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OB YCTOIUYMBOCTUA BPAHIEHMA HA CTPYHE TBEPIOI'O TEJIA
C DJIVIICONTAJBHOM IOJIOCTHIO, IIEJMKOM HANOJHEHHOX
NIEAJBHON HECKUMAEMOW SKUKOCTHIO

A. I0. Imaunscknii, M. E. Temuenko

(MockBa, RueB)

B npepiiaraeMoM HCCIeHOBAHNHM YVCTOHYHBOCTH BpPAIlleHHA Ha CTPYHE TBEpPHOro Tela
¢ OOJOCTHIO, HAIOJHEHHOM HAealbHOH KHUAKOCTHLI0O, BHOBh IIPUMEHAETCA MeETOH, pa3BH-
TR B [1]. CymHoCTh 3TOro Merojia 3aKII049aeTCAd B ONHCAHUM JIBIKEOHHA MKHAKOCTH IO
OTHOLIEHNI0O K CHCTeMe KOOPAWHAT, CBA3AaHHOM C CAMHM TBEpPABIM TeJIOM, COBEpPIIAIOIIAM

NIBYJKEHUe TPH BO3AEHCTBUN HAa HETO JKHUIKOCTH, COOCTBEHHOH TAMKECTH, a TaKMKe CHJI peak-
A CBA3M.

3ajiaga, pacCMOTpPEeHHAaA HUKe, B ClyYae OTCYTCTBHA IKHAKOCTH OHIIa HpeJMeToM
ncciaenoBaHnA B [2]. JIpyruM ee IpefeibHEIM ClyiaeM IpH AJUHE CTPYHE, PAaBHOH HYIIO,
ABJIsAeTCA m3BecTtHaa 3amaua C. JI. CoOoxeBa, mcciaenosagHasA B [13]. OTgenbHEIe IIpHEMEE
3THX WCCJHEeNOBAHWII HIKe MCIOAb3YIOTCH.

1. IIycts cmMmerpuuHOE TBepHoOe Teso, OyMy4nm HNOABEIIEHHHM HAa M/€aJb-
HO rm0KOi#, HEPACTAKAMON I Ge3MHEPOIUOHHOHM CTPYHe JJIHMHOI0 /, B HEBO3MY-
IIEeHHOM ABW)KEHUHU Bpallaercs ¢ HOCTOAHHOM YIJIOBOM CKOPOCTHBIO ® BOKPYT
e BepTUKaJIbHOU ocm (pur. 1). BHyTpm Tena mmeerca mo-
%1)3 JOCTH POPMBL BIIIHUICONIA BPAIMEHNUA, IeINKOM 3aN0JHeH-

Hasl HAeaJbhbHON HeC;KHMaeMoi KuaKocTrio. Ocm cumMmerT-
PHH OOJIOCTH M CAMOTO TeJa coBnaganT. B HeBO3MymMeHHOM
IBH)KEHNHU KUAKOCTH BpamaeTca BMecTe C TeloM, o0pasysa
¢ HUM Kak OH egmHOe TBepmoe Iegoe. Tpebyerca mcciae-
OBATh YCTOMYHBOCTH TAKOIO0 CTAI[HOHAPHOTO JABW;KCHHUA.

2. O6paTnMca BHaYaJe K BRIBOAY Au(PepeHnuaNbHEX
ypPaBHEHAM ABUKEHMA pacCcMaTpHMBaeMoro TeJa, mpeanoja-
rag, 470 3TO ABHKEHHNE MaJIO OTIHYAETCA OT YyOOMAHYTO-
ro CTAIMOHAPHOTO BpANleHUs BOKPYr BePTHKAJIBHOH OCH
C YIJIOBOM CKOPOCTHIO (.

BBeneM HemoaBUKHYIO CHCTeMYy KoopauHAT &g C Bep-
TMKAJbHO HApaBjeHHO® ochklo { m Hagamom (O, B TOUKe
KpeIlUIeHns CTPYHH K HEIOABMXHOMY OCHOBAHHUIO, & TAKIKE

-<—Z—~J HoCcTyHaTeJbHO IepeMemamycsa cacteMy £E°n°C° ¢ Ha-
qu_ 1 gagmoM O B TOUKe KpeINIeBMsA Tela K cTpyHe (¢ur. 2).
COOTBETCTBYIOIIHE OCH 9THX CUCTEM HAPAJJEJIbHEI.

B Touxke O pacmoioKUM TaK;Ke HA4Yaj0 CHCTEMH KOOPAWHAT ZYZ, KECTKO
cBsa3aHHON ¢ TestoM. Och z 9TOM CHCTEMEL HAIPABUM IO OCH CHMMETPHM Tejia W
MOJIOCTH, & OCH Z M J PACIOJNOKHM B IJIOCKOCTH, HEPIEHAUKYJIAPHOH OCH Z,
TaK, 9TOOR OHM BMECTe C 3TO¥M OChX O0Opa3sOBHBAJM NPaBYI CHCTEMY KOOP-
TNHAT.
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Ilonos;xkeEne CTPYHH IO OTHOIIEHMIO K cucreMme En{ ompeneauMm ABYMSA yr-
JaM¥ A M U; OPH 9TOM A — YTOJ MEMKAY OChl0 { W NPOEKHHeN HA IIOCKOCTH
N OmpAMOM, HANpPaBJAEHHOHN IO CTPYHE BBEPX; W — Vrod MeXKAY DTOH mps-
MOH ¥ IJIOCKOCTBIO M (¢pmr. 2).

Ilomos;xenme TBepAOro Teda mO OTHOImEHMIO K cmcreMe E° M°C° ompemerum
TpeMs yriaamm Jinepa — Rpmuropa (¢mr. 3): yraoMm g MeKAY ochbio (& B

\ C z} |
2

}; . . ]
() O t.'fb

| / Ji A

y v &

Dur, 2 Dur. 3

IpoeKIued OCH CAMMeTPHH Telaa (0CH z) HA ILIOCKOCTL 1)°(°, yraoM f — mesm-
Iy OChI0 z U TOH jKe IJIOCKOCTHIO 1°(° WM, HAKOHEIl, YIJIIOM @ MEXKAY OChI0 X
¥ BCOOMOraTeJbHOHU OCBIO &'’, oOpasylomeil mMpAMOA YroJ ¢ OChI0 Z B COTep-
JKallecs B IIOCKOCTH E°z.

