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HHeTATYT MexaHHKH Axanemun Hayk Cowosa CCP

Ilparaagaan MATeMATHEZ W Mexamumga. ToM VIII, 1944

OCECHMMETPHYECKAS 3AJAYA INIACTHYHOCTH M IIPOBA
BPUHEJJIS )

A. 10. MOUIAHCENH

(Mocksa)

Pemenne ocecummeTpuyecKo# 3ajaun INIACTMIHOCTH MMEET GOJLINOC 3HAYCHHUE
AN# TOCTPOPHHUA TeOpUU HCIHLITAHMA MATEPUANOB HA TBEPROCTH. BechMa 9acTo
0 TBEPHOCTH MaTepuana CYAAT II0 pasMepaM OTIEYATKA OT [ABICHNA KaKOTO-
anbo mramua, HAIPAMep, CTAILHOTO WapuKa (MeTod BprHennsa) nin KOHUYECKOTO
octpuss (Meron Pokmemna) Ha IJOCKYI0 rpaHRmIly MaTepuaga. OKCIPPUMEHTAJNb-
HEle JAHHBIE I[I0KAa3ald, 9TO TAK HAa3HBaeMble 4HCAa TBeppocTd no bBpuHemnio
n no PoxBemny cBA3aHH oupeneleHHHIM 00pasoM ¢ BeXWYUHON BPEeMEHHOIO
CONPOTUBICHNA MATCpHAJa M ¢ BeJHYMHOM ero mpejena TexydecTu. Teopermue-
CKMM pACcCMOTpEHHNEM HBIEeHUH, HAGMIOJAIUXCA 0PN DPOHMKHOBEHAM LITAMIA

] : 1 2 i
B U[EANBHYI0 TIACTHYCCHYK) CPEAy, 3aHUMAIHCH Xenrn ")) Ipangras ™ u Coxo-

soscrmit 1. TTocmepunit pellma 3ajady [uA cIydad MJIOCKOM IIacTHMIecKOoi

pneopmanun Npn BechMa o0mMX DNpPeANONOeHHAX 00 OYePTAHHAX TpaHMNEL
cpeasl M INTaMIA W O XapakTepe CHi TpeHua Me:kay Humm. Hmxe paccmarpm-
BaeTcd 3ajada A caydad 0ceBO cUMMeTpHMU Ha HpHUMepe JaBleHmd IApa. uad
II0CKOT0 WITAMIA HA UeATBHYI0 IIACTUYECKYIO cpefly ¢ INIOCKON IpaH@meil.

Mu Gynem mnpeneOperaTs HeGOMBLIAM HCKPUB- : lz
meypeM TOBEPXHOCTH BOKPYT INTAMIa, KOTOPOe Hpo- 7 r
UCXOAUT TPH INIACTHYeCKOM Ae(opMUpOBAHMH, U ’Wﬁ 7
OyJeM CUNTATH I'PAHUNY INIACTHYECKON CpeHl BHE .
KOHTAKTa O IITamMmoM mmockoii. Crporo rosops, 1/9

¢B0OOHAA TPAaHNIA CPefH MOMET CYHTATHCA ILIO-
CKOIl JHMIL B TOM CIydae, -eciid IpeJBAPHTETLHO
ClelIaHa BHIEMKAa Marepmaia mo opme mTaMma M cHiia JaBIeHUS Ha IITAMI He
fossIle MpefeIbHOr0 3HAYEHMs, ITPN IPEBHINEHMN KOTOPOIO HITAMI HAIHET IIO-
rpymarsca B cpeny. Ilpm pocruwsxeHnmu sroro mpefenbHOTO 3HAYEHHA Bce ae-
MEHTH cpefbl BOJIM3E ImTaMIla OKAKYTCA B INIACTUYCCKOM COCTOAHHH.

ITovecTuM Ha4aa0 MUINHKPUYECKOH CUCTEME KOODPAMHAT 7, §, 2 Ha INIOCKOCTH
¢BOOOMHOJI TrpaHNIE Cpejgel, & OCh Z HANOpaBUM IO OCH CUMMETPHH BHYTDH
cpepst (dur. 1). OGosHauymum duepes u,, Uy N i, MAJHe IePeMEINEHHUS ' YacTAL
Cpelsl NpH He3HAYNTENHbHOM H3MEHEeHUN CWJBL [aBJIeHUA ' HA HITaMI B CTOPOHY
yBenLYeHus OT OPefeinbHOTO 3HAYeHHUd.

Qur. 1

3 JIpEKIamHGA MATeMAaTHKO M M(XEHPHKa, BHI. 3
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AL 10, HELTMHCHHWI

B pacemarpusaemoii 3afage nepememenne 4y PaBHO HYIIO0.
Jima ToYer cpefisl, PAaCHONOMEHHHYX BOIMZH OCH 7, BEJIHIHHHL e peMereH aii
u, ¥ W, OPeCTAaBAM B BHAE PAa3JIO/KeH il

3 U, =a,+ar-t+ar -+ ..., u.=b,+b,r+b.r2+ ...

Tae ay, @y, @y, ... Wby, b, b,,... —QyHKOEA KOOPAMHATH z.
Ha ocu z mepemeinenne u, ofpamaerca B HyTdbh M, ClefgoBaTenbHo, a,= 0.

Z /7 I x
4 x.
d { \
[
7]t 0
\‘l)
®ur. 2 ' dur. 3

Ipenmonaras cpegy Hec:KUMaeMoll, LiMeeM yCIOBHe
el o a (rus) _
ar 03
n3 KOTOpOPO JaRJMK0YaeM, 4YTO
db
2(11 + F"P =)

’

EerectBenuO UPePION0MNATE, YTO HA OCH 5 CHPABEJIANBO HEPABEHCTBO

:d_’ <0

Eul g

]

P. €. IMHeHHEe 2IeMEeHTH, HMEIOIUe OPHEeHTAIMI0 OCH Z, YKOpauynBawrca. TaruMm
oGpasom

2

. db, ( Ol
2a,= T dz T T \ oz r=0> o
¥, ¢IAefloBaTeAbHO, BOJUBH Z BeIWYHHH ne@opmaunﬁ

ou u
Srza_::L_Z1+2azr+'-'a EB=7‘=GI‘+02T+ 5L

OyAYT TOJOKATEIbHEL.
B cuny cuMMeTpun HAIpaBleHMA I' W 5 ABIAITCHA IVIABHEIMK HAHpPABICHHAMN

nedopManuy [IA TOYeK OCH 2 M OIH3KM K IIaBHHIM HAOPaBIeHMAM JiIA TOYew,
G6ausknx K ocu z. Hampamimenme ¢ sBufercA mo TOM ské IpUYMHE INIABHHM a8
BCEX TOYEK ¢peJiH.

