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O HEROTOPbLIX CBA3AX C TPEHUEM

H. I'. Yeraes
(Mocxea)

Bonpoc 0 ABMKeHMH MEXaHHYECKHX CHCTEM, CTeCHEHHHIX CBA3AMH C TpEHHEM, Hpel-
CTABJIAET HE TOJNBKO IpPaKTHYeCKHH HHTepec. OOMYHO TaKMe CHCTeMEl UPABOOATCA K
rIaJIKAM CBA3AM DNYTEeM INpPHCOCAVHEHHA K 8aJaHHRM CHJIAM CHJI TPEeHHA; OJJHAKO HEro-
CPeACTBEHHOE NpMMEHeHHme MeTOona JlarpaH:xa mnO3BOJISEeT H IJIA TAKHX CHCTEM YCTaBO-
BETH O0mmé npuHOAn 0e3 ABHO BXONAIUX B HEro peaKknnu CBA3EH,

{. PaccMOTpEM MOXaHHYECKYI0 CHCTEMY M3 I TOYEK C MACCAMH Mm;, KOTOpHE
UMEIOT KOOPHAMHATH X, Yi, 2i OTHOCHTEIbHO HOKOTOPHX HENOJBHKHEIX O}-
OroHaJIbHEIX ocen. llycTts sTa cmcTeMa CTeCHeHAa HEKOTOPHMH JIAHEOWHEIMHA
(BA3AMMUA.

[lepeMeinenre TOYKE m;, BO3MOKHOO IIPH HAJIOMKOHHBIX CBA3AX JJf (I)mc-
CAPDOBAHHOT'O MOMEHTA BpeMeHH ¢, 0003BayaM depes ox;, Oy;, 0zi.

N3 BO3MOKHEIX mepeMemeHHWH BHEJIHM MHOMKOCTBO IEPEMEINeHHH, yIOB-
JIOTBOPAIONIAX YCJIOBHAM

zi'0x; + y;i'0y; +2z'0z2; =0  (t=1,...,n) (1.1)

rAe Zi', Yis zi 0003HAYAIOT JOHACTBHTENLHEE CKOPOCTE TOWYKE i B paccMart-
paBaeMuit MoMeHT t. Ilosiygemmoe MHOKecTBO HJIA conpamennﬂ Ha30BeM
(C-mepeMelIeHAIMA.

IipeacraBEM, 9TO Ha TOYKHE /m; JAMCTBYIOT 3ajaHHHe CHIB Aj, Yi, Z;.
IIudpdepernmajibuble ypaBHOHHsT JBHKEHHS HECBOOOJHOX MaTepHajbHOH CHC-
TeMHl CYTh

mizi'= X, 4+ Rx,, my'=Yi+ Ry, mz"=2;+ R,, (i=1...n) (1.2)

rue Ry, Ry, RZi 0003HAYAOT CHJE pPEAKOMU HAJIOKOHHKIX Ha CHCTEMY
CBfI3EH,
Hau6osee pacupocrpaHeHHHe CBA3A C TPeHHEM ONPOAEJISIOTCA aKCHOMOM

N (Radz; + Ry By + R, 82i) = 0 . (1.3)

cuupaBegaaBon s mo0eix C-mepememenmé 0x;, Oy;, 0z;.

AxcmoMa cBased ¢ Tpeumem (1.3) mocrynmpyer, uro pabora peakuwuii,
/\GACTBY IOIAX HA MAaTepPHaJIbHYI0 CHCTEMY m; B paCCManHBaeMHE MOMEHT ¢,
Korja J[eACTBHTeJILHEIE CKOPOCTE TOYeK CHCTeMHEl m; CYThb Zi'y Yi'y 2i A
‘11060x C-mepeMelieHMd, paBHA HYJII0,

Eciu u3 axkcmoMul cBssell ¢ TpenmeM (1.3) MCKIIIOYMTBH, ¢OrjlacHO JuU(e-
PeHLMAJAbHEIM ypaBHEeHHAM JeliCTBATENBHHX /JBMKeHMH (1.2), peaxumm fi.,

,/fyi, ]{zi, TO HOJIVYAM [JIsi LEeWCTBHTEJIbHHMX [IBU}KEHHUH Cilejlyiomee COOTHO-
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HIEHHNO:

E[(mixi"— X;) ox; + (myyi"— YY) oy + (muzi”— Z;) 821 = O (1.4)

cupapefiuBoe ana aw0bux C-nepememnenmi 6z, 0y, 0z;.
nrepecEO OTMETHTB, YTO peaxknud ceaAser Ry, Ry, R, He BXOUAT B

coornomenwe (1.4) m 9TO0 OHO mrpaer ponasr npmHnuna. J[leficTBATENIBLHO, yM-

Hoxkaag cooTHomernma (1.1) Ha HeompejeneHHHE MHOMKATONH — (i H CKIAJLI-
Basg ¢ coorHomenmeM (1.4), momydaem

E[(mixi”—-— Xi — pizi’) 0x; + (may" — Y — payi’) 0y; -
+ (mizi"— Z; — piz’) 82;] = 0 (1.5)

JTO PpPaABeHCTBO CHPABEJJIABO JJiA JIOOHIX BO3MOKHEIX IepeMelieHdM Oz;,
3y;, 8z;, eciHm IpW OTIMYHHIX OT ByNA Z; (ANH y;', BIA z;') MHOMUATENH W;
6rlim BRIOpaH®l Tak, 9TOOH p;z; (Wam p;y;’, MIX W;z;) paBHANACH COOTBETCT-
ByIOIIel mpoexnuy cuikl Tpenmsa. Ho nmpm stEx ycaoBmsax, mociiefHee BEIpa-

JKeHWe IPeJCTaBIAET H3BOCTHHIM NPHHIMAI JAHHAMUKH MaTepHaJbHEIX CHCTEM,
CTeCHEeHHBIX CBA3fAMH C TPeHHEM.

2. YUrobH ycTaHOBHTH AuddepeHnuaibHbEle YPaBHEHHS [ABHKEHAS MaTepH-

aJILHOM CHUCTeMBl, McXoAa m3 npmunumna (1.0), IPeAmoJIO}KAM, YTO HAJIOMKEH-
HEI@ CBA3MA BHIpakeHH OOMPUMHN COOTHOINEHHAMI

Z (a;®8x; + b;®dy; -+ ¢i¥oz;) = 0 (s =1,..., m) (2.1)

YMHOKas 9THM YypaBHeHHsA cBAsen (2.1) Ha HeonpeJeIeHHHEe MHOMHATEJIH

— X, a ponosiHOTeNbHEIe orpaHmueHdusa C-mepememenmut (1.1) ma —p; M
cknaguBasa ¢ (1.4), mMeeMm

Mz — Xi — 2 Nai'®) — wazy’) 8z 4 (muyi— Yi — Q) Nbil® — payy') Syi+-

+ (Mg + Zi — D) Neei® — pazy’) 82i] = 0 (2.2)

Brbupaa n -+ m MHOMKHTeJNeH [ M A; Tak, 9TOOH YHHYTOMKAITHChH KOd(-
PUOEeHTH IOCIeHEer0 BHPaKeHUs NpH n + m 3aBucEMEX (-NepeMemeHrAax
8xy, Oy;, 0z;, NOJydYHM IPH TaKOM BEIOOpe W; H A B IIOCJeJHEM BHIPAKEHHM
JUIOL YJIeHH C 2n — m HEe3ABACHMBEIMH IepeMeIleHHAMHA 0xi, Oy, 0z;; KOa-

¢anmedTH UpPH HEe3aBUCHMHBIX IepeMelleHHAX JOJKHE OHTbL HyJeM, CJeo-
BaTEJbHO,

mizi"= X1 + 2 Nai® + iz’
miy; = Y; + zlsbi(‘) + wiyi (2
mizi" = Zi + Dy heCi® + iz’

1,...4m) (2.3)

Ilag ompenesleHMss MHOMHTEJEH A, CJAYKAT BHPAXKOHHAA HAJOKEOHHBIX
11a MaTephaJJbHYH CHCTeMY CBsideil, 3aINMCAHHEI® B BHNE COOTHOMEGHHH NJIsA
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JOOYCTHEMEIX CKOpocTeHd (yTodHeHHe (2.1))

E(a‘(-)x;+ by’ + ¢)z;') + e® = (0 =1,...,m) (2.4)

Hepocraromue jJsa onpefeseHAs MHOMKHATENAEH [4; COOTHOINGHHS HOJIKHH
SBIATHCA JHOO yTOuHeHHeM cooTHomeHHH (1.1), Amb0 3HaveHHa MHQIKHATe-
Jded {q AO/KHEL OHTHL 33a/lJaHH Hamepel, KaK XapPaKTePHCTEKH CHJ TPeHHsI.
* 3. Ecam reomerpmyeckme ¢BA3M (2.4) HHTerpHpPYeMH, TO HCKJOYEHUE
MHOMKATEJNIed N BO3MOKHO IIDOBECTH MOTO[OM, MIOpeaJ0KeHHEIM Jlarpatixem;
JJIA 9TOTO CAeJYeT IreoOMeTpPHYeCKHe CBfI3H BHPAa3HTh 4Yepe3 HOBHE TI'OJOHOM-

HBE® IOPOMOHHEIC (;,..., Gk

Ty — $i(91m., ks t). Ye = Yi(q1ree00 Qi t)y, 2i= Zi (G190 Qo t)
(i=14,...,n}{ k=3n—m) (3.1)