Tabnamua KOCMHYCOB YIIOB MEMKAY OCAMM CHCTEM KOOpAHHAT £l u XYz
miam (9T0 TO Ke) MEKAY ocAMH &£°n°L° ¥ zyz B paccMaTpHBaeMOM ciaydae

NMeeT BHUJI ,
g n 4

x  cosfcosQ sin o sin B cos @ | —sin 3 cos a cos @ -}
| -+ cos a sin @ -+ sinasin @

Y —CcOS3sin ¢ —sinasinB3sin@ sin 3 cos a sin @ + (2.1)
| -+ cos a cos @ -+ sin o cos @

z sin 3 | — sin a cos 3 cos a cos 3

Herpynno Y6?HHTLOH, MCHOAb3YyA (UT. 3, 9TO NPOEKIUN Wy, Oy U ®, yI-
JOBOM CKOPOCTH CHCTEMHE KOODPAHMHAT Iz HA ee ke cOOCTBeHHHEe ocu OYAYT cJe-

NYIONMMMHU:

Wy =%cos B cos @ —]—%—Esincp
0, = — 2 cos b sin @ - a8 COS (2:2)
Yy dt (P ' dt >
do . : d(P | )
W, = Td_tSln i It

s manbpHEeMNero moJesHO TaKiKe ONPeNeNuTh B cucrteMe &N KoOopAuHATEH
TouKn 0 — KpelJeHHMsA Teja K cTpyHe. Meem

E, = — [ <in W, Ne== [ cOS U sin A, Co — lcospcos A (2.3

]



32 ITpuxaadnas mamemamuxa u mexanuxa. Bun. I, 1966

i
b i ey — il ]

Bripaskeane O »KHBOM CHJIK TBEPAOro Tejla MOKHO NPEJCTABUTH B BUJE

| @, ®, o,
T = mod+m|% Y6 6 |+ o [(4+ ml?) (02 + ) + Ca,’l
| (@o)y  (va)y  (¥o), | (2.4)
3mecs m — macca tBepgoro Ttena; A +ml?2 =B +ml? n C — ero

MOMEHTH MHEPIHM COOTBETCTBEHHO OTHOCHUTEJbHO OCei z, y ® z; v, — abco-
JIOTHAs CKOpoCcTh Havama KoopamHaT O; zg, Yg, Z2¢ — KOOPAUHATH IEHTpPA
TAKECTH Tella B CUCTeMe xyz; l, — paccTosgHHWE OT IIeHTpa TAMKECTH Tejia IO
TOYKYM KpenjeHnsA ero K crpyHe (gur. 1).

YanraBaa Bupakenue (2.4), popmyas (2.2) m (2.3), moay9uM ABHOE Ipen-
CTABJIGHHE KUBOM CHIH depes 0000meHANe KOOPAUHATH ,, , A, 0 1 0600menH-
HEe CKopoctH dg/dt, dp/dt, dA/dt, du/dt, de/di (0600mennasa KoopamHATA
¢ — IUKIAIOCKAsd), MMEHHO -

T = —1—- m:l2 (E—H—)z -+ [2 cos*n (ﬂ'-)z] + mlyl %‘-‘- cos 3 I:%L:—- sinp sin (@ — A) +

2 dt dt
-+ % cos u cos (ot — ?\.)}}— mlyl ZE [i’:— cosBcosp +

+%sinpsinBcos(a——7&)—%COSMSinBSin(a—“M]+

—|-—;—-(A 4+ ml,?) [(%—?—)2 0082![3 + (%}B')Z] _{ ; C 2 Sin B -+ %?_]2 (2.9)

CocraBEM Temeph YPaBHEHUSA [BHKEHHS TBEPJAOTO Tejla IOCPeiCTBOM BTO-
poit Meromer Jlarpam:ka. OrpaHu4uBasCh MAJIBIMH OEPBOTO IOPAAKA OTHO-

CHTEeIBHO KOODAMHAT A, U, ¢} f ¥ HX OIPOM3BOJHKIX IO BpEeMeHH, IPH/EM K
caeqyIomel COBOKYIHOCTH JIHMHEHHHX AudpdepeHNuaTbHEIX YyPaBHEHHH C IO-

CTOAHHHMY KO3()QHUIMeHTaMM:
d2) d?o d2p 2B\
¢

———
—
—

d 2o, d? dp df da d20 a
A atzé l CBdt;p-} C T Tt } mll( ?de-—l— l]_ Et—z') o (2.6)
d23 do do d?u. g\
A gr—C @ @ mll(l iz b Eﬁ)"‘QB
d_dp _
¢ dt dt ~— Qcp

3. IIpassie gacTu ypapHeHumii (2.6) mpefcTaBisaiT 060t 0000MeHHEEe CHIIH,
OTBEYAIONEe BHGpAHHHM He3aBHCEMHM KOOpPAHHATAM TBepHoro rexa. OHE AB-
AA0TCA KodGdUIEeHTAME IpH BapHANHUAX COOTBETCTBYHIUX O0000MEHHEX
KOOD/EHAT B BHPAKeHHH diIeMeHTapHO# paGoTs OW peiicTBYHOmHUX Ha TEXO
AKTHBHKIX CWJI IPH 6r0 IPOM3BOIBHOM BO3MOKHOM mepememennu. Mmeem [*]

W = P(SI'O + Loﬁ'{ (3.1)

rie P — riaBHHE BEKTOpP BCeX aKTHBHHIX CHJI, IPHIOKEHHHX K TEIy, & L, —
MX TJABHHI MOMEHT OTHOCHTeXbHO TouKH O; Or, — BO3MOKHOE CMEIeHHe

toukz O; 87 — BEKTOp BO3MOKHOTO IIOBOPOTa TeJa.
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OGosuaaum wepe3 Pz, P,, Py npoexnuu Bexropa P ma ocm §, 1, { u gepes
Ly, Lg, Ly — CyMMEI MOMEHTOB aKTABHEIX CHII, COOTBeTCTBeHHO OTHOCHTEIbHO
oceit £°, ' m z (pur. 3)..