O6osHaunM depes o,, O, U O, IIABHEIe HANPAKEHASA B TOYKAX CPENH, PUYCM
OycTh BTOPOe INIABHOe HampaBleHWe COBIAfaeT ¢ HampaBienueM ), a HepBoe
I TpeThe HAaIpaBileHWsA BHOpPAHH TAK, U4TO OHH NPEOAMAKAOTCA K HADpPaBAeHHMAM -
z # r upn npubamxennn K ocu z. Tak kak BOamsm och

g, <0, e, >0, 2, >0



OCECHMMETPUYECKAS 3ANAYA HITACTHIYHOCTH ahg

TO, cioeay#d THHOTese miacTHYHOCTH Xaapa-Kapmaua', momomnm

6, =g, — 2K, G, =72y

(]

rie K -—miacrideckas IOCTOAHHAA C¢PeJkL.

Ecun obosnaunte uepes o (gur. 2) yrom Meskay NepBEIM INIABHBEIM Halpasie-
HEUeM W HampaBleHaeM 7, TO, KaK HETPYAHO VCMOTPeThb Ha COOTBETCTBYIOIEM
kpyre Mopa (dur. 3), OyayT enmpaBeTINBBE COOTHOMICHUS

o, =+ (0,+9,)+ 5 (5,~09,) cos 22, 6.=, (6,46,) —= (s,—3,) cos 2z

T, =1 (3,—¢,) 8in 2o

rz

Hng Todex ocu z yrom z paBeH Hymo M o;=g0,. Haa Touer cBobojHOIl Tpa-
Huger cpemsr o,=0, a 6, << 0. Tagr Kar HampeBieHHUS 7 W I ABAATCH JIIIA
TOYeK CBODOAHOW TPAHMIEI IVIABHBIMU M 6, < G, , TO AIA HTAX TOYEK

g'_.:c:l’ 5}_:‘51, 7 i a

@

Taxam o6pasoM, MOMHO cYURTATE, YTO IPA MOCIENOBATEILHOM HEPEXOje OT TOYeK
ocH Z2 K TOYKaM cBOoGOTHOII MOBEPXHOCTH CPeABl YIOIl & YBeJUUABAercH OT SHa-
vyennsi 0 mo sHavenus >

Bygem mpepmosmarate oTcyTeTBYIOWMM TpPEHNE MeAIAY IMOBEPXHOCTBIO CPEMkl
I TOBEPXHOCTHI0 MTamia. B’ 0ToM c¢iiydae HOPMAIh K IJIOBEPXHOCTH KOHTAKTA
CPe Bl H mTaMma Oyner fBIAATHCA HepPBEIM IIaB-
HHIM HAmpaBIeHueM [JIfi TeX oIeMEeHTOB ¢pejsl, Ko-
TOPEIE DPACIIONOKEeHHl V 9TOii moBepxHocTH. Jlud oie- ]
MeHTOB cpejl, PacUOMOKeHHHX Yy pasgera cBoGox- a 3
HOIl TPaHHIEI CPEMILL U [IOBEPXHOCTH KOHTAKTA, Iep- W 227 2
BOe TIVIABHOE HaNpaBIe€HWe HEOUpedeNeHHO W 3a-
BHCAT OT IyTH, [0 KOTOPOMY COBepllaeTcA Ipu- P
Onu:keHMe K TOUKam pagpena. Kemu, Hampumep,
NPUOGTIGKATECH K OTMM TOYKAM, IepeMeliagch To
¢BOOOJHOM TpaHUIe, TO TMePBHIM TJIABHEIM HAIIPaBIe-
HueMm OymeT 0CTABATBCA HallpaBleHHe r; ecyM jKe MepPeMEelaThCH M0 TOBEpPXHOCTH
KOHTAaKTa, TO, KaK OBUIO TONBKO YTO YKA3aHO, — HATIPABIEHHe HOPMAai# K ATOif
moBepXHOCTH. HampssKkeHHOe cOCTOAHUE B TOYKAX pasfena ABAgeTcHd, TaKUM
00pasoM, OCOGEHHEIM; OHO Oyier U3y4eHO MO3JHEe.

Ob6osunaunm vepes 6 yrbn ME¥EQy HAIpaBieHWeM 7 M OHCCERTPUCOH IIPAMOro
yraa, oGpasoBaHHOTO NEPBHIM ¥ TPETHUM IJIABHHIM HANpaBIeHHeM. Y NOMAHYTas
OUCCERTPUCA COBMARAET ¢ HANPABAGHWEM OAHOTO M3 HAMOONBHINX KACATENBITHIX
HanpsseHail nafa gaHuol Touxn cpembi. OueBugHo (Qur. 4), uro

Z /

dur. 4

b=4m—a
dameuass pgamee, uyro (o, —3,)= K, momyunm, 4to

o,=0o-+ K sin 20, o,=c—K sin 20, .= — K cos 26

re ¢ =+ (9,4 0,).

1 Coornomenus Xaapa-Hapmana (4! soryr 6wme monyuensl nak npejeibuble H3 ypaBHeHHIE
HPOCTPAHCTBEHHOTO 7eioPMUPOBAHS BAIKOIIACTHICCKON cpeill npu Koad@urente BA3KOCTI,
pasHoMm HYI0O (cm. A. IO0. MmanHCKKIT [5])_

I*
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(0,—0,) =6+ K, 10

5, =3, --—'—u—l—]\.—

Tak Kag g, = oy +a9)+

ITopcTaBass BwpaAeHNA A HaopsmeHwif o., o,, o., Gy B YpaBHeHNA
paBsHOBeCS cpefas

% Tairi 005 ) oy
+ + =0, 01‘+8T =0

7} c‘,.