Orciona NJsA BO3MOKHHIX IepPeMeIeHAH OOJIYydYalTCsA COOTHOIMeHMH

F ~ 92
i _‘ poei— v— ——— -
0Zy = ) 75— 04, Oy = 2 3q, 0G4, 02y = Zl dq, 0g, (3.2)

llopcraBiaaa sru 3HaveHms B [(1.0), mMeeM, ecaHd [ He 3aBHCAT OT CKO-
pocTen

| . 0f 7 :
Yo | was, o3, @+ i) = .
rie f o603Ha9aeT NECCHOATABHYI (QYHKNHIO
— 1\ ’2 ’r2 2y __ )/
f——-g'ZP-i(xi + Yi 1+ 24 )——f2+f1+fo (3.4)

Otcioga moJjyuyaeM YPaBHEHHs JBHKEHHSA B BHJe

%, ot
3753;7_59_ :Q'_aqf' (8=1,...,k) (3.-))

B KOTOPOM IOKa eme HeONpedeJeHHHe MHOMATEJH [L; BONLIM B JACCHINA-
TuBHYI0 Qynknmio f. Ilpm 3ajaEHEIX 3HAYEHHEAX MHOKHTEJNEH [L; IACCANATHB-

Hafgd QYHKOHAA [ OOpefesiseTcs BIOJIHe, X CIeLOBATOJbHO, XapPaKTePHCTHKY
CBfA3eM C TpeHHeM BO3MOKHO 3aJlaBaTh Yepe3 [JUCCHOATABHYI0 (QyHKOHIO,
OCJIM [4; 3aBHCAT TOJBKO OT BPEMOHH H IOJIOKEHHS CHCTEMH,

4. YMHO¥UM ypaBHeHHA (3.0) Ha ¢,/ B clOKEM, OymIeM HMeTh

5T —T0)= 30’ — 2/ — (4.1)

Crajio OmiTh, 2f; | f; ompepeaseT CKOPOCTh [AUCCUIALUE MEXaHAYECKOHR
9HEPTHH.

OOB9HO B CBA3AX C TPeHUOM MeXaHHMIeCKAas DHEPrus PacCemBaeTCA B Tell-
N0, AJA TAKAX CBA3ed BeanumHa 2f, | fy OyJeT KaK-TO CBsi3aHA C TOMJIOM,
BO3HAKIIAM OT TPOHMS.

9. Jlna ompenesieHHOCTN ciJegyeT 3aMeTHTh, 9TO TAK HA3HBAeMOe CYyXoe
Tpeane, cBoamMoe KHymoHOM [!] K OAHOCTOPOHHHM IJIAJIKUM CBF3AM, He COC-
TABJAGT COAEep:KaHMAd HACTOANMEH CTATHH,
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B cBA3m ¢ Teopmed CyXOoro TPOHHA MOMKHO 3aMOTHTh, YTO TOYKA "MACCHI
m, ABAKYIMAACA mOJ AencTBneM cmi X, Y Opu OAHOCTOPOHHHUX CBA3AX

y > — acos% (0.1)

rne a, b cyrs BechMa MAJIHIe KOJUYECTBA, HMMeeT HIpHA HAJNOKeHHH CBA3eH
(N> 0) caenyromume guddepeHnmallbHEE YPABHEHASA [BUKEHHA:

. mac".-z—;—; )\%sin%—l—X, my"=\+Y (9.2)

['py6oe npmbammxenme N4 Y =0 pmaer ycraHOBJeHHHH HyJsioHOM pe-
3yJIbTaT, 9YTO BEJHAYAHA CHJH TPEHHAA

max

X
min 7

b

a .
—YBSln

IPONOPUMOHAJNHbHA Y H He 3aBUCHT OT CKOpOCTeH I’
Eciaz B TOYHOM BHIpa:KeHEH A

a X a
—-mY+m5-2:c" CoS g -I-ngm-g
M=
m—|—5-3'81112'5

COKPATHTh JHANIb TIJIABHEe WIGHH, TO COOTBOTCTBYIOIIEe
TPOHHAS

dHaYeHue CIi: bl -

_ 8 2.0 f\lain T
!( Y 4 73 & cosb)bm :

¢ poctoM z' cHagaja Oyjaer yBeamdmBAaTHCA OT HyJOHOBCKOTO 3HAYEHM:!

MOKa 3HA4YeHHMA %, IOCJe CPHBA C HpefHAyLIero IpedHA XJd TOYKHA HaJeHHH
Ha BTOpoM rpebeHb, OyOyT JeKaTh JieBee TOYKA MAKCHEMyMa CHJK TpPEHHS;
[I0OCJI® STOr0 cujia TpeHms Oyner yMeHbIMATHCH.
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