~ Torpa npn MAJEIX JIIaX o X B IIOJIY‘E{HM TIJL 5T 6W BHpameHHe

SW — - PgdEo + Padno + Pedto + Lader + Ly + Lodo (3.2)

mm IpA MCHOIH30BAHUH tbopmy.n (2.3), cumras, Kak M paHee YIAH A W p

. TaKKe MaJbhiMHA

SW —= 1 (P, + AP¢) O\ + 1 (Pep — Pa)ép,—{—L Goc—l-LBGB—l—L 50 (3.3)

V13 mocaegHero BHIPaKEHHSA CIEAYET

- Q, =U(P,+AP), Q. =L(Pp—P), Q,=L,, Q=L Q¢=L¢(3.4_)

AKTABHEIMK CHUJIaMH, JEACTBYIOIMMH HA TeJO, ABIAITCA CHJIA THAMXECTH mg H CUJIEL
BOBJIEHCTRAA HA TEJO CO CTOPOHH BaKIIOYOHHOH B HeM skEAkocTH. OTCIONa, B YaCTHOCTH,
- caepnyer, uro ofo0menHaA cuna Q. paBHAa Hym0. J[eMCTBHTENBHO, OHA INPEJCTABIAET
¢060if CyMMy MOMEHTOB CHJIB TSKECTH W CHJ NaBIGHMA KUJKOCTH OTHOCHUTEILHO OCH 2.
- OnEAKO, B CHIY CAMMETDHH, NEHTD TAKECTH Tela PacHOoJIOKeH Ha OCH z, a BEKTOD YAeib-
. HOIO JaBIeHHA KULKOCTHE HA TeJ0 BCIOAY 3Ty OCH ' Iepecexaer.

. Vumreeaa TaGrmny kocmmycos (2.1), dopmyam (3.3) m MamocTh YINIOB
a; P, Mup, ypaBuenrus papmixenud (2.6) MOKHO IpPECTABATH B BHJ®

ml( 5 -1—11 dtz)_-:——-m.gl?t—l—l[Fxsintp'—i—Fy*cc)scp—-an]—[—le?\,

ml( j?: -l dtf) = — mglp — L [Frcos@— Fysin@ + F,B] + LFp
(4 + ml®) Zg + mll f;i“-i ¢ QB mglio+ M, cosg—M, sing
(4 + mllz) e ;{_ mlll dz2 — %% = _mgllB_—Fstin P ;}—My cos ) .
' c2 20 _ - (35)

B srmx ypaBHeHHAX, IIOMAMO ' BeJIWYMH, yKe BCTpeYaBIIUXCA paHee,

g — YCKOpeHHe CHJILI TAKeCTH H
I

F, = ‘\Sp* coszvds, F,= SSp* cosyvds, F,= SSp coszvds  (3.6)

g 8] o

MPOEKIMY HA OCH Z, Y U 2 I‘JIaBHOI‘O BEKTOpa CHJI AaBJICHHUA JRUIKOCTY HA TEJIO.
B cBowo ouepens, | - | - (3.7)

M, = SS (p*y cos zv — p*z cos yv)Jdc,' M, = SS (p*z cos zv— p*x cos zv) do
. © | |
— IPOEKIMA COOTBETCTBEHHO HA OCH I W J IIABHOTO MOMEHTA YIOMAHYTHX
BHIIE CHJ OTHOCUTEIbHO TOIKH mopaseca 0. HHTGI‘pHpOBaHHG B COOTHONMIEHHUAX
(3.6) u (3.7) BemeTcs IO FpaBERIe IOJOCTH CO; COS IV, COS YV B COS zV — HANpas-
JAAI0NAe KOCAHYCH BHENIHeH HOPMAaJIX vV K MOBEPXHOCTH IOJOCTH; Z, Y B Z —
TeKyIIue KOOPAMHATH 9JeMeHTa IIOBEPXHOCTH (0.

'3  ITpurnanuag MaTeMaTHKa B MeXaHukKa, Nt 1
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Mopwmyas (3.6) m (3.7) (cm. [°]) MOkHO 3aMEHHTH ClIe[yIOMAMH

F, — SSS P v,  Fy= SSS "’1; dt:. F, = SSB P g (3.8)

T T T
I = s [ S SR
- T

31ech yike WHTErPEPOBAHMEe NPOMBBOMHUTCA HO BCeMY 00BeMy IOIOCTH T.

4. Jlnsa oupeneneHns AaBieHAA p* BEYTPH KHAKOCTH, KAK QYHKIIA KOOP-
MWHAT Z, J, Z M BPeMeHH £, cllefiyeT o0paTMTHCA K yPaBHEHHAM JBHIKCHUA
SKETKOCTH IO OTHOIIEHHUIO K MO/IBM;KHOM CUCTeMe KOOPAWHAT XYZ, HEeCTHO CBA-
3aHHOM ¢ TBePAHM TesoM. B 3THX ypaBHeHHAX Oy/ieM CYATATH MAJLIMA MPOEK-
NAA Uy, Uy, U; OTHOCHTEABHOE CKOPOCTA KaKOU-IM00 9acTUIH KUAKOCTH K HX
npomsBofHEKe 1m0 koopAumnraraM. IIpemeOperas, Kpome TOro, HPON3BECHUAMM

VIOMAHYTHX MAJHX BeJIATIHH, NOJTYINM
du,, 4 3p*

e—— i

ot _p 0z

CumBox (zyz) O3Ha4aer, d9TO JiBe A[PYrue QOPMYJIH DONYIAIOTCA MAKIH- -
YeCKOM mepecTaHOBKOM; w,®, Wy, W,* — NPOEKIUH HA OCH T, Y/, 2 IepeHOCHOI'0 H
w,C, Wy, W,° — KOPHOJUCOBA YCKOPEHNA YACTHIH KHUJKOCTH; COS Cx, cos (y,
cos {z — HAmpaBIAKIIIe KOCHHYCH OCH { B cucTeMe Koopamuar zyz. llocaen-
HEE ¢ TOYHOCTHIO JI0 YIEHOB BTOPOT0 NOPAAKA OTHOCATEAbHO MAJHX yIJIOB o | p
DaBHH COOTBETCTBEHHO BeamuEHaM ¢ Sin¢@ — P cos¢, acosp +Psingpu
(¢pur. 3 m (2.1)). aa mpoeknumii mepeHOCHOTO YCKOpeHHS mMeeM (OpMyiH

— Wy’ — w,'— g coslx (xyz) (4.1)

W, = w,° '—fiwl’z—@ + oy (20, + Yo —l—zco)——(oza: (xy2)  (4.2)
X N y v X y Y /4 .