MOJIYYHM B2 ypaBHeHUH
Jds Ly f7i] > ah 1 - 3k
— :_). » OS == 2 S 2{ _— o 2F =
o=+ 2K 00526 5+ 2K sin 20— — (A K sin ;) 0
ds - al 4 ol it
——-2Ksin 20 - —2K cos 20 — —- 208 20 =
2K sin 20 - — 2K cos 20 5~ —- K cos20=0

ST ABYX HEeH3BecTHHIX QYHKNHII ¢ 1 § mepeMeHHEX 7' U 5.

OTH YpPaBHEHMA OTHOCATCH K Kiaccy TurepOOIHYecKHX ypaBHeHHN MaTeMaTH-
yeckol (msukn. XapaKTepHCTHENM HX OPTOTOHAIBLHBI MEMNY cO00i M KacaTens-
HEle K HAM 00pasyioT ¢ HaOpaBiueHmem 7 Yrael 6 m 3 w-0 B Kampoit Touke
cpenel, KpoMe OTMeYeHHBIX BHIE OCOOGHHEIX TOdYeK. [le#icTBATENBHO, YMHOMAA
ImepBoe ypaBHeHHe Ha cos b, Bropoe ma sin § m cKiamgpBag WX, IOXYYAM

cos 0 (g—; ‘)Kao)-}—m 6(“-}-" '0()) £ (oos(i—«sm 6)

YmMHomas mepBoe ypaBHeHMe Ha —sin f, Bropoe Ha cos ff w BHOBR CKIaaml-
Bas, MONYYNM

——smﬂ(——_.Ka?_)—i—(-osO(g—Z— ’Ka—ﬂ> <cose-ﬁsm B)

BBona HOBRE mepeMeHHERE

_ : a=§-<c+2K0>, e (:;MAAe)

TNPHXOAUM R CHCcTeMe JBYX ypaBHeHHMH :
a3 ; 9% 1 :
cosf = -}-8in 3= (L cos sin
0 1 A
—sin - '7—{—(,03 7”_7 <cosﬂ— sin 6)

KOTOpEICE MOKRHO IIPEICTABATHL B BHIE

‘g~§=—j_<<cosb——sin0>, —%’;:%(cosﬂ-—sinﬁ) <@=%(E*‘0))

raie 0/0s m 8 ]0s’ —mpowsBOAHEIE TO HANPIBIEHUAM, o0pasyomuM yrasl O
n 4 ~+0 ¢ mampaBmenmeM r, T. e. MO0 HANMpABIEHNI0 HAWOONBMHX KacaTEIbHBHIX
HanpsiAeHHiA jmﬂ JAHHOI TOYKH Cpefsl.

JiBa OpTOTOHANBHEIX MerIy coDoil cemeiicTBA KPWBBIX B INIOCKOCTH rZ, Kaca-
TenpHEE K KOTOPHM oOpasyior yrae 6 n 5 w-0 ¢ mampasnemwem r, HasoseMm,
crenysi ofmenpuHATOMY, ceMelcTBAMA JIMHUII CKONbKeHWHA (XapaKTepPHCTHK).

IMomywennse pasi QyHKOuWiL § 1 v ypaBHEHUS TOKA3SHIBAKT 38KOH H3MEHEHMS
orux (yHrumi Bponp nuHui cKomwmenus. Ilosromy, ecnu M3BECTHH 3HAYEHUA
$ynknuit 2 u v B gBYX CGaIn3Knx TOYKAX, TO MOMHO HpubnmmeHHO HAWTH 3Ha-

S



OCECUMMETPHUYECKAA 3ATAYA IIJTACTUYHOCTH 205

yeHus Tex ske (YHKUMIE B TOYKe IepecedeHNs ABYX JNHUI CKOIbAKEHUA PA3HBIX
cemMeiicTB, TPOBeIGHHHEIX uYepe3 HTH TOYRU.

HelicrBuTenpHo, mycTh &,, Ny U &g, Np— s3HaYeHus Qynruouii § ¥ n B TOU-
kax A u B (gur. 5). Ho nmm moryr Obre Halimenst 3Havenns 6, n Op m, cae-
JIOBATEIHHO, MOCTPOPHR  KacaTeadbHele B Togkax A m B K JHHRAM
CHKONbReH N, ; . '

OGosnagny ‘gepes C TOUKY TepeceveHilf ABYX KACATENRHBIX K JIWHUAM CKOIdb-
JREHUA JByX pPa3HBIX cemeiicTs, nposegeHHmX uepes Toukn A u B. Tak Kak
10 TIpPeAmoNoKeHno Toukn A w B OIusKu gpyr K Apyry, To Todka C mpubnu-
AEHHO OIpefeIder TOYKY IIepecedeHNsa caMuX JuHuii, ;

dur. 5 ®ur. 6

[Iyere AC — KacarenbHasg K JIIHNN CKOJB/KEHHA IepBOro cemeiictsa u BC —
KacaredbHasg K JIIHUM CHOIBAEHNA Broporo cemeiicTBa. Ecumu Touxa C nemur
Ha TONOMWTENbHEIX HANPABICHHAX OTHX KACA eIbHHX, T. . MOXYNPAMHX, 00pa-
ayionux yrasl 6, u 8p+ « ¢ HampaBmeHueMm r, TO OymeM HMeTb

it 55 : a9z cos (4 — sin Oy
Fo ki E_{‘i‘ I‘) L.-\S == EA—i————r————-QC
4 4
S an ‘ cosflp — sin p
e > gt (Il)r A" =mp+ i Tt -BC-

-

Bonee TouHble BEIpaseHnsA TA BHAYEHUH £ U m B ToYKe C MOMHO IOXyUATSH,
5aMeHfA BeIUYUHbE I'y 1 I'y COOTBETCTBEHHO BedmdnHaMu 4 (ry+re) u 3 (rg-+re)-

