB-
HeHN A Bpam;eﬂnﬂ Te.ua UMEeIT BH,U; [5] | - -

(1.5) Ap' = Epq -+ Fg?, Bg' = —Fpq — Ep?
* ~_‘a=-—QV1ﬁth1vhqa_pﬁ | | o
.Bruizo moxkaszaHo [3], 94To 3TM ypaBHeHHSA HMMeIOT MHTErpalJbHHU HHBAPHAHT TOTAA M
TOIBKO TOTNa, Korga E = F = (. B 370M caydae o¢hb rg ABJAETCA COOCTBEHHOU IS MATPU-
(I nﬂeprmn (1.4).

2 Yc.uonnﬂ CYIIeCTBOBAHUA ﬂHTEl‘paJILHOI‘O MHBAPUAHTA. L
Teopema 1. Ilyets z : R - M™ — pemenne cuereMH (1.1) ¢ KOMOAKTHEIM

J. e

saMEKaHHeM ero Ttpaexkropuun. Ecam cuctrema (1.1) mmeer mHTerpaabHHU

MHBAPHAHT, TO CYIIECTBYeT *

2.1). llmT( (div v)ypdt =0 o o o

| s—boo
0

o J _— . . . » . . * . . - . .
' ' . w - - . . o - . v - . : . .
- . - L o L) £ ) L] L - . -
o . M R i )

T okasamesnvcmeo. Ilyers z (t) = Dy m D, — KoMUaxTHas mo00aacTs B
M™. Coraaceo (1.3) TR

'W'(-‘IJ (0)) — W (IE‘(S)) - O B AR S ¥

S

g—oo S 8= 00 S T N

8
IR 1 . ;
| lim— S divvdi =1lim
0

TaK KaX HenpephHBHaA QYHKUUA W orpaﬂmqeﬂa CHHU3Y H cBepxy Ha MHOKECT-
Be D,. _
Caedemeue. Ilyers z = 0 — paB'Ho'BeCH'o’e’ peieEne HeIMHeHAHOM "CHCTEME
= Xz + .... Ecam tr X = 0, To 3Ta CHCTEMa HO MMEET B OKPECTHOCTH
Toukm z — (0 WHTErpajJbHOr0 MHBAPHAHTA C TIaJKOH ILIOTHOCTHIO.
IleiicTBuTensHO0 B 9TOM ciaydae (div V)x—q = tr X. Oc'raeTca BOCIIOJIH30-
paThcs dopMmynoit (2.1) mua pasHoBecHoro pemenms z (1) = 0. -
aTepecEO OTMETHThH, 4TO yciaoBue tr X = ( o3Hagaer COXPaHeHHe CTaH-
naptHO# gopmul o6bema B R™ $hasoBEM DOTOKOM JMHEHMHOM CHCTEMEI r = Xz.
TakuMm oOpasoMm, ecamn JMHEHHaAA CHCTEMAa C MOCTOAHHKIME KO3QPUIHEeHTAMH
mMeeT XOTA GH ONUH MHTETPaJbHHI MHBADHAHT, TO OHA 00M3aTEJIbHO HMeeT

CTAHZAPTHYI0O MHBAPHAHTHYIO Mepy.'

B HeaBTOHOMHOM ciyuae ypaBHeHHe JlmyBuiias umeer Bup 0f/0t + div (fv) = 0. Ecam
f~ 0, To, momaras w = ln f, cHOBa mpuxonuM K paBeHCTBY (1.3). M3BecTHO, 4TO pemeHus
f (z, t) HEABTOHOMHOI'0 ypaBHeHHA JIMyBUWILIA BCerja CymecTBYIOT. OHU O0JHO3HAYHO OIpe-
NeNAI0TCSA, HapEMep, 3HaYeHuAMHN miorHOCTH f mpu ¢ = 0. CaenoBaTenbHO, B 3TOU CHTYa-
MM eCTeCTBeHHO PacCMaTpHBaTh 3ajad¥ O CYIIECTBOBAHMM HHTErpalbHAIX HHBADUAHTOB
cnenuaipHOro Buja. Ilycrs, Hampumep, =X z+...— HeJUHeUHAA ()-Iepuoaude-
CKas CHCTeMa, MMEIOIMAasA TPHBHAJIDHOE pemenne z (t) = 0 MOH{HO II0OKa3aTh, 9TO HE0OXo-
[IEMEM YCIOBHEM CYHIECTBOBAHMA MHTErPANbHOrO HHBapHaHTa C O-IePUOKUICCKOY IJIOT
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HOCTBIO ABJAETCA PaBEeHCTBO
o o
Suxmazo
: _