3pmech w,°, wi’, w,’ — MpoeKNMWH HA OCH Z, Y, Z AOCOMOTHOr0 yCKOPeHUS
Toukn 0 — Hadajia CUCTEeMH KOOPAHMHAT XYZ, KOTOPHE ¢ TOYHOCTHIO O MalHX
BTOPOr0 HOPANKA OTHOCHTEJIHHO IPOM3BOAHHX YIJIOB ¢, P, A Hp Ipepcras-

JIAIOTCA BHPAaKeHUAMH (4.3)
> '
Wy = — [ dt": coscp-[—ldt2 sing, w,\=/ -&-ié- squ—]—l dt2 cos®, w,° =0
C roi ke TO‘IHOGTBIO, COTIACHO POPMyTaM (2.2) nMeeM (4.4)
da _da . | d

3 mocaexaero ypaBEenuA (3.D) caenyer, 94T0 @ = const H, eCIH ONYCTHTh

HeCyIeCTBEHHYIO KOHCTAHTY, @ = wi. OmycKas, KpoMe TOr0, B BHPaKeHHAX
(4.2) Wm@eHH BTOPOTO NOPAAKA OTHOCHUTEIBHO Wy ¥ Oy (AMEIOMMUX IOPAROK

BeanuuH dg /dt m df / dt), a Tak;ke 4ieHB!, COfiep;Kamue IPOH3BOJEYIO @
II0 BPEMEHM, IOJIYIHAM

d2p, d2) . dw,,
Wyt = — [ Wcosq)—l— [ -dt—g-s-mcp + =32 -+ o)(o?cz—-mzx
d*. do,,
wy' =1 —7sin @ —l—l 7 A cos P——= 2 00z — og) (4.0)

do,, dw,
Wy = =Y — g x—l—(o(oxx-l-mmyy
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ITpoeKnuy KOPHOJHCOBA YCKOPEHNS HA OCH T, Y H Z oynyr paseH [!]

Wy = 2 (0yu, — W;Uy), Wy = 2 (m;ux —_— mxuz), w,® = 2 ((oxuy — myux) (46)

Snech TaKKe CIeNyeT ONYCTHTh WIEHH, COfeprHamue MHOKHUTOAAMHA O 1 §

®,, I OOJOKHATh ®; = O
C ygeToM (I)OPMYJI (4.2) = (4.6) ypaBHenus (4.1) nprBOAATCA K BAAY:

ou,. 1 dp, dmy
-a- — Zcouy — —6— F i 25_"'&' - (47)
du,, * 1 3py do, O0u, 1 3p,
—|—20)ux -——5--6—y-'+22'—ﬁ—,-5£'=—'?—5;
B mmx (4.8)
pr= p* + p [0z (Tox -+ yoy) — Y202 (2 4+ y¥*)] + 08 [x (asin@ —Bcosq) +

dw,, do,,
4y (acos @+ Bsing) -+ a1 + p (o0 4yt + 70) + pz (y ZE— s 7)

B O, Oy, w0, w0, w,° onpenenamTcH corsacHO paseHcTBaM (4.3) m (4.4). .
(I)ymm,nn Uy, Uy, U ZOIIKHE, KpOME TOr0, YHAOBJIETBOPATH yCAOBHIO He-

CIKUIMAaeMOCTH .
i Mi_0 ' (4.9
"I_ay_}""_'—. (')

¥ I'paHUYHOMY YCJIOBHIO
Uy cos v + uy cos yv + u, cos zv =0, (4.10)

IMocaeqaee osHavaeT oOpameHyWe B HYJb IPOCKIHH OTHOCHTEJIBHOH CKO-
POCTH YaCTHIH KHAKOCTH, CONIPHKACAIOMEHCH C rpaHHIes DmOJOCTH, HA HOP-

'Malb K Hei.
5. Caenysa C. JI. CoGoneBy [®], mmem uy, uy 1 u; B BANE (5.1)

2 ' . '..

Uz = Ug(t) (2 + la), Uy = Uy (t) (z + La),s Uz = "E"é" (U« (2) + yUy ()1

3necs U, (¢) 1 U (t) — GyEKOnE BpeMenH, HOJIEKAMNIEe OIPO/IeNeHHI0 1
l, — paccTogHOe MEMXAY IeHTPOM DIIAICONAAJBHON IIOJOCTH W HAYAJIOM.

cmcTeMH KooppuBAT zyz (dur. 1).
O603HaupM OYKBaAM¥M @ B ¢ COOTBETCTBEHHO GONMBIIYI H MAIYH IONYOCH

9IIIEICOMIATbEOM mosocTn. Torzia ee ypaBHeHHe NpHOOpETAET BAJ

2 -|- Y 4 (Z + la)f =1 ' (5_2)

a HaIpaBAAIOIHe KOCHHYCH HOpPMAIK v B cHCTEMEe KOOPAHMHAT Iyz OYAyT ciie-
IYIOIYMN: ] ] :

COS TV = -‘%— : COS Yv = ’-—’—OD- , COS 2V == M (9.3)

D=VE@ETP TG+ Ly (54)

IIyreM HemocpeACTBEHHOU IOACTABOBKH coornomennit (5.1) m (5.3) B rpa-
‘magHOe ycuosme (4.10) m ycaoBre HeCHAMAEMOCTH (4.9) yﬁem;{aemca qTO HO-

CIefHNe YIOBJIETBOPAITCA TOKIECTBEHHO.

1 Cp. TaxsKe BaMeMaEWe B HA4aje CTATHH [1].
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O6parmMca Temeph K PacCMOTPEHHUI0 cHCTEeMH (4.7). YMHORHAM IiepBOe
ee ypaBHeHHe Ha COS XV, BTOpOe — Ha COS yv, a TPeThe — Ha COS zV U CJIO-
AuM. Torga npm MCNOJb30BAHUM Bmpameﬂnﬁ (9.1) m (5.3) umeem

L2 e s [wno-%+ o[-0+ %]}

202l2(.0

- [2Uy (2) — y U (2)] (9.9)
Ilocremaee cooTHOIMEHNE 06paTnTc;1 B TOKIECTBO, €CAN B HEM IOJOKATEH
_ Py = Pz [zP* (t) 4+ yQ* (t)] + p lzP,* (2) +y0‘1*'(t)1 | (9.6)
B pyHKIONHU Pf" (t), P,* (¢), O* (t) m Q,* (¢) BuIOpaTh cne,uylomHMﬂ: (5.7)
| 9,2 do 21 do) .
P = s U, 0— T2, Pr()= ara|a G4 oU, (0]
902 | d(o 9] do
Q"0 = aa [l 0 ) =] @ G ol
VYMHOKUM Temepb BTOpOe ypaBHeHme cmcTeMH (4.7) ma i =} —1 u cao- -

KEM ¢ nmepBHM. Torpga mpm mcmosnb3oBaHuu paseHcts (5.1), (5.6), (5.7) = co-
KpameHny Ha BHpaykeHme z -+ [, DOAYIAM COOTHOIIEHHE, Heoﬁxo,u;nmoe B
AaJbHENIIEM RS OUpefeNenu s (byHRmm U, (t) m U, (), uMeHHO

[(a2 +c?) o 200% | [Us () + iU, (8)] = 20% (~5% + i-&-f-'), (5.8)

6. OGpaTuMca Tenepb K PacCMOTPEHMIO cHCTeMH (3.D). YMHOKAM BTOPOE

U.geTBEpTOE €€ YPABHEHHMS HA I = V —1 m cuomum COOTBETCTBEHHO LiePBOE
ypaBHEHHE CO BTOPHIM , 4 TPeTbe — C YEeTBEPTHIM. BBGII,'GM rTajiee KOMILIEKC-
HO3HaYHEHE QYHKIMA NefACTBHTEILHOrO IIEePEMEHHOTrO i

¥ =a + i, z¥ =M 4 ip (6.1)-

- Torpga, npm ydetre TpeTbero paBeHCTBa (4.4), mmeeM ~

d2 % . |
(A + ml?2) dtf—-zcm " mlyl o + mglil* = (M + iM,) eiot (6.2)
d2z* d2L*y -
m( dt? + 4 dz2)+(m§_Fz)z :"‘“"Z(F +ZF)ezmt L

BuuancauM BHparkeHHA F + iFy, F,, M, 4+ iM,, xoTtopme cTOsT B

npasBux gacTaAXx cucteMl (6.2). aa aroit meru B dopmynu (3.8) m (3.9) mop-
CTaBUM BHIDA;KeHHE [JIA NABJIEHHA P¥*, KOTOpOoe MOKHO IO yIHTE, MCKII0Ya A

~ IepeMeHBYI0 p, B3 cooTHOmeHui (4.8) m (5.6). Haxee crepyer y4ecTh, 4TO

SRS pxrz dt = SSS PTY dT = SSS 0ZY dv — 0, SSSp (22 —y?)dt = 0

¢
T T | T T

SSS PZ dT = SSS py dv =20, SSSPdT = my, SSS 0z dv = — myl, (6 3)
(

T T | T

SSSP 22 — .'2) at = QSSP (2 '—_-xz) dT = -1'—45- npae (¢ — a®) + mllz

T
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.Jpech, Kpome 0003HAUEHM, yKe BCTPEYABIMEXCA paHee, 0 M M, — COOT-
BETCTBEHHO YAENbHAA INIOTHOCTb M MAacca KUAKOCTH, 3aNOJHAIONEH 3JJIHI-

COHMNAIBHYI0 IOJOCTH TBEPIAOTO Tela.
Ecnm, KpoMe TOro, 3aMeTHTh, 9T0, COTIIACHO (IyopmynaM (4.3), (4 4) m (6.1),

* | z*
Oy + L0y == -—E- gt w, | w0 = —i1° —&-ﬁ- g—iot (6.4)

TO IOCIe CPaBHATENBHO HECHOKHHX BHKIANOK H MCIOJH30BAHUA PaBEHCTB
(5.7), (5.8) NONYIHM UCKOMOe BHpaeHne A Fy + iFy n F;

| d2z% 2 | |
x —l_ ZF‘U — —— mlll: d:a —I— l2 dfa _|_ gg*] -—imt , Fz — mlg (6.5)

1

‘a TaKe puddepennmanbEOe cooTHOmenme fua M. - iM,, mMeHHO,

M, +iM, =k _—=%) dSL* /d1® 4 20ic? d3*/de? + (a® + o) & dc*/dt giot _

(a® 4 c2)d / dt + Zmaaz
d d2z* . Cppy
[m1lz d%a _]— mlglﬂg 'I" mllzl d; _I" Lk —- g ]e-—zmt (66)
B KOTOpOM . ,
| k =4/ nwpa’c (¢ — a?) _. . (6.7)

7. Ucrawuas us ypasuennii (6.2) senmunen F, - iFy, F,m M, + iM,
ocpefcTBOM GopMyX U cooTHOmeRuiH (6.0) m (6.6) monyunm cmcremy ypaBHe-
HHH OTHOCHTeNBHO ROMnnechoaﬂaqHHx ti)yﬂmmﬁ BpeMeHH [* m z¥

(4% + k) ZE — 0 (€ + (4% + k)m o+ [K—a? (Cn— kn+k)]

— fonKL* + (miy 4 mily) 125 —zwnl(ml,—l—mllg) =0 (7.1)

daa d2r*
1%+ 2 G+ g2* =0

g/1ech |
A* = A + n’&l]_2 + mllza, n= c? — a: ’ 2, = mly + mala (7‘2)
K = g (ml1 —~+ mllg), ¢? +a m -+ m

Pemenne coBoxynroctn (7.1) eCTECTBEHHO MCKATh B BAJE
(¥ = [OeiM g% — g0giAt (73)
Ilpm sroM xapakTepmcTHYECKOe YPABHEHWE NPHBOJUTCA K CHeyOuleMy:
fo) =A +A — 0 [C + (A° +EmIM 4 [— K — (A% +kn) =
+ Co® +ko® (1 — )M 4 [Kn +C5 + 2(4* 4 k)n] oA? +

+E K —ko® (1 — ) — CoPql A — Konf =0 . (7.4
31(6015‘ - |
| A = A* — z. (ml; + myl,) (7.9)

- YpaBHeHHs (7.1) coBMecTHO C PaBeHCTBOM ©; = ® = cOonst ONHCHBAPT
' ABHJKEHHe PacCMaTpHBAeMoro Teixa. Il0aToMy wmcciIeOBaHME yCTOﬁ‘IﬂBOPTH |
ero JBU;KOHHA CBORUTCSA K H3yIeHUI0 noBeieHns yuknumii (7.3). Ouesnano, 9ro
KpATePHEM YCTOWIABOCTH [ABMKEHNA B JAHHOM CIy9ae ABIACTCA YCAOBHe Aei-
CTBHTEJIBHOCTH KOPHEX XapaKTePHCTHIECKOro ypasHeHHA (7.4). Haxomnennm

9TOr'0 YCIOBHMA M OYAYT MOCBAMEHE HAKECNeYIOIAe IYHKTH.
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8. PaceMoTpnM BHAYajle HECKOJNBKO YaCTHHX CJIydach. a) I[ﬁmna crpyrul [ — 0. Ilpm
PTOM XapaKTepHCTHYeCKoe ypaBHenme (7.4) npeoGpasyercs’ K BHAY 3.0)
(8.

(4 4 k)W — [C+ (A% + By nl okt — [K — kot (1 — n) — Co™n] A + Kon = 0

~ 3amernM, 9TO C TOYHOCTBIO [0 oGo3mauennit ypasHerme (8.1) mOJHOCTBIO COBHOAfaeT
¢ ypaBHeHHEM, IOJyYeHHHIM B paborax ['] rm [3] npm m3ydeHHAH YCTOMIABOCTH BOJYKA C
SAAMICONAANBHONR IMOJOCTEIO, LEJIHKOM 3aTIOJHEHHOM MIeaJbHOM >KHIKOCTHIO 1.

6) Ilomocts mMeeT fopmy cdeprr. IIpu 9TOM IPEUONOMKEHAN 4 = ¢ H, COTTACHO pa-
sencTBY (6.7) H TpeTheMy COOTHOmMeEHHMIO (7.2), k = 0, n = 0. XapaKTepACTAYECKOe ypaB-

‘Henme (7.4) mpeobpasyeTcs K BHY (8.2)
l{l“-—"x—@' (01,3’-—-—2—[1—{— ;102 - °-]k2+-747,-m Tl-l—'—l""‘"' 10 '1—"2J‘=0

OnEH m3 KOpHe# ypaBHeHms (8.2) paBeH HYMO, a OCTABIIMECA YeThIpe KOPHH, Kak
HEeTPY/IHO IOKAa3aTh, PaclOJIOKEHH HA HHTepBaJax

(—o0,—VEl D (—VETLO) O VeI, (Vgil )

_ TaxuM 06pa3oM, [(BIKeHAe Tejla IPH HAIAIAN chepmIeCKOi MOTOCTH, I[EIAKOM Ha-
NOJIHEBHOH H7eaJbHOM JKAIKOCTHIO, 6ymeT Bcerfa ycroduwsuiM.; OHO MMeeT TOT K6 Xapak-
7€p, YTO ¥ [[BU;KeHHe BPamaloImerocs CIJIOMHOI0 TBEPHIOTO Tejia, MCCIEIOBAHHOI'0O B [2].

9. OGpaTEMcs Temeph BHOBb K H3YYEHHUIO YCTOMIMBOCTH JBUKEHMA TBEP-
JOr0 Teda ¢ JAIHICOUAAIBHON IOJOCTHIO, HMEJINKOM HaNOJHEHHO! MjealbHOM

ReCIKMMAaeMOl KUAKOCTHIO. J[aA 3TOH Ilesim pacCMOTPAM XapaKTePHCTHIECKOO
ypasaenune (7.4) m 3ailMeMCs OIpeJeIeHNEM yCJIOBHI JefiCTBUTEIHHOCTH €ro
KopHeit (T. . yCIOBAHE YCTOHIHBOCTH ABMKCHHA). |

‘B macTosilllee BpeMsA H3BECTEH pPsAJ KpPHTepHEB HeACTBATEIHLHOCTA KOpHeH airedpam-
YeCKMX YpaBHEHHU r-i CcTemeHH (CM., HampmMep, [6]). OnEako B paccMaTpHBAaeMOM CJy-
yae 3ajiadd (BBHUOY CJIOKHOCTH K03¢PANUEHTOB ypaBHEeHNU (7.4)) 9TH XKpUTEPHHA OKa3H-
BalOTCA KpaiiHe T'DOMO3JKAMHE M BCIEJCTBHE BTOTO — MAJ0 IPUTONHKIMA A H3yuCHIA
YCUOBHH YCTOAYMBOCTH HCCIIEAlyeMOoro Teja IpH IpPON3BOJHHOM M3MEHOHHAW IapaMeTpoB,
.BxopAmux B ypaBHenus (7.1) ero aAsmxenns. Huske DPUBORUTCA rpado-aHAIATAICCKAM
IpHeM MCCe/0BaHUA KOpPHEH ypapEenns (7.4), KOTOPHMA JlaeT BO3MOKHOCTh CpaBHHUTENb-
HO DPOCTO BHIABHTH 30HHI YCTOMYMBOTO H HeYCTOMYMBOTO [BHKEHHA HCCJIE/[yeMOro Tela
HpA NPOH3BOILHOM 3alaHAN BEJHYMHEl YIJIOBOH CKOPOCTH €r0 BPalleHWsd s,

" B coorsercTeuE ¢ mpasmioM Jexapra [?], amcio mOnOKATEABHEX KOPHEH
ypaBHeHEA (7.4) mpm n00HX 3HAYEHHAX Imapamerpa ~> 0 He MokeT OHTH
Goxee Tpex?, a OTpHIATEIABHHX — He Ooxee IBYX. [ToxasxeM manee, 94TO ypas-
menme (7.4) mpm © > 0 Bcerma mMmeer /iBa OTPHLATENBHEIX KOPHA.

- B camoMm peie, NIpuHEAMAas BO BHUMaHWE PaBEHCTBA (7.2) m (7.95), nMeeM

(=Y el 0)=-5- (4* = L)@ Vg >0 (O1)

',

.. Opmaxro f (— oo; f‘)_l < 0 m _f_(_O;m) '< 0. CaemoBaTenbHO, B MHTEPBANAX
—o00 < A — Veglln —Vell< A < 0 maxopmres no omHEOMY (OTpH-
JaTeAbHOMY) KOPHIO ypaBHEHHSA (7.4). -

1 JIpu yCIOBHH, YTO 3HAK NIpH BeJHIMHE MOMEHTA K Gynmer maMmeHeH Ha OODaTHHM

o cpaBHenwWo CO cirydaeM, pasoOpammmM B [!] m [?]. |
2 B cnyzae @ = 0 geTHpe KopHA ypaBHeHAA (7 .4) meficTBUTeNBHN (IATHA PaBeH HYI0).




A. IO PI w.n,uucxuu, M E Te.»wenno - 39

- Jlna ompefeseEmA XapaKTepa TPeX OCTAJBLHHX KOpHeil ypaBHeHuA (7.4)
CIrPpynnupyeM YjeHHl ero JIeBOM 9aCTH IO CTemeHAM (), HMEHHO

p(M) ©* — g (Mo + r(%) =0 (9.2)
31ech

p(M) =14 (M= Den®, gM)=n [R (M) 2> (2~ %) (e 01, () = AR() 9.3)
R() = (A" +kr* — [K + 5 (4% +Im) W2 4- 2K

- C k(1 — k 1-—- 1-—- 2
o= AT =0 >0, x="0=0A=W 50 (6 >0 (9.4)
I‘pa(bm{ﬁ noxuHOMOB p (A), ¢ (A), r (A) mpm A > 0 npencraBieHH Ha ¢ur. 4.
- AHaJU3 TONYYEHHHX IPaQuKOB noxasuBaer, 4T0 upu A > 0 mommaoMm r (A)
ob6pamaerca B Hynb npd A = 0 m eme npu ABYX 3HaYeHUAX A, 0003HAYCHHHX
aepe3 Ay 1 A,. B cBOI0 ouepens moamHOM ¢ (A) paBeH HYIIO TOIBKO OPHA A = A,°
a b =\". Haromen, nommaom p (A) cTaHOBETCA PaBHHM HYJI0, KOLHA A amGo

paBHO HyxI0, 1u6o V g / VL.

- . ¥paBHeHHE (9.2) MokHO paspemuTh OTHOCHTEJIBHO ® H IIOCTPOHTH IPAPUK
QyHKIIIH

g+ VP () —4p (M (). ,
llonpsysace aTuM rpa(I)HROM MOKHO IO 3aJJaHHOMY 3HAYeHHMIO YIJIOBOM

CKODOCTH ® BHIACHHTH — BCO JIN KOpPHM ypaBHeHHA (7/.4) OTHOCHTOIBHO A
HeUCTBHTENBHE W, c.ne,u;ona-

TeIbHO, — yc'roﬁqmo aBmxe- |4.4.7.4 o
- HHe TBEPAIOTO TeNa C MKHIKHM Q\'@ N
HANOJHEHWEM WJIH HeT. | - | WA

B Toif obmacrm 3Hauemmi
A, TAe FECKPEMUHAET |

‘ SIS VA G A 7o B
AG) = dpr(h) — qﬂ(m 2 BN\ —-
!IOJIOH{E[TBJIGH 3Ha‘IeHEH(0 co- *! o , ) )

raacHo ¢gopmyae (9. o),_ KOMII-
JEeKCHO-CONPAMKEHHHE KOJmIe- '

ctBa. IJro OymeTr B MHTepBa-

aax (M, A**)m (A%, A**),

rme A%, Ag*, Kl'**," Ké** .

— TOJOKUTENbHEIC KOPHU YIKe . . B - O@ur. 4
MHOrowieHa A(A); KopHnm o

(PaBHO KaK ¥ OTPHOATEJBHHE® C TEMH K6 MOI.[YJIHMH) cymec'rBon'r opm
JIOOHX SHAYEHWAX IapaMeTpPoB, BXOAAIMHUX B BHPAJKeHHe (9.6). asa nmoxa-
3aTeNIbCTBA CNe/lyeT MUCKPUMUHAHT A (A) mpefcTaBuTh B BHje IPOU3BE/IOHAS

AA) = — n? [R(M A2 (A2 —--—) (VS + V)2l %
X [R () — 202 — £) 5 — V) e

¥ OPUHATH BO BHUMaHHe Buj monmaoMa R (), cormacro meproit popmyae (9.4).
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Ilpz BemmumHax A, coBmajarmux ¢ OJHAM M3 ROpHeﬁ MACK PIMUHAHTA

A (A), oba smaverus o, coraacHo popmyie (9.5), CTAaHOBATCA PABHHMH JPYr
npyry. OGosHa9mM MX COOTBETCTBEHHO 4epe3 0%, wo*, 0,** m w,**. OKasH-
BAETCS, YTO UM COOTBGTCTBYIOT TOYKH BO3BpaTa KpUBOH @ = (A). ITa KpmBas
n300pasxeHa Ha gur. 5. Ilpu ee mocrpoennm CIeZlyeT YIeCTh PacIOJIOKeHne Hy-
aei moamHOMOB p (M), ¢ (k) mr(A), onpenenHeMHx dopmynamn (9.3) u dur. 4.
| B narepBanrax (0,*, 0,**) n (0.*,

03**) (cMm. ¢ur. D) Ramnomy 3HAa9e-
HUI0 0 COOTBETCTBYIOT TOJBKO TPH
NIeMCTBATEIbHHE KOPHA (N3 HUX JBa

' OTPUNATEIbHHX) YPaBHEHHAA IIATOH
creneHu (/.4) OTHOCHTEIBHO A.
OcraBmuecs JBa KOPHA CTAHOBATCH
KOMIJIEKCHBIMA. | |
CornacHO M3JIO0KEHHOMY BHIIE,
OPEXOAMM, TAKHEM 00pasoM, K cie-
@ur. 5 . AyIOIIeMYy  BRIBOAY: IBHKEHHE TBep-

AOr0o Tella C 3JIMICOUNAJIBLHOH IIO-
JIOCTLIO NEeIMKOM HAIOJHEHHOI ‘HIeANIPHON HECKUMAaeMON ;KHAKOCTHIO, IPH

SHAYEHHAX YIVOBOH CKOPOCTH, M3MEHAIOIMEHCH B npefgerax o, < o < o, **

7 0" <o < 0*F, BeycToitamBo. BHe 3THX HpeHenoB H3MEHEHHA @ ABIHKE-
HUe pacCMaTPHBAEMOI'0 Teja, HAOIPOTHUB, YCTOMIMBO.

10. Kpmrnueckme sHA9eHUA YII0BOIR CKOPOCTH 0™, 0, * ¥, 0™, wa** ompene-
aATcA BHpaskerneM (9. o) eCIH NONOKHUTH B HEM

(M) —4pMNr() =—A () =0

B pesyrbraTe momygaeM ciemymomme mpocThe tI)OpMyJIm |

q (7\'1"') _&e—¥ &% q (M") ex
_ a( **) e+ Vex ' M**) e -'/'

B KOTOPHIX A, *, A ** A* m A**, kax yme ymommmamocs paHee,— COOTBETCT-
BeHHO IOJIOKATENbHEE KODHE AUCKpuMmHAHTa A (A). '

11.. B xawecrse mpmMepa OLpefeNMM KDHTHYECKHe® 3HAYOHHS YIJIOBOH CHKOPOCTH

BpameHds TBepPAOro Teja, IapaMeTPH KOTOPOTO onpene.umo'rcﬂ CICNYIOMUME BeJIHYH-
HaMU:

A = 1584, C = 3.74 [ecm cex?], m = 0.8145, m; = 0.0334 [z-cen?cu™t]
a=1.9, ¢c=4.35, I, = 6.6, I, = 5.5, | = 50 [cm]
B nammoM cnywae, coriacmo ¢opmymam (10.1),

0¥ = 48, 0,** = 53, 0,* = 264, w,** = 309 [06/mun]
TaxnM oOpasoM, nmpm 3HaueHMAX IapaMeTpa ® B nopepexax

48 < o < 53, 264 << o < 309 [06/Mun]

ABMKEHAE HCCIe[yeMOro TBEPAQrO Tejla MOMKHO OHTh HOYCTOHYMBEIM: NJIH BCEX Ke
3HAYeRAM ® BHO 3TAX HHTePBAJIOB [BM:K6HHE YCTOMYHBO.
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Kpntadeckrme BHAYEHHA YIIOBOH CKOPOCTH JJA TeX jKe HapaMeTpOB ORINM BEYMCJIEHH
M TIpH HUCHOJb30BAHMH KPHUTepHA, HM3J0:KeHHOro B [°]. OHM oKasanmCh paBHHIMA IIpHBe- °
eEHEM BHINE, OTHAKO WX BHYHECJHeHHe HOTpe60Balo 3aTpaTH 3HAYMTENHHO OOIBIIEro
TPYyAA. |

12. Jlna DpoBepKH IOJYYOHHOTO BHIE® KPATePHsS yCTOMYMBOCTH BH;KEHHA TBEPHOTO
Tejla ¢ JKUAKAM HamolHeHWeM B (uBMKO-TeXHMIeCKOH Jaboparopmu HECTHTYyTa MEXaHMKE
AH YCCP 3. B. Buptom m A. II. IloamBaEEOX mOJ PYKOBOACTBOM JOKTOpPA TeXHHYECKHX
Hayk C. B. ManameHKO OHJIZ IIpOBEICHEL SKCIePAMEHTAIbHLE HCCIe[0BAHAA HA yc'ra-
HOBKe, ONMWCaHHOK B [8]. =

K ocm BepTHKAJIBLHO IOCTABIGHHOTO Mo'ropa TIIOCPOJICTBOM TOHKOH CTPYHHR MIM Kalpo-
HOBOH HUTH NPUKPEIIANACH MCCIefyeMas MOJedb, IPeficTaBIAIOmas c000d MOJHH KOPIYC
C PACIOJOKEeHHEHM BHYTPH HEro NHUAWHAPHIECKHAM BKIafnmieM. BKIajwm cocToAx H3
ABYX COCTAaBHHIX 4YacTe#l, KOTOpHeE TepMeTHYECKH COeIMHAIHCH, 00pasysA SIIHIICONAAJb-
HYI0 moJocThb (cM: ¢gur:. 7 B [8]). B BepxHed yacTH BKJIAjHINAa HMEJOCH OTBEPCTHE, depes
KOTOPO@ IIOJOCTH BAIOJHAIACH KANKOCTHIO (B ONHCHBAEGMHX 9KCHOPAMOHTAX B KagecTse
HAIIOJHeHHA OB MCIONH30BAH STWJIOBHIH CIHPT). | |
| Mopenn coo6manocsk Bpamenne ¢ yucjaoM 060porToB B mpegendx oT 100 mo 3000 o6/Mun.
Crabmausanus YIJ0BOM CKOPOCTH OCYIIECTBIANACH NPENU3MOHHHEM 3BYKOBLHIM TeHEPATO
. pOM H THPATPOHOM. ' |
YcToHYHBOCTh (HJIX HEYCTOHIMBOCTH) [JBUKEHHs MOJENH NPH PA3NAYHBIX 3HATeHAAX
'JTIOBOX CKOPOCTH ONpPENeNANACh IOCPOJCTBOM JIeTKMX yAapoB MO MOJeNM M BH3Yalb-
HOro HabmioeHWs 3a NOCIENAYIOIDUM €6 IIOBEJeHUueM.

JKCIOepPAMEHTANLHHE HCCIEOBAHHA € MOJEJbI0, MapaMeTPH KOTOPOA IPHBEICHH B
n. 11 macrosmeir pa®oTH, NMOKA3aJW, YTO HPH H3MEHEHHMW YIJIOBOM CHKOPOETH BpaMieHHWA
B maTepBaje 100—220 o6/MMH IBH)KeHMe MOJeIH YCTOWYMBO. B WMHTepBaje M3MEHEHUS
yrioBoit ckopocta 220—450 06/MEH yCTOMYHMBOEe ee NBIMKeHHe HapymIaloCh, a IpH yBe-
JMA9eHMA YII0BOM cKopocTa OT 450 00/MWH W BHIDe ABHKeHHe MOoJAedaw OHLIO BHOBH yCTOH-
YHBHIM. o | |
ORCNEPUMEHATANBPHOE ONPOJENéHNe I'DAHAIN, CYNIECTBOBAHMSA IEepPBOM 30HH KpHTHYE-
CKIX 3HAYEHM YTHOBOHA cropocTH (cM. m. 11 macrosameit pabGoTe) He mpoBopdioch (HA
 DpUMeHABIIGHCA YCTAHOBKE HeAb3A GHIIO mOMYdaTh CTaCHIM3HPOBAHHOe BpAIIGHHUE C YIJIO-
BOil ckopocThlo, Membmeir 100 o6/MmE).

Hocrynuaa 29 VI 1965
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