Wmenno roxuM 00pasoM IPOH2BOAMIUCH JEHCTBUS IPH pemieHMA IPUMEPOB,
npuBoguMeX Huase. IIpn srom momoikenume Tounm C onpegensmoch rpadudeckn,
nepeceverneM npaAMeiX AC u BC. Vranl HAKIOHA UPAMHIX ONPENENAINCH BEIYi-
CJEHHMEM ¢ TOYHOCTBIO O THICAYHON poau pasnaHa. [Ipm mocTpoeHAM HX HMCIIONE-
30BAICA TPAHCIOPTHD ¢ JeJdeHHeM depes KasKisle IATh THCAYHEX. Takum oGpa-
30M, TEICAYHBIE TOMM PAJUMAH OTKIANEIBATIMCH Ha-Tia3. BrOpaHHBE Tpum pemeHuu
3ajaui JMHeHpIe pasMepsl L0CTPOEHHH ofecleddBaIn TOYHOCTH B TPETheM 3HAKe
nocie 3amATOoil puA’ pasHOcTeli 3HadeHMI BeXHYMH § W 7, TAK KAaK H3MepeHue
BetwanH 3 (ry+rc) u -+ (rg+rg) DPOUSBOAMIHCL ¢ TOYHOCTBI0 IO MIJLIH-
MeTpa. '

IIpousBepenna (cos 04 —sin 04) AC=CD u (cosbg—sin by) BC =CE takme
nsMepAIHcs Ha depreske, [TocTpoeHne HX MOKHO BageTh Ha ¢ur. 6. Vamepenue
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IPOMBBOAMIOCE ¢ TOYHOCTBIO [0 JIECATOH [OMA MMUIAMMETpa, 4To ¢ H20BITHOM
00eCIeYuBaI0 TOYHOCTE B TPETBEM 3HAKe MOcJe 3a0ATON 1A OTHOLIeHWIl

10, +r) 1(rp+r,)

(cos iy —sinly) AC o (cos O — sinflp) BC

KOTOPBIE TIOACYUTHIBAMNCH TIOCPEACTBOM Jorapudmuveckoii auHeiirm *.

Eeny mspectasr snayeHns QyHrumit § n v BOONB HEKOTOPOM LYrH, TO MOMKHO
HOCTPONTL TPUOTItEHHOE pemleHue ypaBHeHmih mua ptuX QyHKOHE B HEKOTOPOIl
- TpeyronbHoit 06nacTn, ofHOH U3 KPUBONMHEIHHIX CTOPOH KOTOPOi ABAACTCA AaH-
nas gyra. [lag sroro.BospMem Ha pamBOi ayre (¢ur. 7) mocaepoBarenpHOCTH HO-
cTaTOIHO Oin3Ko pacmomomenanx rouex [0, 0], [1,1], [2,2],[3,3], ..., [m,n]
I IOCTPOHM, OTIPaBIAACh OT KamAoil Iapel coCegHUX TOYCK, HOBHIC TOUKH
0,11, [1,2], [2,3], [3,4], ... nmo ogay ecropony KPUBOH; HONB3YACH TOMABKO
4ro OMMCAHHBIM CIOc0DOoM.

o, :
/A
g
. '
Dur. 7 ®@ur. 8

HaiinA snaueHus BeauuydH £ M v U, cJOCOBATeNBHO, W sHavenue 60— 1 (E—7),
MOYKHO TIPOJIOIVKHTE TOCTPOCHA® JAuble W HANTH 3HAYEHMA § U 1 B TOYKAX
(0,27, [1,3], [2,4], ... 3arem wmomHo mocrpouts Tourm [0,3], [1,4], ...
A 7. j., IOKa He TPHAEM K TIOCTpOeHmio mocienHeii touknm [0, n].

Jlomamme - {[0,0],[0,4], [0,2],[0,3]),...},{[1,2),[1,3),11,4],...}..
nupejcTaBaAoT cofoli NpubinAeHne K JNHNAM CHOIBMEHMS OJHOTO ceMeiicTha,
a momamee {[1,1], [0,1]}, {[2,2}, [1,2], [0,2]},{[3,3], [2,3], [1,3],
[0,3]}, ...—K muBuMAM ApPyroro cemeiticraa.

Sagaua 0 maxozeHnn QYHRIHH § W v IO MEBECTHEIM 3HAYEHUAM HX HA He
KoTopoit raajroit nyre sApngerc sanaveit Homwm pmusi ypaBmemmit rumepGosn-
yeeroro tuma, @Oysromm § 1 v moryr OwTh Ipd 9TOM, BooOlle roBops, Haii-
HeHbl B 00gacTH [iIByX KpPHMBOIHHEWHHX TPeyrOAbHUKOB, AIA KOTOPHIX JaHHAd
ayra fignsercd obuieil cTOPOHOM, a APYTUMH CTOPOHAMM CIYHAQT JHHUH CKOJb-
meHnA 000UX ceMeiicrTs, TPOXOaAne 4yepes Kpaiinme Touru pyru (¢ur, 8).

Ecau nssecrnn 3uadenns gynxumit £ n m Ha ABYX JAyrax JMHUI CHombe-
MEUA PABHEIX ceMe#cTB, MEXOAAIGMMX 13 OHOM TOYRH, TO MOFKHO HAWTH 3HAUYCHMA
£ ¥ v A TOCTPOMTL JWHHU CHKOJILMKEHHA B 00JacTH KPUBOJAUHEHHOTO YeTHIPEeX-

1 JlopAgor 3ammCu M3MEPEHHIi M BRIYHC/ICHNE 1l0Kasau HWe Ha Ipnmepe.
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YTONPHIKA, OrPAHHYCHHOIO ABYMS NAHHBIMH JIYTaMil H ABYMA JHHUAMEA CKOJNL-
FHEHAS PaAsHBIX CeMeWCTB, NPOXOAAMNMH 4Yepe3 UX Kpaiinue toukm (dur. 9).

Hpubnwsennoe pemenne oroif 3ajaun, seaswomeiics sagaveir Typea pas
YPaBHeHN# runepOonudecKOro THHA, MOMET (BITH IOCTPOEHO TEMHM ke TIPHEMAMM,
Kak n pemenne sapagyr Homm,

Frifepem Ha Kamjoii pyre IOCiIe[0BATeNBHOCTH JOCTATOYHO GANMZKO PACIOLO-
mennux rowex [0,0], [0,1], [0,2],...; [0,2] n[0,0], [1,01,..., [m,O].

Mo pammemv smavennsM & n q B 1oukax [0, 1] u [1,0] crpoum toury [1,1]
U HAXOQIM 3HAYeHUA £ W 7 B OTOH TOYKe, ’

Mo nanEmiM B Toukax [0,2] u [1,1] crponm Toury [1,2]. Barem mocme-
sosareabHo crpomm rouku [1,3], [1,4] w1, n.

mal

Gur. 9 ®ur. 10

Jlomanam {[1,0], [1,1],[1,2], [1.,3], [1,4];...} mpemcraBnser cobo#
TnprbnpKReHUe K NTHHUA CKOJIBKEHNA, TpoxopsAwei yepes toury [1,0].

Jamee, mo nauusM sHadeHusAM & w 1 B Touwax [1,1],[1,2],[4,3],[1,4],...,
crponm Toukm [2,1], [2,2], [2,3], [2.4],..., onpegenAromne mpuOIMKeH-
YO0 HOBYI0 JIMHUIO CKOBIKCHNUA.

OgeByaHO, YTO NOROOHBIC NOCTPOEHHA TOYEK M BEIYMCJICHME 3HAYEHMH B HHX
dynEnuit £ m v MOMHO TPOAOIIKATH A0 TeX IOp, MOKa He Oymer NPHOIMKEHHO
HOCTPOEHA TIOCTENHSIA NWHUA CcKOJb/KeHNA, NPOXOAAMIAA deped KPaiHiOll TOYKY
AYTH NAHHOM mumEE cKomxmmemma | [0,0], [1,0], [2,0],..,., [m,0]}.

TMocaeposarensnoctu Tower {[0,1], [1,1], [2,1], [3,1],..., [m, 1]},
1L S R G T v e N R e SR ST R B B ) SR e e
npuOINAeHHO OIIPEeAeNsAIOT BTOPOe CeMEeHCTBO JMHHIT CKOJbMEHUA.

Ecan ussectHnr sHavenns QyHKumii £ W 7 HA OyTe JNHHHA CROJIHKEHUA, a Ha
ApYyTo¥i ayre, He ABAAIOMEHCHA JNWHHell CHOJBKEHUA, JAHO COOTHONIEHHE MEeHay
¢ W 7, HaupuMmep, 7 =ak-} b, To sHAYeHNA § W 7 MOryr OHTH HailmeHH B 00ma-
¢TH, KOTOpa# OTPAHMYEHA OTHMH AYTaMHM M ABYMA JIMHAAMH CKONBKEHHHA, IPO-
XOaAIUME 4epe3 Kpaiigme ToukmM stux ayr (dmr. 10).

Jasi mputamKeHHOTO peleHns 9T0# Tperbell s3ajadm, KOoTOpasi ABNACTCA CMe-
1AHHOM 3ajadedt ypasHeHmi#t rpnepfosmyecKoro THIA, BO3BMEM IIOCHEIOBATENb-
HOCThL GaHM3KO [ApPYr K Apyry pacmonosensnx touex [0,0], [0,11], [0,2],
[0,3],..., [0,rn] ma npamHoit JswHuR cEonesweHmsi. B rouwe [0,1]. mo-
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CTPOMM K Heii HOPMAadb H OTMeTHM TOYKY [1, 1] mpuGamkeHHOro mepecedeHH:H
KaEHON AYrm ¢ JWHUeH CKOJb/REeHHA, IpoxonAmei yepes Toyky [0, 1].

B saBucnmoct or mpumamemuocTH auHNR ckompmenus [0, 1], [0, 1] x nmep-
BOMY HJId KO BTOPOMY CeMeHcTBY JUHWA CKONbAEHUA MOAXHO HANTH, OTIPABIAACH
or roukn [0, 1], npuGnmxenHoe 3HaycHme QyHKumuN & man QyHKHuM v B TOUYKe
[1,1]. BeaencrBue jaHHOTO COOTHOMIEHMS MEMAY & M 7 HA BTOPOM [yre 9TOrO
MOCTaTOYHO ANA ompexemeHud obeunx PyHKumiz & @ 7 B Touxe [1,1].

Hanee ctponM TOYHO TAK e, KAK M B JBYX npmr,uvmn‘{ 2a0a9ax, TOYKM

ERDTRR TR | R R

3HaHEe BOTMINH E u n B Toure [1,2] mossomAer mycrpours Toury [2, 2],
KOTOpasA NPUOIMKEHHO JIeHAT HA [ePeceYeHur BTOPOit TAHHOI AyTH ¢ KacaTeabHoi
K JHHAA CKOJIBKEHHUA, IMpoxoasmeir yepes touky [0, 2).

. 3arem crpomM Tourm [2,3], [2,4],..., [2,m»]; [3,3], ..., [3,n]
H, HawoHen, Touku [m,m], {(m ,m 41} ,..., [m,n]}, oupemexnmmie
UpuOANASeHHO TIOMO/KEHHE TOH JIVHUEW CROTLESHIA, KOTOPAA IIPOXOIUT dYepe3
KpalHiol0 TOuKy [m ,m]| Bropo#i pyrm.

Tourn {[0,n], [1,n], [2,n],..., [m, n]} onpenenAitor Mpu HTOM JIHHIIO
CKOJIbAtGHAA [PYTOTO CeMeiicTBa, KOTOpad IIPOXOAUT Yepe3 KpaiHIoo TOYKY Iep-
BOM AYTH, PACHONOKEHHOM HA JUHIW CHOILAMEHUA IIEPBOTO ceMeif¢Ta.

Ecau muaun CKOJNBAEHAA OINHONO I TOTO KRS ceMeiicTBa IepeceKanTcd B O-
HOll TOYKE, TO B HEINOCPEACTBeHHON Omu3ocTl K 9TOH TOYKe BTOpOE CceMEHCTBO
" IUHAN CKOJBMKEHHA BCIEJCTBHE OPTOTOHANLHOCTH K IIEPBOMY HOKHO HMETE BHJ
Hyr KOHIEHTPUIECKHX OKpyykHOcreil. JlmumHBl mnyr stux OKpymMHOCTEH, SAKIIO-
YeHHEIE MEKAYy KPAaWHUMN JHHUAMH CKONBKEHUS IIePBOTO reMelicTBa, CTPEMATCHA
K HYJI0 IO Mepe NpudamueHud K todke nXx mnepecevyennd. [losromy omHa ns3
Qyaxmuit & umn v QOIWRHA cTpeMuTHhCH K HEKOTODOMY TpeNedbHOMY BHAYEHIIO
10 Mepe NPHONAWKEHWSA K YIOMAHYTOH TOYKe,

HeiicrBaTenbHO, TaKk KaK (QYHKOMM £ U % YAOBIETBOPHIOT YPABHEHHAM

9% 17 N7 )
d—s—r(\cos 6 —sin 6), ((,036-— sin 9

d B
TO TpX TepeMelleHUN IO JyraM BTOPoro cemeiicrsa (0muaknx mo  Qopme
K KyraM OKpY:HOCTedl) mMeeM HAa OCHOBAHUH HM8BecTHOIl Teopemml Jlarpamia

y N N
mubo &, —&, = -A4s, mbo M, — M, = & As

rge As — gauHA Kakoi-muGo myru, &, w £, mam m, i 1, — 3HAYCHUA QyHKmEM £
uIM 7 Ha ee KOHIaxX u /N — sHadeHwe BuipakeHus (cos 0 —sin0)/r B Hexoro-
polt cpenmeit Touke pyrm. [lo mepe mpudamwmeHUA K TOUKe MNEPRCeYCHHA JIN-
HHA CHOIBKEHHMA BeamYunHa As crpeMmArcs K HyJdo, a BeauynHa /N ocraeres
orpanngenHoii. CiejoBaTenbHo, eciau KacarempHas K jgyre ofpasyer yrom f
¢ HANpaBIeHWeM 7, TO BHAYeHNMd §, W £, crpeMATcA APYL K APYrYy; ecaH jke
ona obpasyer yrom B-4-im, To crpeMfAtcA ApPYyr K ApYry 3HAYeHus 1w, u 1,.
: o Ipyroii cmporm,""n HeTIOCPeNCTBEHHOH OXu30CcTH K YIOMAHYTOIN TOUKe
ocTaeTcs CIpaBeIMBHM cooTHOmeHme 0= (5 —m).
-Tlooromy mpyra# u8 BeamdaH § 3 v IO Mepe NMPuGIWK2HUA nﬁpnom cemeii-
cTBA (uenepecexaxomnxca B TOYKE) CTPEMUTCA K PasHEM IIPefesaM, 3aBHCAILUM
OT yria HaKIOHA KAacaTeIbHOM K DTUM JNHHAM B TOYKe MX Tepecedyennsa. Besen-



- go pemennio 3agaun ['ypea. Bossmem (dur. 11)
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cTBHE YTOro OyjaeM Ha3pIBaTh IMepeceYyeHne JHHHMI CKOMbKeHHMA TOYKOH pazpmiBal.
IIycre uwsBecrHn sHaveHusA (yHKuuid & m v BAoas Oyru OFHOH N3 JAMHUTIK
CHONBeHNS, IPOXOAAUiell yepes TOYKY paspriBa. TOrja MOMKHO IIOCTPOHTH LyTH
APYIHX JWHWH CKONbAEHWs, NPOXONAIPX Yepes TOYKY paspsBa, W HANTH HA
HAX 3HadeHmA £ u 7. ;
Pemenne 510 3amayu, KOTODPYIO MH OymeMm

masmBare sajaucii CoromoBeroro 8, amamorny-

TOCHEHOBATENLHOCTE OJINRKO  PACIIOMOREHHEIX

rouek {[0,0], [0,1], [0,2] , . .., [0, »]} Ha mam-
HOl Jyre M MpOBefieM Yepes TOIKY PaspeiBa PAL
mpamux (0), (1), (2), (3), ..., (m), obpasyio-

{IAX MAJIBIE YTVIEL APYT ¢ APYIoM, IpAdeM OpAMas
(0) sABasieTcA KacarTeJpHOH K MAHHOH THHHK
ckrompasenus, OcranbHple TIPAMEE MOMKHO Pac-
CMATPUBATh KaK KacaTelbHBIC K JAPYTuM Jd-
guAM  cKoupmenns. [lomomenme mociepgnei
npsAmoii (m) onpepesnsercA O0HYHO YCIOBUAMH
3aJadM.

[IpemeasHOe 3HAUCHME OAHON U3 BEIMYMH §
WM 1 B TOYKe PABPHBA HBJIAETCHA OOMUM JIis Qur.711
BCeX DTHX KACATEeIBHEIX, a4 3HAYeHUC JPYyroi
ompeneasiercd YIIOM HAKIOHA KacaTeapbHON K Haupasienuio r. Ecam, HaHpHMC‘}; L
JaHHAS JMHASA CKOIBMEHUA TAKOBA, YTO KacareJpHadA K Heil odpasyer yroa 6
¢ HAmpaBIeHWeM 7, TO 3HAYEHUE 7 B TOYKe paspuBa Oymer oOmHUM XA Beex
npoxosmux yepestuee nuHnii cRonbmenud. [[1A mpemenpHHX 3HAYEHHN 5 mveem

E=404-7
rae §—yrom HAKIOHA KAcCATENbHOM K JIMHUAM CKONLMAEHHA B TOYKE PaspHIBA.

Wrak, MOHO CcYATATH MBBECTHEIMU IIpefelbHbIe 3HAYeHHMA PyHEnmA £ nn Aas
AMHUA CKONBMeHNd, KacaTeIbHHMU K KOTOPHM ABIANTCA upsamue (1), ..., (m).

Toctponm B Touke [0, 1] KacarenpHyl0o K JAHAM CKOJBAEHUA BTOPOTO ceMei-
cra. [lepecegenne ee c mpaAmoii (1) mpuéammenno ompeneaur To9ry [1,1] mepe-
¢CYEHHA COOTBETCTBYIOMUX JIWHUI CKONbKEHUS, HOCIE Yero MOMKHO HAUTH IpH-
OnMWReHWEE 3HAYCHWA £ @ v B 5TOH TOYKE MO JAHHEM BHAYCHHAM WX B TOUKe
[0,1] u mpenensHEIM 3HAYEHHAM B TOYKE DPa3phHIBa.

Batem crpoum TOUKY [2, 1] mepecedenmsa mpamoit (2) ¢ KacaTedpHOR K JIWHEM
CKOJIBMEHAA BTOPOTO ceMeiicTBa, mpoxopmAmeil wepes Toury [1,1], Haxomum
mpuGamwKenHsie 3HaucHUA £ m n B oroli Touwe. [lamee, momoGHEIM ke 06pasom
erponm Touku [3,1], [4,1],..., [m, 1], woropse Bmecre ¢ Toukamm [0,1],
[1,1] un [1, 2] opubnamxeHHO ONpeNeNAOT TONOMEHNE IUHUM CKOJMbKEHHHA, TIPO-
xopameit wepes Toury [0, 1]. ITocme sroro zagaga csopmurcA K sagave I['ypea

.o Haxosnenns QYHKINM § 1 v 110 JAHHHIM 3HAYeHHAM dTHX QYHKOUiA HA JBYX IWHHAX

croapmenna {[0, 1], [0,2], ...,[0,n]} u {[1,0], [1.14], [2,1];..., [m,1]}.

1 B. B. Coxomosckuii [°] masumaer ory rouny ocoGoii.
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Taxkum 06pasom, 5ajiada OKABHBAETCH TNPHOMN/KEHHO pPeINeHHOH B ofaactw,
KOTOpas OTPAHHYEHA JIByMS JHHHAMH CKOJBLRCHNA, MCXONAIIAMH H3 TOYKH pas-
pHiBa, ¥ Nepeceralomieil nX Tperpeit auHHM cKoxbienusA. [lodomenne mocaeanei
JUHAN ompejeaseTes yeaoBuAM sajaun. Touky paspeiBa MOMKHO TaKmke pac-
¢MaTpUBATh KaK AYTY JHHHH CKOJIbCHUA, CTAHYBIIYIOCH B TOUKY.

Hekoropoe mpepcTaBieHne o XapaKrTepe HANPAKEHHOTO COCTOAHMH BOIMBH
TOYKH PasphBA MOMHO MOJLYYHTH, IONB3YACH CPEACTBAME AHAJLUBA.

Bynem cunrars HampsyeHMA BOAMBH TOYKE PazpheBa PABHOMEPHO OTPAHM-
YOHHEIMH, T. C. MEHBIMUMH 1O afcolioTHOI BeanmymHe HEKOTOPOH KOHCTAHTE, 06-
el aafa OKPeCTHOCTH TOYKII PaspeiBa,

Hpome roro, monyeruM, u4to BOJXHSM TOYKM paspeiBa (YHKIMM £ U v MOTYT
O HTH DPEACTABIACHH passioskennsamu Ilouso

§=a,+p* (a,+ a0+ a0*+. . ) (2 > 0)
=0y + P (b, + b0+ b0 +. . ) (8> 0) !

P2 0 — PACCTOAHKE OT TOYKH PASPHBA; Gy, @ 4, Ay, @y, ... W by, b, b,, b,, ...
(QYHKUME yriaa ¢ Mejly HAIPaBICHAAMI 7' W TPAMOL, I/mym(‘ll K 9TOf TOUKe.
Jameuas, uro (far. 12)
z=p sin @, r—=1U-+4pcoso

i | rae |- paccrosHne MemAy TOYKOH paspeiBa M
§ . OCBIO I, TIOmydaem

TER

. 4. co8 e 2 —gin g
y ' par__p""?dp ?0?
17 a
P, = pSIDY =-+coso
Our. 12 9z Y odp ;

Qe 9 . o 4 9  cosfi—sinf

5 €08 b4 o sinb= cos (0—~cp) +sm( ®) TR T dny %

a 19m_ cosO—sin® <6:3(§"'1‘)>
W 2l s .1 . e S CN Terdd

& sin - 5 2% cost — — sin (0 r.p) +(oq (0 —9) A o s Y

[Tpasrie W jeBbie YacTy NONYYEHHLIX YPaBHCHNIT MOKHO pasjoMuTh MO CTe-
nenam p. Hospduuumentnr mpu ¢—' B pasmoikeHUAX, NEBHIX YacTell ypaBHEHHi
COOTBETCTBEHHO DABHEL :

un( ———30) i} cos<;———-cp)b

Pasnosmenns npaBpx yacreil ypaBHeHMII HAYMHAITCH ¢ IONOKHTENBHEIX CTe-
neneit o (l == 0), n, caegoBaTeIbHO, HANUCAHHHE KOOQPUUIUCHTH ROMKHBL oﬁpd-
aTbed B HYIb. JTO UMEET MECTO B Tpex c.nyqdm

1) ao = 0, bu =)
2) a,=0, 'a'r,‘-li’-—cp =:—;+ mr
3) by =0, 9":!;{)3- — @=mx
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B mepBom cayuae pesaununHsr @, b, moetosnunr W 3Havennst £ m oy B TOUNe
o—(0 ommasHauuHel. Touxa p—=0 mpu oroM’ He ABAACTCA TOYKOH PaspeBa. _
Bo Bropom ciiywac Besmuuna @, UOCTOAHHA M, CIEAOBATebHO, 3HAUCHUE §

Meem BBIDAHeHHE

oaHosHadHo B Touke p=0. [lnsa Beqmunuwer b,

by = a,— (2x 4 dm=) — 4o

Taruy 00pasoM, npefeabHoe 3HaUCHNMEe QyHKuuii n Ipu NpuOAMAKEHIH K TOY-
KC PaspeiBa 3aBICAT 07 MONAPHOrO yria o. _

B rTperbem cayuae, wamporms, 3sHaucHye QYHKINM ¥ He BaBUCHT OT HYTH
uprdIwKReHUA K 0c000I TOYRe, TAK KAK BeJMYnHAa b, He BABUCHT OT yIiaa @, a
3HAYCHHE TIIaBHOTO Wiela paanoxmeHnd (GyHKIma § BOMW3UM TOYKA PA3PHIBA ONMpe-
JeTACTed BLIPame Huen

a,=b, -+ 4mn -+ 49

M, CJAeZOBATENBHO, B TOYKE pasphiBa HE OJHOBHAYHO,

B -obonx mocmepHux ciyvadAx 3HAYEHHE yIJia HAKIOHA KACATENbHOH K JMHI-
SIM CKOJIbAREHUH OJHOI'O U3 CeMCHCTB CTPEeMUTCH I0 Mepe NpnbimaeHnd K TOYKRe
paspelBa K 3HAYCHHWIO NonApHOro ymia o. Tawkum oOpasoM, B TOYKC pazpriBa
JAUANH OAHOTO 43 ceMeHCTB nNepeceRalorcs. Moo mokasars, uyro BOIM3N TOY-
KH paspeiBa JUHOM [PYTroro cemMeersa Majo OTIANYARIOTCA 0T OKPY/KRHOCTEH ¢
HEHTPOM B 0coGoil TouKe. ; '

Haronery, Mo:tHO TIOCIE ZOBATEIIEHO ONPEMEIUTH BRI passenid mist KosPduuuentos
a4 @y, ... by, b, ... U DOECANTATH 3HAYCHMA TOKasareneit o v B.

IlepeiigeM Temeps K peMICHAK Bajgadyil O JARICHUW abCONIOTHO HECTKOTO
IITaMIIa HA MACATBHO IUIACTHYECKYIO CPemy.

IIpnMem, wro cuma maBlIeHHs HAa IITAMI UMeeT MpeAeabHOe 3HAYEHUe, IOCIe
MPeBHIICHAA KOTOPOro INTAMII HAYHeT IOrpY:RaThesl B cpepy n pedopmamun ce
cTanyr 3HagnTeabHeMy, CrIegoBaTelbHO, B 0OJACTH ¢peasl, OKPYHHAOME Wramir,
HAIKAT TOJOMNTE, KAK YKA3BIBamIOCh BBINE,

6, =5+ K sin 26, 6,—=o— Ksin 20, ., = — K cos 20

T

Tak wak 0= % —« u gaA To9er cBOGOAHON IPAHUNE cpefpl o —3w®, T0 A

ITHX TOYER uMeeM f= —i T H, ¢JegoBaTeJIbHO,
O0=s-+ K

Tak Kak Ha ¢BOGoaHON Trpanie o, =0,
Tawum obpaszoM mifi To4eK ¢BOOOJHOI T'pa-

HIIIbL Cpeabl

e S 1 2 i * o i el 5E ; POy 1

“*EA(:_'E_-Q)"'—Ay 6'7](C"‘7})———*;'ﬁ

OTRY R

i=—(x41), n=im-A1
duasg suaveHnst QyHwRUmii £ ®mw v Ha rpaHume cpemst AB (Pur. 13), momwo,
pemtas sagauy Komw, noc TponTh MUHUE CEOABkeHnd £ u v B TPEYrONBHOH ofi-
aaetn ABC, npmmma'mmeii K ¢BODOQHOI rpamuie. ! j
He Tpynno sugeTh, 1r0o yrox i yMegbmaeTest IpH e pMemeHIi 10 JTAHN AM CROMb/Ie-

HHA B DIVObL CPeHbly
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‘Uro0H 910 JOKA3ATh, PACCMOTDIM TOYKY F', HAXONAILYIOCH HA TIC pecedeHHy TMHIH
CKONBEHAA TePBOro ceMeitcTBa F) nJIMHUM CROIBAEHUA BTOpoTo cemeiterBa EF .
Bpoxs aunuu FD cnpaBepiuBo cOOTHOINEHHE
dg  cosf—sind e Y
A g OTKYHa dc:;<dv—dz>

.
Ipu nmepememenun u3 Toukn F B TouKy [) KoopjmHaTa .’ BO3pacraer, a 3

ymenpmiaercd. Taxnm oGpazom dr > 0. dz <C 0, m caenoBarensso, dé > 0. Tlooro-

MYy 3HaueHme § B TouKe /' MeHpmle 3HaueHUs TOU e QyHKUHm B TouyKe [).
Brons nmuum cronbmenns EF cupasemiauso COOTHOWIE HUE

ad (_‘050—\11}0
62 Pt OTKy A dn = <dr -}—d" )

r

Ilpn mepememenuu OoT TOYKE £ K 10uKe L’ KOOPAWHATLI 7 M F YMEHBUIAIOTCH,
caenoBarenpHo, dn <0 u sHauemue ¢yHmrnum v B Touke F OObOTE BHAYEHIS!
T0# e QYyHKIME B TOYKE E unu, uro 1o iKe, B TouKe [}, TaK KaR QyHKIUHA ¢
H % Ha cBOOOAHOU FPAHULE CPeAbl HOCTOSHHEL

Takum obpasom, smauenue pasuocru §—v B Touxe F .wensme, ueM ee 3HaUe-
Hie B rourax D u kK, a ciegoBarensno, 1 yroa
MEeHBIle B Touke F, dem B ToukKax 0D u F, F,Zl,(.‘
OH paBeH — ,x. : !

Ecan mramir aGeosmiorHo IEagok, TO JIMHIN

7 &, CROMbHAEHNA OyiNyT MOAXOAMTH MHOJ YIIOM 7
K ero mnosepxHocTW. OpHa ®3 TRRUX JINHUK
f___[ : npoiifiler d4epes TOSKY A, KOTOpAaA paclOgOMmeHa

Ha Kpal KOHTAKTHOW moBepXHoctu. