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NPAHIAII HAVMMEHBIIETO MENCTBAA M NMEPUOANYECKINE
PEIMEHNA B 3AJAUYAX KJIACCHYECKON MEXAHUKMH

B. B. Ro3zaos
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PaccMaTpuBaeTcd 3afada O CyImeCTBOBAHUH NepHOANIECKUX pelleHW# yPaBHEHUM ABH-
JKeHNs HATYPAIbHHX MEXaHHIECKAX CHCTEM, KOT/a 00JaCTh BOBMOKHHX IBIKEHHU D mMeerT
kpasg. BBogaTcA Au6GpanMoHHEE IEepHOAMYECKHE DEMEHHUs CHCTeM CO MBOTMMH CTeNeHAMH

cBobomsi. TpaekTopus Takoro pemenus audpdeomopdra orpesky [0, 1], ee KoHNE yexar Ha
rpagmne D, 1 m306paKaomas TOTKa CoBepmaeT KoxeGaTeasHOe ABMKEHNE II0 3TOH KPUBOIL.
CymecrBopagne JuOPAmMOHHEHX pelMeHuid J0Kaa3hBaeTCA B Ciaydae, KOIAa ob61acTh BO3-
MOJKHEIX NBIUKeHHI muddeomopdra mpamomy npomspepermioo N X [0, 1], rne N — raap-
Koe KoMmaKTHoe MEOroooOpasme. IlolyueBHHIE pe3yabTaThH NPUMEHAITCS K 3ajaue O JBY-
JKeHIAH TBOPOrO Teja ¢ HENOABW;KHOM TOIKOM B HHIOTOHOBCKOM IIOJI€ CHUL.

1. Iocranoska 3amagnm. IIycre M — riafkoe KOMOAKTHOE n-MepPHOE MHO-
rooGpasme, ABIAKMEeCH KOHPATYPANMOHEEIM IPOCTPAHCTBOM HATYpPaJbHOMU
MeXaHMIeCKol CHCTEME! ¢ 1 cTeneHAME cBoOonnl. KmaernmyecKkyio aHepruio 000-
sgauum T (7 — raagkas QYHKIOES B KacaTelbHOM pacCIOeHHH KOHQUIYpa-
MIOHHOTO IPOCTPAHCTBA, KBAJPATHYHASA IO CKOPOCTAM), & HOTeHIHAN depes
V (V — raapkaa ysknus Ha M). YpaBHeHHS [BMKEHHA CHCTEMbl AMEIOT Iep-
 BHI mETErpad — materpata sueprmm: I' — V = h. llpu @umKCEpPOBaHHOM 3HA-
wyeHEE h W3 HTOr0 MHTErpalia HaXoAumM 001acTh BOSMOMKHEIX NABMKeHHE [) =

— {h + V > 0} C M. CornacHo OpUHUUIY HaMMEeHBLMNIETO [EUCTBUA B 00- -
nmactE D 3ajada 0 HaXOKAeHAH PelleHMil YPaBHOHUH BMKEHHUA CBOAUTCH K 3a-

nTagde O TIreoe3an4eCHUX JIHMHHUAX c.nenylomeﬁ METPHRA.
=(h + V)ds* -

rie ds® — pEmMaHOBAa MeTPHKa Ha [/, Bajaiomas KHHETHIECKYIO 3HEPTHIO
(r. e. T = 1/, (ds/dt)?).

Ciexyer pasamdarh Asa caydasa: 1) k> maxy (—V), 2) b < maxy (—V).

B mepBom caygae D coBmagaer co BCeM ROchnrypaanHHM IPOCTPAHCT-
BOM, W 33/{ada O CYIeCTBOBAHMH NEPHONMIECKIX pelleHN ypaBHEHUN JBUKe-
HAA CBONUTCA K HAXOKACHWIO 3aMKHYTHX TeOle3MYeCKHX JHMHHU TIaJKOTO
pUMaHOBA MHOT000pasms (M, dp). Raxmoii 3aMKHYTON reofe3sndIeCKOM OTBe-
9al0T ABa Pa3IMYIHHX NePHOJUIECKHX DelleHHsd MCXOMHOM 3aMaund (JBHKAHUA
10 TOM KPABOA B IIPOTHBOLIOJOKHEIX ‘HanmpaBaenuAx). Ilo amajormm ¢ CHCTe-
MAMH ¢ OMHOH CTemeHBLI0 CBOOOJAEI TaKue peleHHs Ha30BeM BPAICHUAMH. Cy-
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IECTBYIOT ONEHKH YHCIA BAMKHYTHX T'€0[ie3HYeCKHX, 3aBUCAIIAe OTYACTH OT
TOIOJOTHIECKOT0 cTpoeHmp M, oruacTd OT pEMaHOBOH Merpukm dp [!]. Ham-
Jyqmieli yHABEPCAIbHOI Iﬂmﬂeﬁ omeEKoil ABaAerca moxka 2 [?]. Taxmm 06-
pasoM, Ha (2n — 1)-MepHEIX ypoBHAX HHTErpaja DJHEPrWH C HOCTOAHHOMU
h > max (—V) cymecTBYIOT IO KpalHe# Mepe YeTHpe Pa3IHIHHEX nepno;mqe-
CKHX pemeHu. N
| Bo BTOpom cnyqae y obnactan D ecTs Kpasg, W METPHKA dp mMeer ocoﬁeH-
HOCTH: 4eM OJImKe ImogXoguM K rpanume [, TeM MeHbIe CTaHOBUTCA JIHHA.
B wactmocTH, gimHa J060# KpMBO#, Jdexameidl Ha camoil rpammume (V = —Ah),
paBHa HYIIO. | ' ' '
I'pamuny muosxectBa N (C M ob6osmagum JN. Bceiopy Hmxe paccmaTpuBa-
IOTCA TOJBKO TaKHe IMOCTQAHHEE HEePru:m £, Korma Ha 0D HeT KPUTHUYECKHX
Touek morenmmana V. OcraapHbe 3Ha4eHNsA A Ha30BeM KpHTHdecKuMu. B gact-
HOCTH, KDHTHUECKEM sBiserca h = max (—V). MHOKeCTBO -KPATHIECKUX
sHaueHmil mmeer Mepy EYAS [3]. IIpm kprruueckux i ma D cymecTBYIOT OO~
SKeHWSA DABHOBECHS PAacCMATPHBAEMOi CHCTEMH, a4 HA COOTBETCTBYOIMAX yPOB-
HAX HHTErpajia 3HepTHH — 0Co0ke TOUKM ypaBHeHWi ABMKeHHSA. llpm HeKpu-
rageckux h rpapEma 0D ecTs Tiajkoe KommakrHOe (n — 1)-MepHOe MHOTO-
oGpasme.

IlocTtaBuM ciaemysmyio 3afgady: CYIeCTBYIOT JH Ha coo'rBeTcTBonn:mx
YPOBHAX 9Heprum mepmofmueckme pemenua? Eme Yurrerep [*] m Bﬂpﬂrod) ‘
[5] pacemMarpmBaam 3afady CYMECTBOBAHUA 3aMKHYTHX TeO[e3WIeCKUX JHMHHM
Ha PEMaHOBOM MHOI000pasum ¢ KpaeM, He HMEIOmUX ¢ TPAHUIEH 9TOTO MHOTO-
06pa3ﬂﬂ o6mux Touek. B atmx paGorax TpeGyercs, B UaCTHOCTH, HEBHIPO-
ICHHOCTh METPHKH Ha IPaHAIe M BREIOYKJIOCTH CaMOM TDaHHUIHL. Hcﬂo 9TO
B IOCTABJIEHHOH 3aj{ade 9TH Pe3YIbTaTH He IPHMEHHMEL.

2. JImGpannsa B cHCTEeMAX CO MHOIHMH CTENCHAMH CBOGOJBI. IIOJIO}I{GHHG
CHCTeMH B KOHQHIYpammoHHOM IpoctpaHcTBe [} 0003HaYnMM GykBoii m (m &
= M). Ilyere g = {¢q;} (i = 1...n) — HEKOTOPHIE | IOKAJbHKE KOODAHHA-
THI Ha M. | | |
| JIe.M,.M,a, 1. Ecanm q1 (t) 4 g, ({) — 7OBa pemenWA yPABHEHHH [BUKEHHS C Ha-

aansEbMu fanEbvi g; (0) = ¢5 (0) = g0, 417 (0) = —¢» (0) = vy, TO gy (1) =
= g, (-F?). | f |

Caedcmeue. Ecnm q (f) — pemeHEe ypaBHeHEH [BUKEHHA C HA4aJIbHEIMIA
nasaEME ¢ (0) = g4, ¢'9= 0, T0 ¢ (?) = g (—1).

.

yij oxasameavcmeo semmu 1. Ecanm q () — pemeHme ypaBHeHUU Jlarpam;ka C JarpaH-
skuagoM L = T~ V; m ¢ HawanpHEMH ycaopmamu (upu ¢ = 0) ¢(0) = gy, q"(O)--— vy, TO
g (— %) ecTb pemeHme Tex jKe YPaBHEHWH C HAYaJbLHHMH yeaosuamu q(0) = gq,, q(0) =
= — v,. JiIs 3aBEPHICHHs] [[OKABATeALCTBA OCTAETCA MCIONHBOBATH TEOPEMY O[MHCTBEH-
HOCTH pemeﬂnn ypaBEeHnH Jlarpamxa ¢ IOJOMKHETEILHO ONpEeeHHON KBafpaTuIHOi Pop-
moit T., |

Jemma 2. He cymectByer pemeHHs ypPaBHEHHH ABHKEHHA, TPAGKTOPHSA
'KOTOpOTo Iepeceraer rpaHmny 0D Oojee ueM B IByX PasiHIHEX TOUKAX.

~ Caedcmesue. Ecan npu t = 0 Touka m & 6D, To CYMECTBYET & > 0, Taxoe,
gyro upu ¢t & (0, &) Touka m n & aD. -
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- IToxasameavcmeo semmuws 2. IIpeAmoNo:RUM, 9TO0 CYIECTBYeT PENICHHE, TPAGKTOPHA Ko-
TOpOro mepecexaer 9D IOCIeXOBATONBLHO B TPEX TOYKax a, b, c. Torga Touxa m, ABUTAACH U3
TOYKH @, Iepe3 HeKOTOPOoe BpeMsa momanaeT B TOUKyY b. Ioiiga go b, To4Ka m, COTIACHO Cled-
CTBHEI U3 JeMMH 1, GyHeT ABHTaThCA IO TOH jXe TPAGKTOPHY B NPOTHBOIOJOKHYIO CTOPOHY
I Yepe3 KOHEYHOe BPEMs HOIAeT CHOBA B TOUKY a. Ilo caepcTsmio m3 jJeMMH 4, Touka m
gaTeM OyjeT ABUraThCA IO TOM Ke TpaeKkTopum oT a K b m 7. Aa. CaemoBaTesbHO, TOTKA m
HHEKOIaa He MONajeT B C. ITonyaeEHOE MpPOTHBOpEUHe ROKA3EHIBAET JeMMy 2.

Teopema 1. Eciu TpaeKTOpHA HEKOTOPOTO DEIIEHWA yPABHEHWIl [BIKEHH
mmeer ¢ 0D nBe o6mEe TOYKH, TO APYTHX OOIMKX TOUYEK HOT B POIIGHAe ABIAETCA
IePHONUIECKEM. | _ |

Hoxasameavcmeo. 11ycTs y — TPaeKTOPHSA dTOTO pemeﬂﬂa. CoriaacHO neM-
me 2 KpmBas y uMeer ¢ 0D Toabkro aBe obOmue TOUKH. Ilpm sTOM TOUKA M coBep-
IaeT HePHOAMIECKHe KOe0aHna Mey KOHNAMH, Y (10 CIeICTBHIO B3 JeMME 1).
+ Ilepmopmyeckue pemeHus, 0 KOTOPHX HfIeT pedb B TeopeMme 1, mo aHamorum
¢ CHCTEMaMHZ C OHOM CTemeHBIO cBOGOMEI Ha30BEM: AR6panEaAMA.

3. IocTpoende MOCIEOBATEILHOCTH OTPE3KOB reofesmyeckux suHmi. Cy-
mecTBoBaHEe AmGpanmii Gymer [OKasaHO [JA CIydas, KOrja o6IacTs BOBMOK-

mux gemxenmit D muddeomoppra mpamomy mpomssefenmio N X [0, 1], rme
N — ranagroe =xommaktHOe (n — 1)-MepHOe MHOTOOOpasme. I'pammma 0D
COCTOHMT W3 [BYX MHOT00Gpasmit D" m D", nupdpeomopdurix N. Bes ymepba
© obmuocta N MOKHO CYATATH CBSIBHEIM. ' _
Ilpepnaraercsa ciaenyomuid MeTOR IOCTPOSHHA AHOPanMOBHEIX IePHONHA-
yecKEX pemeHmit. Jlisa ¢urcmposamHOit o6mactm D = N X [0, 1] pacemar-
PHBAeTCA IOCIENOBATEABLEOCTh BJIOMKEHHHX APYT B Apyra mnomoGaactei

Dy=NxXMN/k+2), 1 —1/(+2] #=1,2.)
D,CcD,C...CD,C...CD |

rpaEnnsl XKotopux (0D, m 0Dy") mpm k — co paBHOMEPHO CTpeMATcA K 0D.
Ilost kammoin obmactm Dy CTPOATCA OTPE3KH I'eONe3HUYECKHX JHHHAN B METPHKE
dp ¢ xoamamMu Ha 0Dy. Ba:kEO 0TMETHTBH, 9YTO METPHKA dp y:Ke HEeBHPOKHEHA
ma 0Dy. Jlanee morasHBaeTCs, YTO W8 MOCIENOBATEIBHOCTH MOCTPOEHHHX OT-
PeSKOB MO;KHO BHIODATh -mOAMOCHEN0BAaTeIBHOCTh, CXONAIMYIOCA B METPHKE
dS K reofesudecKoil B o6nactu D ¢ xormamu Ha 0D, m [BH¥KEHHe IO dTOI reo-
| ileBM9ECKOR NePHOTUYHO. -

- Teopema 2. B ob6mactm Dy (kK = 1, 2. ..) cymecTByer OTPe3OK reofiesmue-
CKOM Yy B MeTPHKe dp ¢ KoEmamm Ha 0D;' m 0D,", npmdeMm AIMHE Yy paBHO-
MepHO mO0 % OrpaHHYeHH CBEPXY. _ |

Hoxasamesvcmeo. Pacemorpmm riamroe Muoroobpasme M’ = N X R.
OrosxpecTBEM mopmHOToOoGpasme N X [0, 11 C M’ ¢ obmxactsio D. Puxcn-
pyem HOMED k u oGosHaumm D, wepes E. Merpura dp onpepieinerna B E u B He-
KOTOPOii OKpecTHOCTH MHOecTra £ B M'. Ilycts dp’ — riajgkas Merpuka Ha
M',. Taxas, 9T0 pEMaHOBO mpocrpascTBo (M’', dp') momEo m dp’ coBmapaer
¢ dp Ha L£. Taras MeTpmKa CYImECTBYET COIJACHO YTBED:KAGHHAM O IIaJKOM
IPOMOJKEHA TEHBOPHEIX moieii (cm., Hampmmep, [2]). flcmo, aro reomesmue-
CKHe B HOBO# MeTpHKe dp’ coOBIafaT Ha E C TeOIe3UIeCKEMH JMHUAMA B MeT-
- puKe dp.
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IIycts my & 0E" m m, & OE". PaccrogrumeMm p (m,, m,) MKy TOYKAMH
m, U M, HA30BEeM TOYHYI0 HHKHIOI0 TDAHb [JHUH KYCOYHO-TAAJKHX KPHBHIX
¢ HAYAJOM B m, W KOHIIOM B m,. Paccrosnmem pr Mexnay 0E’ u OE” Ha30BEM
TOUHYI0 HIGKHIO TPAaHb DACCTOSHEA Meay mobmmm Toukamm] u3 0F =
OE". Tax xak p (my, m,) genpepsiBEa Ha 0E’ X OE" m OE', OE" KOMUDaKTHH,
170 Ha OF' m 0E" cymecTBYIOT TOUYKH @, U d,, PACCTOSAHNE MEY KOTOPHIMHA PAaBHO
og. Tak Kak ppumanoBo mpoctpadcTBo (M, dp’) moxHO, TO TOYKH 4y U Gy MOKHO
COeHHATH Te0Je3UICCKOM Y (= vx) mmmae pr [3]. Iloxaskem, dWro y memmr
neinkoM B E. JleiicTBHTEIbHO, €CIN 3TO HE TaK, TO CYImECTByeT 9acTh 7y, CO-
eIUHAIMAsA HEKOTOpHEe Toukm m3 0FE' m OF" um piamHa KOoTOpOU MEHBIIE Pg.
Jnmaa 9 = Yy He IPEBOCXOMHUT MJIMHH J000# Kyco9HO-TIafKo# KPHBOX B 06-
macta D ¢ rommamum Ha 0D’ m 0D". CaemoBaTeinbHO, JIHWHEL Y, PABHOMEPHO
mo %k orpaHmuYeHH cBepxy. Teopema 2 MoKasaHa.

4. ]loka3aTelbCTBO CYIIECTBOBAHUA JHOPANMOHHBIX NEPAOJAYECKHX pe-
menmit. Teopema 3. B o6mactu D = N X [0, 1] cymecTtByer aubpanunorHOe
IepHOiMUecKoe pemenne. TpaeKTopHs STOTO PelIeHMA He MMeeT CaMoIepece-
YeHHA W ee KOHUHL Jexat Ha 0D’ m dD". |

Jlokasameavcmeo. llyers 1, ..., lx, . .. — OJIUHH OTPE3KOB Treofie3nde-
CKHX Yy, . - -5 V&, - - - OueBmauo, 0 << [ < o< L.<<.... llyers | =
= supg l;. 3a mapaMeTp Ha KPHBHIX Y, MOKHO B3ATH JIMHY IyIu P, OTCUUATHI-
BaeMylo oT Kakoro-umOyas kouma. flcmo, ut0 0 < p < lk. Ynobnee mcmoan-
30BaTh APYroi mapamerp !, KOTOPHI DK BCeX Kk M3MEHSAETCA OT Omo1m yAo-
BiieTBOpAET YyclaoBui0 p = [f. OdYeBHAHE HepaBeHCTBA

(Z-_*-i) P (Ve (P1), Vk (P2)) < | Py — D2 [y 0 (vr (81)s Ve (22)) << L | 8—1s
o (e (), e (B)) Uty —ty | |

rae p (m,, my) — paccTosH¥We MEKAY TOUKAMH m,, m, & D B MerpuKe dp.

OGosHaumM depes Yy, 9acTH TIeOfe3MYecKux v, korja t & [1/n, 1 —
— 1/ n] (n=3,4...). llokamewm, uro nasa awboro n y I PaHAL oD" m oD"
cymectByloT okpecraoctu U,’, U,”, Takme, 9To KpuBbHIE Y, UPH BCeX A MMEIOT
¢ HOMHE IIYCTO® IepecedeHNe. 3aMeTHM, 4TO KpPHUBEE Y, Kopode y, ¢ obomx
. KOHIOB mo Kpaitmeir mepe Ha [, / n > 0. IIpenmomosxuM, 4T0, HaIpAMEP, OK-
pectHocT U,’ ¢ Taxkmm cBoicTBOM HeT. Torga Ha KPHBHIX Yy CYIIECTBYIOT
TOYKH @), CKOJb yroguo Giamskue (B mMeTpuke dS) K 0D’ m, ciegoBaTelbHO,
k 0D,'. CoemmamM TOuRy a; ¢ 0D, orpeskom A, Majo# [THHE. PaccMoTpum
KYCOYHO-TJIATKYI0 KPHBYIO Vi , COCTOAIYIO B3 HTOTO OTPE3KA M yIacTKa reoje-
3M9eCKOM Yy OT TOUKH ay o 0D;'. Ee gnmua npm Goapmux k o4eBHUIHO MEHbBIIE
l.. Ho 5T0 IpPOTHBOPEYAT NPHHIMIY IOCTPOEHHS KPUBHIX 7.

iBHa‘IﬂT npun QUKCHPOBAHHOM . KPHBHE y," dear B Komnakre D' = D \
\ (U, |J U,"). Bynem roBopurh, 9TO MOCHAERAOBATEABHOCTh TOUCK Ap & D’
cxomurca B Merpukedp (ds) k Touke a & D', ecam pacCToAHME MEEKAY Am X @
B MeTpuKe dp (ds) cTpeMHTCA K HyJdI0 Ipud m —oo. Tak Kak MeTpura dp He-
BHpOKIeHA Ha D', To ompefeaeHns CXOIUMOCTA B METPHKaX dp W dS DKBHBA-
JeHTHH. MHOKECTBO KPHBHX 7Y," PaBHOCTEIEHHO HeIPEepHBHO. JTO O0YeBHHO

BBEAY Popmyi (4.1), KoTOopHe cupaBefImBH A AuA v;". Llosromy mo 0600men-



o B. B. Koanos I' 403
U

HO#t Teopeme Apmena m3 JH0O0TO 6eCKOHEIHOTO TONMHOKECTBA Ie0/Ie3MIeCKHIX
v MOMKHO BHODATh IOMIOCIENOBATENBHOCTD (Vi )u (u=1,2...), paBHO-
MEeDHO CXONAMYICA B MeTPEKe ds K HenpeprBHO# kpusoit y": [1/n, 1—1 / n]—
—» D [%]. OueBmmHO, aTO Y" — reofie3MYecKas B MeTPUKe dp.

IIycth Temeph n IPEHEMAeT 8HadeHHA 3, 4, O.... VI3 mocaenoBaTeIbHOCTH
2 (k= 1, 2, ...) MO;XHO BHODPaTh DOAMOCIE0BATENIHHOCTD (v (u =1, 2...),
paBHOMEPHO CXOAAMYIOCA K Teomesmueckoir I'g: [*/g, */ .] — D. W13 Geckoneqno-
ro mEoxkectBa (v (v =1, 2, .. .) MOKHO BHOpATh TOCIE0BATEIBHOCTD
(ved)), v =1, 2, ...), PaBHOMEDHO CXOIAMYIOCH K reogesmgeckon I',:
*/,, 3/,] - D. flcuo, aro I'y C T';. 10T HmpoIece MOKHO HPOMOIKATE 10 Gec-
KOHEYHOCTH. B HMTOTe MOJYy4HWM IOCJIe[0BaTeIbHOCTD BJIOKEHHBIX APYT B APYTa
reoe3nd4ecKuXx ' |

T,CTl,C..CToC... (Tn: [t/n, 1—1/n] D)

ITomoxum

— reofesmueckas nuHEA B Merpuke dp. [amus 1, paBEOMEPHO 1O 72 OTPAHA-
gensl cBepxy amcioMm [ > 0. CiegoBaTensHO, AJIHMHA reoiesndeckoil 1' Toxe He
npesocxoaut /. Rkpome TOTO, HA I cym;écTByxoT Be IOCJHeI0BaTeIbHOCTH TOYEK
m;' W my", HEOTPAHWUEHHO NPHOIMKAIMEXCA IPE £ —- 00 COOTBETCTBEHHO
k 0D m oD". : . . -
TloxaskeM, uTo KpuBasg I' He mMeeT caMomepeceTeHHN. IIpegmonoxum mpo-
TMBHOe, T. €. IPH HEKOTOPHX ¢ = 1;, L, (0 <<t <1< 1) umeer MECTO
paserctBo I (¢;) = T (¢;). [las mroboro & > O cymectByer n = n (&), Takoe,
aro [t,, t,] C 1/ n,1 — 1/nlmp (v, (2), I (1)) < empu ¢, < & < 1,. Paccmor-
PEM BMECTO Y, KYCOYHO-TIAKyI0O KPHBYIO V. , COBHANAIOIIYI0 C Y,, KOTJa
te= 1/ n, 4] U Ly, 1 — 1/ n], a npu t = (t,, t,) COBOANAOMYI0 ¢ KpaTIa-
mel TeoxesmuecKoil, CoeNMHAIMEH TOUKRYE Y, (t) B Yn (L). 1lycrs L = L' —
UIMHEL 9acTeir v, U V, , Koraa i, <Kt < 1. Ouesmnno, ato L> I, |t — &, |
a L' < 2e. Ilpu MaIHX €& KyCOUHO-TIafAKas KpHBasg Y, , Jeamasd B D, n
coequaaiomasn 0D,’ n D,", xopode y,. Ho sT0 IPOTUBOPETIAT TOMY, UTO Yn
pMeeT MEEUMAJBLHYIO LJITHY CPeld BCeX KYCOYHO-TIaJKUX KPHBEIX, COCNHHI- |
jomux rpaHans D.,. o
' OcTajioch MOKAa3aTh, 4T0 3aMHKaHEE I (I') ecTs reofie3amdyecKas ¢ KOHIAMH
Ha 0D, m Touka m ABmKeTCA 1O I nepuogudecku. PaccMoTpAM pemieHue ypaB¥
HeHHW [BUKEHHS HPH CIe[yIMHUX HAYAIPHBIX TAHHEIX. B MOMEHT BpeMeHHu [ =
— 0 Touka m ne:xkmt BEyTpu D mHa I', cKOpoCcTh HampaBiieHA BIOIH I', a ee Be-
 IMU¥MHEA OIPEefeafAerTcA I0 3aQUKCHPOBAHHOMY BEINIe 3HAYCHUIO IOJTHOR DHEP-
rum b. TIpefmosoReM s ONpeielieHHOCTH, 9TO HpH T > 0 gBm;KeHUWE m IPO-
JCXOMAT B CTOPOHY rpaHmmsl 0D’ (T. e. m moOmBaer B TOUKAX m;', OMU3KEX
k dD’). Ilpu aToM mMeeT MecTO CleAyHOI(as albTePHATHBA: MIM 34, KOHEUHOE
BpeMs TOUKA m momajger Ha 0D’ mim mpwm BCex ¢ > 0 touxa m €& dD’. B mep-
BOM CIIy4ae IO CJIeCTBHIO M3 JEMMEL 2. Touka m, momaB Ha 0D’, Gynmer nBHU-
. raThCf IO TOH jKe TpaeKTopuH B 00paTHYI CTOPOHY — K I'DAaHHIE 0D". 3pecs
' Gymer MMeTh MeCTO TAKafA ke aJbTePHATHBA: MM B HEKOTOPbI MOMOHT BPeMEHH
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m & 0D" mnm TouKa m HUKOI[a He Iomajer Ha rpamuny. B mepBom cayuae,
coriacHo Teopeme 1, Touka m OymeT coBepmaTh NEePUOAUIECKOE IBYHKEHEE
mo I' m Bce morasano. TakuM o6pa3oM, 0CTAIOCH PACCMOTPEeTH Cydail, KOTHA
m, nBETasich mo I', HMKoraa He monafer Ha 0D . [Toka)keM, 9TO IPH BTOM TOUKA M
Gymer acHMUITOTHYECKH IpuOamKarthes K 0D (3[ech M HEKe PacCMAaTPHBAETCH
CXOOAMOCTH OTHOCHTEJNHHO MeTpHKH ds), Uepe3 U. 0003HaUMM e-OKPEeCTHOCTH
B MeTpHKe ds MuoKecTBa 00). Ecim m He crpemurcs K D, TO CYIECTBYET & >
> 0, Takoe, 9TO IpH IPOU3BOILHO OOABIMMX { TOYKA M Haxonmc;{ BHe U,,.
C Apyroit cTOPOHHL, TOYKA m HOOHBAET B TOYKAX My HJIH My , CKOJB YTOXHO
6amsxux K OD. HaumBas ¢ HeKOTOpOTo HOMepa k, TH TOUYKH GYAYT JIe/KATE
B Uzo/z Paccrosisme B MeTpmke dp MexAy Toukamm MHOKecTB D \ U, m
D () U, oTpaEudYeHH CHI3Y HEKOTOPHM HOJOMKHTEIAbHHM qmcioMm. CiegoBa-
TelbHO, AamHA I' 6eckoHeuna. OmHAKO 9TO HE TaK.

Iloxa)xeM Temeph, 9TO IPH HEKOTOPOM & > () TOYKa m He MOKeT HA XOIATE-
cs1 6eckorewrno foaro B obmactm V. = {h 4+ V < e}. Bubepem &, cToar ma-
JEM, 910 B V., moreBmman V He mMeeT KpUTHYECKHX ToueK. Tak Kar V,
KOMIIAKTHO, TO CYImECTBYeT KOHEYHOe IIOKDHTHAe MHOKeCTBa Ve, MAJHME 00-
dacrama W, C M (s=1, ..., N), B KOTODHX MOKHO BBeCTH IJI00aJbHO
IeKapToBH KoopameAaTH. OmemmM cHawaza V' Ha V.. Jlaa ¢uKCHpPOBAHHOTO
s 0003HaYAM d9epe3 Gy, . - - Jpn JTOKAIBHEIE KOOP/IWHATH HA W,. llo HepaBen-
ctBy Homm — BymHAKoOBCKOTO o

n
V' =X 5| <lgrad V|V
i=1 1 |

| A -
Ile V — BeJIHMYAHA CKOPOCTH TOYKH m. lak KaKk I — IOJOXXHTEJLHO oIpefie-

JeHHas KBajgparumdHas dopMma, To B oOmactm W, conpaBeqimBH HEPABEHCTBA
cl,,sv2 K T < eyv? (C1,80 Co5 > 0). Us HHTErPaJIa oneprum I = h + V cie-
nyer, 910 B Ve, KHHeTHYECKAA SHEPIHA T < &,. CienoBaTeibHO, B obmacTH
Ve, [ W, Bumonusgerca HepaBeHCTBO | V' | < c3,4.

ITonosxum C3 = max, c;,. -lora Ha BCceM MHOMKeCTBe V, cCIpaBeJIHBO
gepasercrso | V° | < Cy. Ilycrs mpr meroropoM & > 0, & < e, TePeceveHNe
Ve (| W, He mycro. OnenuM B 3T0i 06GnacTh

\ n L
o0 -' Q aV o0 ° °

j= ,'7=

!

Bocnoanayemca npeobpasoBarmeM JIeskaHOpa X KaHOHHMYECKAMHM YypaBHe- -
HUAMHA |

. oT . o oT 4 2%
P dq;"’ $’ dg, ' 0q,
Torma
k oV 0T oT oV c 2V
L 3 a )
v - —“—(—~+ AN
/ | I Ayi=1 aqz apzapj 6q3 aqj 1,] =1 aqzan 1’
I n .
| 2
__ avV 9T _I_ D,

i)f:‘:l



B. B. Kosaoe -

rae O, — KBaJpaTHIHAA ¢dopma mo g;" ¢ orpaEmueHHEME Ha V., [| W, xoad-
qmuuemamn 3HaunT, B obmactu V, ﬂ W mmeer mecTo HePaBeHCTBO | D, |
< €458 (C4,5 > O) Bripaskernne '

i < 9V eT 9V
2, aqi op,dp; 9q;

1,0 =1

{4.2)

€CTh CKaJAPHHIM KBagpat BeKropa grad V B merpmke 7.

- Tax rak ¢opma T monoxmTensHo 'onpefenena n ¢ynxnus V He mmeer B 06-
gacta Ve, KDHTHYECKHX TOYEK, TO CymecTByeT Cg; > 0, Takoe, d9T0 Ha
Ve, | W, cymma (4.2) Be MeHBIE cj, / 2. CuepoBarennno, B obnacTi Ve ﬂ
W, copasemamso HepaBeHCTBO V™" > ¢p, — €4 & Ilonomum C,
= ma‘xsc4,;, Cs = mings,, (C,, C5 > 0). Torga Bo Bceir obOmactu V. mmeer
Mecto omerka V™ > Cs — C,e. Tak rakx C3, C; m Cs He 3aBHCAT OT €, TO
cymecrByer &, > 0, g, < &, Taroe, 4o Ha Vg, OJIHOBPEMGHHO

1V < Cy V7> Co (Cg) Co > 0)

Ilyers i:[pn t = 0 Toura m Haxonmca B oﬁ.uac'm Vgo Torma h +V >
> Cgt* /[ 2 — C4t. CremoBaTesibHO, Bpemsi, Jepe3 KOTOpOe /m MOKHHET MHO-
mectBo {h + V < &g}, He IPEBOCXOAUT MOJIOKATENBHOIO KOPHSA CIAEALYIOMETo
YpaBHeHHA:

ngz / 2 — Cax

Taxum o6pasoMm, BEHICKa3aHHOe BHIIEe yTBe)KMeHHe foKasaHo. Hak cuep-
CTBME IOJIYYWM, UTO M HE MOMKET aCAMITOTHYECKH CTpeMuThed K 01 npH t —
—oco. CrnemoBaTenbHO, B YKa3aHHEX. aJbTePHATEBAX BTODO# BO3MOKHOCTH
mer. Teopema 3 NMOKasaHa. | '

d. Ilpmlomeﬂne K 3ajade O Bpam,eﬂnn TBEPAOTO TEJIa C HEeNOABIKHO TOY-
KO B HBIOTOHOBCKOM IOJie CMJI. JTa HATYpPaJIbHasA MEeXaHHYECKas CHCTEM&
AMeeT TPH cTeneHH CBOGOML, KOHPUIYypanumOHHOE HPOCTPAHCTBO KOTOPOH eCTh
rpynna SO (3). 3agaga WHBAPHAHTHA DY AeACTBAN IPYIIEL BPAMEHNH g%(s =

& [0, 27)) oTHOCHTEIbHO BEPTHKAIBLHON ocu. I'pymme g° COOTBETCTBYeT IHK-
. JIMYeCKHH WHTErpail — MHTerpaJ miomasei. depes j 0008HaYAM €TI0 IIOCTOSH-
HYIP. | ' | J

PaccmoTpaM cHagasa BOmpoc o cym;e(:TBOBaHnﬂ MePHOAMIECKHEX [BYKEHAN
Tejla B TpexmepHOM mpoctrpamcTBe. IlyeTh A = (0 — MaKCcEMalbHOE KpHUTHYe-
CKoe 3HAYeHHWe MHTerpaJjia sHepruu. Ilpum 2 > o 061acTh BOBMOMKHELX TIBUKE-
HEii coBmagaer co Bceit SO (3). Ha moGom pmmamosom SO (3) cymecTBYIOT
N0 KpafiHe#i Mepe TPM DasIMUYHHIX 3aMKHYTHX reopesmyeckmx [']. VIm coor-
BeTCTBYIOT IMECTHh PA3JIMYHHX HEePHOAMUYCCKHAX ABUIKEHHH TBepporo teja. llpm
OCTaJbHHX HeKPHTHYECKHX / Ka)kfasa CBA3HasA KOMIOHEHTA 001acTé BO3MOJK-
' HHIX IBWyKeHHmit, coraacHo [+8], mmpdeomopdna 72 X [0, 11 (I'* — mBymepnmIA
Top) max St X D? (S — orpyxHOCTH, 8 D? — nByMepHHIi Auck). B mepBoMm
cay4ae, IO TeopeMe 3, CyImecTByeT IO KpaiiHell Mepe OlHO, IHOPAaHOHHOE IIe-
 PHOAMYECKOEe ABHMKeHME TéJa. JTO IEePHOAMYECKOe DeIleHWe yPaBHEHUI [IBH-
JKeHHS JIe}KHT Ha HYJEBOM yPOBHE HHTerpaja IJIomajed, Tak Kak mpu j = (
~CKOPOCTH TeJla HEKOIAA B Hyab He oOpamaercsa. Eeam y (1) — Ui (N (0:: 0]
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pemenme, 10 g° (y) (s & [0, 2n)) — Toxe MImOpanmoHHOE MEePHOAAYECKOE PerIe-
ame. Tak Kak Yy He ABIAETCA NePMAHOHTHHM BpalleHEHeM, TO g° () 7 y UpH
s = (0, 2xt). CnegoBartensro, B obmactn T2 X [0, 1] cymecTByeT memoe omuo-
napaMeTrpuyeckoe ceMeHcTBO JIMOpAamMOHBHEIX JIBH}RGHEE.

Pacemorpum moxpo6Hee caydair j = 0. Haanmume rpyoms cmme'rpnn o~
3BOJIAET CBECTH 3a/laYy K CHCTEeMe C JBYMA CTeIeHAMH CBOOOJH PaKTOpH3amuen
mo g°. flcmo, aro SO (3) / g° = S? (cpepa Ilyaccomna). Ilommxas mo Paycy
HOPAAOK CHCTEMH B JIOKAJIbHHIX 0606menHEX KoopAuHATax @, @, P (yrasl Oi-
Jepa), MOJNYIAM HATYPaNBHYIO CHCTEMY C JABYMA CTeHeHAMH cBOOONEI, B KO-

TOPOM

T —

rae
Ka = AB sin? % 4 C cos® ¢ (4 cos® ¢ + B sin?® ¢)
Kb = (B — A) C sin 4 cos ¢ sin ¢ cos ¢
Kc = C sin? ¢ (4 sin®2 ¢ -4 B cos® ¢)
K = A sin® 9 sin® ¢ + B sin® ¥ cos® ¢ + C cos? ¥

(V — moreHOmaj HBIOTOHOBCKOTO HOISA CHI).
Herpynao moxkasath, uto I — MOJIOKUTENBHO OmpefieieHHas KBafpaTHd-

Hasa gopma. [lokakem, uro I m V, onpenenennsie npu & = 0, 7, aHATATHIECKA
mpojoisxaoTcsa Ha Beio cdepy Ilyaccora. ITOT aKT 0UeBHICH AJiS HOTEHIHAJIA
V. Pacemorpum ¢opmy I B JTOKAJBHEX KOODAMHATAX Z = sin ¥ sin @, y =
= sin ¥ cos ¢ Ha S?, He mMMeOMUX O0COOEHHOCTEH B IOJIIOCAX |

= 2 ey +
ABzx? ABxy ABy?
KE=g—— +BC, Kn=q—pf—p Ki=g—p—m+4C

K=Az*+ Byt +C( — 2* — y?)

Tax xax dopma T aHAIATHIECKN 3aBHUCHT OT X M Y IPH MAJHX 3HAYCHAAX
3TAX IEPeMeHHHIX, TO BEHICKa3aHHOE yTBePKACHHe TOKAa3aHO.

K noaydenHO#l HATypaJbHOH CHCTEME MOKHO NPAMEHHTH NM3JI0KeHHEHe
Brme pesyabraTth. Ilpm 7 > ® o6racTh BO3MOKHHIX ABHMKEHHME COBOAaJaeT
co Beeit cdepoir IIyaccona. Tak xak Ha nByMepHoﬁ PEMAHOBOM cepe CymecT-
BYIOT II0 Kpafineii Mepe TP Pa3IMIHEIX 3aMKHYTHIX HecaMOImepeceKaImuXcA
reoqe3MYecKuX, TO B 9TOM Clydae ypaBHEHHS IOHMKEHHOM CHCTEMAl MMEIOT
IIeCTh PABINYHHX mepmogmuecknx pemenmit [°]. IIpm ocTajbHEX HEKPHTHIE-
CKEX 3HAUYCHEAX A KasKIasd cBA3Hasgd KOMIOHEHTA 00JacTH BO3MOKHEIX IBH’KE-
nmit ectb ambo xouapmo S X [0, 1], mmbo mucK D2 [7:%]. B mepBoM ciayd4ae IO
reopeme 3 cymecTByeT XoTa O OfHO AMOpanuoHHOe pelIeHHe ¢ HecaMomepe-
cexamomeiica Tpaexkropumeid. Bompoc o cymecTBOBaHMH IePHOANYeCKAX peme-

HEHi BO BTODOM ClydYae OCTaeTCA OTKPHITHIM.
Bamewanue. CymecTBoBaHAe IHGDPANMOHHOTO PEIIeHHA B KOJBIEBO# 00ia-

CTH IPHBENEHHOHA CHCTEMH BHITEKaeT, KOHEYHO, M3 Pe3ylbTara o AnOpamuoH-
HHX ABIKeHHAX Teia B obGmacrm T% X [0, 11 C SO (3).

[Tocrynmaa 25 IV 1975
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