MN3BeCTHO, 4YTO DKCIOHEHTa OT IPAaBOM YaCTH 3TOr0 PaBeHCTBa pPaBHAa HPOU3BEICHUIO
MYJABTHILIMKATOPOB JUHEAPU30OBAHHOU CUCTEMHI,

Isis mososKeHUA PaBHOBECHA HETOJOHOMHEIX CHCTEM CyMMa XapaKTepHCTH-
JeCKHX UYHCeJI paBHA HyJII0. lakmm oOpasom, HeoOXoamMoe YCIOBHE CYIECT-
BOBAaHUA HMHTETPAJbHOT0 WHBapHaHTa BuIoJHeHo. OmHAKO NJIA CTAaIHOHAP-
HEIX JBU;KeHU# (OTHOCHTEJHbHHX PAaBHOBECHH) 3TO y)Ke He TaK.

IlpuBeneM COOTBOTCTBYIOLINE IIPUMEPH!, |

1°. Ilpu Ka4eHWH TAKEJIOro TBEPAOro Tejla 110 TOPU3OHTAJLHOM MEepPOXOBATON IJIOCKO-
CTH CYHIeCTBYIOT CTallUOHAPHEIE IBMKEHNIA, KOTa OJHA 13 EHTPAJbHEIX OCell NHepIUH Bep-
THKAJbHA, & TEJO BPaI[aeTCsA ¢ MOCTOAHHON YIJIOBOM CKOPOCTHIO, KAcasiCh IJIOCKOCTH OJHOH
M TO# jKe TouKo# O. /I3 BHAA XapaKTepHCTHYeCKOTO ypaBHOEUA [6] MOKHO cHesnaTh BHBOJ,
YTO CyMMa XapaKTePHCTHYECKUX YHCeN] INPOMOPLUHUOHAJILHA (C HOHY/JIEBHM K02(Q(PUIHAEHTOM)
sin @ cos a, roe oo — YroJx MeAy rIaBHHME HaIpaBIeHMAMM IIOBEPXHOCTH Teja B Touke O
A ABYMA ApYTAMHA TOPU30OHTAIBHEIMH HeHTPAJAbHKMHA ocAMHA nHepnun. TakuMm o6pasoM, ecin
3TH OCH He COBIAJal0oT, TO YPAaBHEHHUS KadeHUA He MMEIOT MHTerpajsrHOro masapuanrta. He-
COBIIaJieHME MUHAMIYECKHAX M 'eOMeTPHYECKUX oceil — XapaKTepHOe CBOICTBO TaK Ha3HBae-
MBX KeJbTCKNX KaMHen (cM. [6]). -
| 2°. YpaBHeHua fABmKeHHA B 3agaue CycnoBa (1.5) MMeloT CTalHOHAapHOe pelleHuUe,
npH KOTOpPOM | |

(2.2) p= —kF,q=FkE, o= 1Ip, p=1g, 7= 0

3nech k u | — mocroanHnie, takue, 4ro (kl)? (E2 . F?) = 1. Pemenns {2.2) cyuecT-
BYIOT JHIOb NIPH OYEeBHAHOM yciaoBmm E? | F2 £ 0,

Cnex MaTpuusl JUHEapPU30BAHHOM CHCTEeMHI paBeH k (E”/A +4- F?/B). Takum oﬁpaaoM
COTIaCHO CJIE[ICTBHIO M3 TeopeMHl 1, MHTerpaJbHH MHBAPHAHT A cucTeMH (1.9) cympecr-
‘ByeT aumsp npa ycaosun E = F = 0.-9ror BI:IBOII; mojiyuexd B [3] u3 Te0MeTPHIOCKUX C000-
pa’KeHHil,

3. HMaTerpanbHblii HHBaplIaHT B OKpeCTHOCTH NOJIOKeHNA PaBHOBECHS .
PaceMoTpuM HeJlIWHEHHYIO cnc'remy

3.1 xs'zz 7\,,(.3):::,. - - Z a:;\x,:cj 4 ...

‘Bonpoc o cymecTBoOBaHHM WHTErpajbHOr0O MHBAPHMAHTA CBOJHTCA K BOI-
pocy o paspemmmocTH ypasHeHHA (1.3). Ilomoxxmm |

=w,+ (a,z) +...; wo, =R, a=R"

BrunciuM gumBepreHnui0 mpaBoil yacTH cCHCTEeMH (3.1):

—divo=trA + (b, ) + .
; A=A, b=(by...,b))", by -——-}‘_. al)

3=1

B paccMarpmBaemMoM ciaydae ypasHeHHe (1.3) mMmeeT ciaenylmu# SABHEIN
BU: |

(3.2) (g, Az) 4+ ... =—tr A—(b,2) — ...

Orcioga moaydaem cepuio paseHcTB: tr A= 0, ATa = b,... llepsoe u3 HAX
y:xe Ony10 paHee moxydeHo B u. 2. Iloxokum X = AT, Y =|| X, bI] Matpnna
Y mmeer pasmep n X (n + 1).

Teopema 2. Ecam rank X < rank Y, 10 cucrema (3.1) He mMeeT MHTErpaib-
{0r0 MHBAPHAHTAa B OKPECTHO CTH TOouKkH z = 0. '
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Heicreutensro, Bcerga rank X < rank Y m paseHcTBO PaHrOB ABIAETCH
YCIoBUeM pa3pemuMOCTH JHHeUHON cucteMH ATa = b oTHoCHTeHNBHO @. DTO
yCIOBHE 3aBeJIOMO BHIIOJHEHO B CiyYae, KOrAa MaTpuma A HeBHPORIEHA.

OtmernM, 4T0 mOCTOSHHYI w, B pasmoxennH MaxiopeHa QYHKIHH W
MO}KHO CYATATh OHPOM3BOJBHOM. JTO COOTBETCTBYET TOMY (aKTy, 4TO MIOT-
HOCThb WHBAaPHMAaHTHOM MEDHI OHmpefeeHa C TOYHOCTBIO 1[0 MOJOKHTEIBLHOTO
TOCTOAHHOT'0 MHOKHUTENIA. ¥ CIOBAEM Pa3PeIuMOCTH ypasHeHHd (3.2) B mepBoM
UPpHOIMKeHAHN SBIAETCA COBHAJeHHMe paHroB Matpun X m Y. Ecizm oHO BEH-
TIOTHeHO, TO MO)KHO OOpefeJUTh (BO3MOKHO, HEOHO3HAYHO) JHMHEHHHE IO I
CraraeMeie B pas3inokeHHd QyHknuum w. [IpmpaBHuBam Kosddmmumentnr mpm
QIeHAX BTOPOM CTeNeHH B ypaBHeHHH (3.2), DONYIAM JIMHEHHYIO CHCTEMY
ajlre0OpaWyecKMX ypaBHEHHMH NI OTHCKAHHA KBAAPATHYHEIX CJIATaeMHX B
PasiaoskeHnn QyHKOUA w. B 3Ty cucTeMy JIMHEHAHO BXOMAT KOMIOHEHTH! BEK-
TOPa a. ¥YCI0BHEeM ee Pa3PEeHIMMOCTH ABIAETCA H3BECTHOE YCIOBHE COBIANCHAN
panros Hpomexkepa — Hameanu. AHajoruuso, mpu aBaJH3e pPaspeNIAMOCTH
ypaBHeHHA (3.2) B BHCIIAX DPHOGIMKEHHAX BO3HUKAIOT YCIOBHA HA DPAHTH

MATPHL, 3JEMEHTH KOTODEIX BHPaKAOTCA Yepe3 Ko3QPUIHMEHTH INPABHX
gacredd cucteMu (3.1).

~ B xavecTBe mpuMepa HIpPUMEHEHHS TeOPeMHl 2 CHOBA PACCMOTPHMM cucreMmy (1.5) sagaum
Cycnosa. Tax Kak Ha TBep/Oe TeJlo He NeHCTBYIOT CHIIH, TO AI060e ee ONOMKeHHe ABIACTCS
1T0JI03KeHneM paBHOBecHs. IIycTs ay, By, Yo — 3HAYeHNA HaNpaBAAIOIMUX KOCHHYCOB B PaB-
HOBECHOM COCTOAHIH. lInBepreHunﬂ BeKTOpHOro mous (1.5) pasua gE/A — pF/B, nostomy
b= (—F/B, E/A, 0,0, 0)T. Bunumem merpuemanbmyio HeHYJeBYI0 YacTh MATPHUOH Y

0 yo —Po|—F/B "
—Yo 0 Ao E / A
BepruxkanbHad yepTa OTAENACT 3EMEHTHI ManHuH X. Ilyers v = 0. Torpa rank X =
= 1, Ecau
{3.3) EBy/A — Fay/B % 0
10 rank Y = 2. Ilycrs E? 4 F?2 5 0. Torpga MokKHO momo6paTh 3HAYCHHUA Qo U By (o2 =
+ Bo? = TaK, 94TOOH BHIIOAHANOCH ycaoBue (3.3). B aToM cayuae, Kak Ve 0TMEeYaNIOCh

B . 1, ypaBHeHHH He MMeI0T HMHTEerpajbHOr0 WHBAPDHAHTA.

4. IIpnannn yepemmenma. PaccMorpum CHCTEeMH HOPMAaJIBHOTO BHOA, KO-
‘TOPHI® 9acTO BCTPEYAIOTCA B NPHIOMEHHAX:

@) Ii=eF (1, )+ ..y 0 =0, (1) + Gy (I, @) +.. ..

dmecs I = (I,, ..., Im) — nekaproBu koopamaati B R™, ¢ = (g, . . .
-« +y ¢,) — HabOp YIIOBHX KOOPAHHAT Ha n-MepHOM Tope T", & — Maublii
napamerp. Oyakoun F,, G,, . . . OpeAIoJaraoTca 2n-nepnonﬂqecl{nmn OTHO-
CHTEJBHO YIJIOBHX TNepeMeHHHX ¢, ..., @,. llpm & = 0 cumcrema (4.1),
‘0O9eBH[HO, HMeeT CeMeHMCTBO HMHBAPHAHTHRIX Mep, INIOTHOCTH KOTOPHX —
OPOM3BOJBHEIE IVIA[[KUE NONOKATeNbHbe (YHKIMA OT HepeMeHH X [, . . ., [ .

Nccnenyem samagy o Baauquu y cucreMmsl (4.1) HHTerpaIpHOro HEBAPHAHTA
'C IJIOTHOCTBIO B BHJE pAna '

(4.2) fol, @) + ef, (I, @) + .

‘C rIafikuMu 1 ofHO3HAYHKIME Ha R™ X T" kosdpdunmenramn fa (or, =0, 1, «.).
Heno, aro fo, > 0.

HeBo3Mmyimensasa cucrema (4.1) nmerxo wmmTerpmpyerca: mepemenunie [ ,
ABJIAIONAECA NEePBHIMHA HMHTerpajaMH, HYMepYIOT HHBapHUAHTHEE TOPHI, 3a-
HOJHEHHE® yCI0BHO-TIePHOANICCKEME ABIKEHUAME C YaCTOTAME Wy, . . ., Oy.
WeBapuantaNi Top I = I, Ha3uBaercs Hepe30HaHCHBIM ecia (w (1°), k) %= 0
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AJIA BCEX IIeJIOYNCICHHRIX BeRTopbB k 5= 0. ®a30BHe TPAGKTOPHH BCIOAY ILIOTHO
SallOIHAIOT Hepe30OHAaHCHHe TOpH. HeBoaMymeHHYIO cucTeMy Ha30BeM HEBHI-
POKIeHHOM, €CI¥ HEPEe30HAHCHHE TOPH BCIOAY ILIOTHO 3aIlOJHAIT PasoBoe:
npocrpancrso R™ x T".

Teopema 3. Ilpenmomo:mM, 4T0 HEBO3MYIEHHAA CHCTEMa HEBHIPOKIEHA

W ypaBHeHHA (4.1) mMeOT WHTErpaJbHHH WHBADPMAHT C ILIOTHOCTBHIO (4. 2)...
Torma ycpemmermHas cmcrTema

“%3) Jk—-eFk(J) E=1,...,m

- mMeeT HHTePpaJIBHBIH MHBAPHAHT C IJIOTHOCTHIO f,.

~ 3pecs JepTa 03HAUAET, Kak O0RYHO, Pe3ylnbTaT NMPUMEHEHHS OIepPaTopa
ycpenHeHUsI II0 YIJIOBHIM nepemeHHmM ¢. llepexon or mommo#r cmcremnr (4.1)
K ycpenHeHHOM (4.3) ABIAeTCA CTaHZAPTHHIM NPHEeMOM TEOPHH BO3MYMIEHWIA.
OTMBTHM OfHO W3 ciefcTBHE TeopeMu 3: ecom k = 1 m Hymrous F nmmeer
E30JIHpOBaHHBIH HyJQb, TO HONHAs cmcTeMa (4.1) He MMeeT WHBAapHAHTHOMN
MePH C IIOTHOCTBIO B Bufie paga (4.2). -
Jlokasameavcmeo meopemsn 3. Tax xax f, > 0, 1o IPM MalbX 3HAYEHHAX
& B OKPECTHOCTH KayKI[OTO MHBAPUAHTHOTO TOPA HEBO3MYINEHHOH CHCTeMER
QYHKIUI0 w = In f TarkKe MOKHO IIpeIICTaBHTL B BHIEe PALA IO CTEHEeHAM
ew=wy{, )+ ewy (I, )+ . . B paccmannBaeMOE 3aJ1a9é ypaBHe-
‘Hme (1 3)“mgee'r CJIeJIYIOII];HH BHA: - | |

_ HEoo
2: dw, 2: ow 2: 6w

SREISITIY .___.9_(08_[_8[ OFk_]_ : 1 ]
. b (Ps

E_B e o o
- c?Ik 6(;)8

S

I

IlpupasauBasn Road)(bnuneﬂ'rm IpH OJMHAKOBHX CTEHeHAX &, IOy arM
NEenoYKy yPaBHEHMH A MOCAe0BATeILHOTO HAX 03K ICHM QyHKOHA W, wy, . . .2

. o dwy | | -
I ) 2
(%-0) oI, i, ¢ oI, 0,
U3 (4.4) cmemyer, uto w, — HHTBI‘paJI HeBoamym;eHHon CHCTGMH Tax
KaK 9Ta CHCTeMa HeBHIPOKIEHA, TO w0 He 33BHCHT OT YIJIOBHIX II€PEMEHHEIX

(cp. ¢ 7], ra. V) Ycpenaas (4.5) 1o mepeMeHHEIM @, IPHXONUM K PaBEHCTBY

=Ygt

CJIBIIOBaTeJIBHO, (I)YHR]IHH Jo = exp wo > 0 rTaxme He 3aBmch oT Q W
ABIACTCA ILIOTHOCTBIO HHBapHaHTHOH Mepm YCPeTHEHHOH CHCTOME.

Teopema 3 0606n1ae'rc;1 Ha CaydYail cucreM, pachOTpeHme B[8]: npre =0
dazoBoe npochchcho pacciIoeHo Ha MHTerpajdbHEEe MHOrooGpasms. Hesri-
PO;KAEHHOCTh HEBO3MYIIEHHOM CHCTBMH 03Ha9aeT BCIOAY IUIOTHOCTH WHBAPH-
aHTHHX MHOroo0Opasmii, Ha KOTOPHX NWHAMHYECKAs CHCTEMA 5Progny9Ha.

0. UHTerpanbaplii MHBApHAaNT cHCTEM HOPMANBHOIO Buja. Hmwxe Oyayr
YKasaHH 0oliee TOYHHE YCJIOBHA CYIMeCTBOBAHUA HHTEIDaJbHOrO HHBAPAAHTS
cicremu (4.1). Pasnoxum ¢pymkmuu F, u G, B KpaTHHe pann Dypse

Fk.:ZFgf)(I)ei(a’(p), | Gs=ZGg)(I)e‘(a:‘P); : aEZn 3




1) (@), 8) =...=(a(l), C) =0 ¢ HBROTOPHMH neuoqncneﬂﬂmun
BeKTOpaM: * E, . . ., C, . - R
2) rank X < rank Y, Te

dF0) .
& ‘
| i Fim H | - o1 + ” E rgng) ;
X: & & @ ¢ ¢ @ 9 Y:lX v l-i.i':-,-"f > -An > o f‘
F{ F{™ | | Z oFK) ol
e & o . 8
T + l Z ;‘BGC .

~ TlomuepkxHeM, 9TO B 3TOM ONpefeJeHHH He NpeAmoJaraeTcd -JIUHONHAS
H63aBUCAMOCTE BeRTOPOB E...., L. - ) L' o ) L
Teopema 4. Ecau HEeBO3MYIEeHHAA cnc'rema HBBHPOH{HeHa n Rmoquoe
MHOKECTBO HEIYCTO, TO CHCTEMa (4 1) He WMeeT MHTErpaJbHOIO HHBapnaHTa
€ HOJOTHOCTHIO X f.e°. ' . | N
JTO yTBEep/KIeHWe NOKA3HIBAETCA METOHO0M HyaHRape ([7], T.I. V) B;yp;eM
MCXOMUTH U3 ypaBHeHAA (4.5), B KOTOPOM W, - HeM3BeCTHAA-TAAfKaA QYHKI(HUS
nepeMeHBHX [y, . . ., I,. lloxomnm. | ”

| ! L
- J

wlzzwa(l)el(a (P) .* ,L -_"\ - L *';. N ::'T S

L o= . ., = L oty
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ITo Me'rony Dypbe u3 ypaBHeI-ma (4 ) nonyqaeM cepmo paBeHc'rB

F(k)
Z Ol F¥ 4+ z(a, o) Wy, — 2 . iZasG(s) aE"Z"

[Iycts Temeps TouKa I nmpwHANIEKUT Rmoquomy MHOKECTBY .- Houaraﬂ a
PaBHEIM g, . . ., §, IOIyIHM CEpHIO anre6pandyecKux ypaBHeHIm o'rHocheme.Ho
TIPOM3BONHEIX Owo/al 13 0 oo, 0w,/ 01 . YCJIOBHeM e paapemﬂmoc'm HBJIHBTCH
paBeHCTBO paHros mMarpum X u Y.. -~ o ' Lt

. .
’ T - ~ oo

PaccmMoTpum npoc'rou npumep. IIycTb ToUKa Lo — uo.nomeane PaBHOBQCHUS BBRTOPHOI‘O
mona F = (F, ) , F (m’) W [eTOUUCTeHHHI BeKTop o < (. Torna rank X = 0,
arank Y = 1, ecan npn I =1, cymMMa 2aF, (k)/c?I §{— RUBepreHI A YCPOAHOHHOHN CHCTOMH,
nnﬂeapﬂsonaﬂnon B OKPECTHOCTH TOYKH [ — OTquHa OT HYIA. B aToM cnyqae RJIIO‘IBBOB
MHO>KeCTBO conepmm Touky I, I03TOMY npnmennma TeopeMa 4. OTMeTHM, YTO OTCYTCTBHE
YHTEerpPaJbHOT0 MHBAPHAHTA B 3TOM LIpEMepe MOYKHO. yCTaHOBHTB TaKKe npn IOMOIIH TEOo-
‘PEMBI 3 ¥ CIIeICTBUA U3 TeopeMsri. I "

PaccmorpuM caydaid, Korga ypaBHEHHS (4 1) MMEI0T IIePBHA nHTerpaJI
8 Buge pama: H = Hy (I, ¢) +eH, (L, cp) —I— e B YCIOBHAX TEOPEMEl 4
$yaxnua H, He 3aBHUCHT OT @ H B TOYKAX R.TIIO‘IBBOI‘O MHO}RGCTBa

CJIBI[OB&TGJIBHO ecnn Toqxa U3 Rmoquoro MHOKECTBA He  ARIAETCA KpA-
‘THIECKON A (I)yHRuuﬂ HO, TO B 9TOX TOYKe PAHT Ma'rpml;m X majaer mo
KpaiiHeil Mepe Ha eJMHMUIY IO CPABHEHUIO C_ero MaKCAMAIBHO BO3MOK HEIM
3HAaYCHACM. ,

Tlas poKasaTelbCcTBA HMpHMeHHEM cHoBa Meron IIyamkape. DyHrmua Hy — mepBHM
MHTETPaJ HOBO3MYIIIeHHO! CHCTeME, He 3aBUCAIKE OT (, TAK KAaK 9Ta CHCTEMA HEBRIPOK/eHA.

B mepsom npnﬁunmeﬂnn O & TOKMECTBO H' = (0 maerT COOTHONMIGHHO®

Z aH Fk—l— 2: oH, o, :0 B S T
- HYCTB H1 = 2 (I ) e"(“' ?) HpHMeHHH Me'ron (Dypse npuxo;mM R cepnn paneﬂc'rB
| | S *._t.",- e e
E'aﬂ" F(’“’+»(a, o) by, —0 e

9KBHUBAJIOHTHHX (5. 1), Rorna Toqaa I npnﬁaxmemn'r RJIIOtIeBOMy MHO?-RGCTBy



6. Ipuno:xenne K caa0o HEroJOHOMHBIM CHCTeMaM. TeopeMy 4 MOKHO
MOIUPHOUPOBATH A CIYyYadA BHPOKAEAHHX cHcTeM. BMecTo paccy)xaeHmi
o0mero xapakKTepa pPacCMOTPHEM IOYYHTEJBHHNA IPUMeP M3 HETro0JOHOMHOH
mexaEZKH. McciaenyeM HeroIOHOMHYIO CHCTEMY € TOPHYECKMM IPOCTPAHCTBOM
nonoxenuit T° = {@;, @z, Py, mod 2} ¥ HEroJIOHOMHOH# CBAZBIO

(6.1) Ps = & (a;9; + a3¢;)

HooppunuenTs a, n a, — OfHO3HAuHHe Triafgkue QyExumm Ha T3, ¢ —
mannii mapamerp. Ilpm e = O Oyaem mMeTs JBHMiKeHHe IO ABYMEDHOMY TOPY
@ = const. B aToM cirydae cacreMa roJIOHOMHA M yPaBHEHUSA ABMKeHAA AMEIOT
€CTeCTBeHHYI0O MHBapHaHTHYIO Mepy. lIpm manmx smageHmax & = 0 cmcrema
Oyger Malx0 OTJIHYATHCA OT TOJOHOMHOM, _

Ycirosde mHTErpEpyeMocTH ypaBHeHHA cBA3H (6.1) B mepsoM mpmbamixe-

HAHX IO & OymeT MMeTh BH]
(6-2) 601/6([)2 — 062/6([)1 — O
PaznoxeM QyHKOEE a, # a, B paAnsl Dypre mo nepeMeHHHEM @, I @,:

Gy — % a&’}, ks ©XP [£ (£10; - Fo@,)]

KoadpumuerTu a, ) — nepumogmuyeckue QyHKOIAHE IEPEMEHHOH (.
Ycnosume (6.2) 3KBHBAJIEHTHO CileAyIONEd IMemOoYKe COOTHOIMGHMHN, CBA3H-
pajomux Ko3pdurumeaTnr Dypre:

(1 ?)
(6 3) kzaka) ks _ kla'kl kz — O
P&COMOTPHM Temeph AUHAMHKY HEroJOHOMHOM CHCTEMH cO0 cBA3b0 (0. 1):

m naErpamkmaBoM L = (9, -+ @, + ¢g-)/2. C TOUHOCTHIO X0 WIEHOB 0 (€)
ypaBHEHHS IBMKEHHA TAKOBH:

(6.4) 9y ™ I, 95 =I5, @3 = & (ay]y + aply), Iy . I, =0

,OTﬁemM, 4TO HEBOSMYVIIeHHAd CHCTEeMa BHIPOKIEHA. x | |

MNayasM Bompoc O cymecTBOBAaHMHM y cmcreMu (6.4) METerpalrbHOr0 MH--
BapHAHTAa ¢ IIOTHOCTHIO B BUje paAxa f = fo -+ ef; + . . . C NOPHOAHISCKAMHE
no ¢ KoapdmmmeHTaMH, 3JanHMImeM YypaBHeHUWe JIMYBHINA € TOYHOCTBHIO MO

o (g):

65) L+l + anly) =0

Tlonaras e = 0 uo.nyqaeM ypaBHeHHE A f,. Hpmenaa METOJ (I)ypbe,
IPEXONEM K 3aKIK4YeHuio, uro f, sasucur or I,, I, m @4 (cp. [7], ra. V).
B mepeom mpmGamxenEu no e ypasHenume (6.5) mmeer Bmp

| 0 7 0
(6.6) I1'T£11'+12'5%+'5@‘(a111+a212)f0=

IIpumersasa cHOBa MeTon Dypre, monokmMm f, = Xf, !l elf9), PaBeHCTBO-
(6.6) maer cepmio ypaBHeHHM# HaA KosgpumuerToB Dypse. Ha Pe30HAHCHHIX
npamux I, = 0k,, I, = —0bk, (6 = R) 6yneM AMeTh '

gk ((P3) fﬂ (skz? akla (P3) —ou O, gk —_— kza%cl) — k1a§c2) |

6.7
(6.1) a(Pa

Beuny (6.3) aro ycaosme 3aBefioMO BHINOJHEHO JIA CIydadA HHTEIPHpYe-~
moctu cBasm (6.1). O6parroe HeBepro. IlycTh, Hampumep, a, ¥ a, He 3aBU—
CAT OT Qg. YcioBme (6.3) B o0mem ciaydae He BHIIOJIHEHO, OJHAKO ypaBHEHHE:
(6.7) mMeeT pemeHme B BEAe QYHKNEA f,, He 3aBHCAMMHEX OT Qg.
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Haiinem ycmosms paspemmmoctn GecKoHeuHO# memouku ypasHenmi (6.7)
-oTHocuTeAbHO ¢PymKnum f,. M3 (6.7) mMeem

6.8)  fogx = cx (6) *

BosmoxxHHN ABa cirywasa: am6o QyHKOUA g, HMeeT HYJIH Ha OKPYKHOCTH
T' = {93 mod 2n}, nmmGo myne#r mer. Tak Kak c;, He 3aBHCHT OT (g, TO B
NepBOM cCiy4ae JOJKHO BHHOOJHATHCA yciosme (6.3). Ilomaraa B (6.8) 6 = O,
moJsyJaeM, 4TO BO BTODOM CJydae OTHOIIEHHWE (PYHKOHUHA g, C Pa3HHIMH 3Hade-
HOSIMHA K He 3aBHCHT OT IEPeMEHHOR (pg. ITH YCIOBUA ABIAITCA TOCTATOYHRIMH
nns paspemmmocT: cmcteMsl (6.7).

JlefAicTBUTENbHO, I SHAYGHUH k, OTBEYAOMHUX NEPBOMY CiaydYalo, ypaBHeHEHe (6.7)
3aBeJIOMO BHIIOJHEHO. Bo BTOpOM ciaydae JJs HOKOTOPOrO0 BeKTOpa k mojaraeM f, = c/gg.
JHAK IOCTOAHHOH ¢ mox0mpaeTcsa Tak, YTOOH PyHKIuUA f, 66aa moxoxuaTeasHOM. M3 yeio-

BUSA IOCTOAHCTBA OTHOIIGHHH gj BHITeKaeT, 4To QYHKOUA f, YAOBIETBOPSET YPaBHEHHAM
(6.7) npu Apyrux 3HaYeHHAX k.

Jasa paspemmmocTa ucxofHOTo ypasHeHHA (6.6) meo6xomumo morpeGoBars
BEIIOJIHEHHA [ONOJHHUTENBHHX YCIOBHU: cBoGoAgHHE KoaddpummenTtnr a,!) u
ay®) 1m60 TOKIECTBEHHO 0GPamalTCA B HYIb, AU60 oTHomeHEA a,V/a,®
u /gy (s =1, 2; gx 5% 0) He 3aBHCAT OT Qg.

Pesynbrar amanusa ypasrenmda (6.6) MoxHO chopMyanpoBaTh B reoMeTpn-

gecKoit gopme. MHOKeCTBO BCeX CHCTeM C JarpamimanoM L = (o, 0,
~+ cp3'_’)/2_ m co cBA3bI0 (6.1) mMeer eCTECTBEHHYI0O CTPYKTYPY JIHHEHHOTO
npocTpaHCTBAa (H30MOPPHOTO IPOCTPAHCTBY nap raagkux QyHKOUA a, 1 a,
Ha TpexMmepHOM Tope). Bce cucremsl, oGaamaionme MHTerpajbHKEM HHBapHaH-
TOM (B IePBOM NPHUGIMKEHNH N0 &), 06pasylT JUHEHHOe HOAIpPOCcTPaHcTBO L.
Touno Tak e, cucremMu ¢ mATerpEpyemoi cBaspio (6.1) o6pasyior amHeilinoe
nopupocrpacteo L' CC L. W3 amanmsa paspemmmoctE ypapHeHumi (6.7)
BEITEKAeT, YTO Pa3MePHOCTH daxrop-npocrparcta L/L’ pasna 0eCKOHEZHOCTH.
TaxkuM oGpa3oM, CHCTEMH ¢ HHTEIrDHPYeMOH CBA3BI0 — PEIKOe MCKII0YEHHE
cpefiu cucreM, 00Jagal0mMUX MHTErPAJbHHM WHBAPHAHTOM. ,

B sakxiouenne pacemMoTpmm cmeTeM UaluHrmEA, DiA KOTOPHX QYHKIVH
a, 1 a, He 3aBUCAT OT IepeMeHHOi @g. OHE Tak:ke 00pa3yOT JHHEHHOE NOJ-
npocTpaHCTBO; 0003HaumMm ero L”. Mo:xkHO npoBepHTh, 4TO IJIA TAKHX CHCTEM
B I€PBOM HIPHOJIWKEHAA IO € BHIIOJHEHH BCE YCIOBAA NPUMEHHMOCTH METOIA
OPUBOAAIIETO MHOMKHUTENA, TAPAHTHPYIOOIET0 CYMECTBOBAHME HMHTEI'PaIbHOTO
maBapuanTa [4]. [na cucrem Hannmruea g, = const. Cregosarensno, L” C L.

MoxxHO npoBepuThH, YTO pasMepHOCTh PakTop-npocrparcTsa L/L” taxsxe paBHa
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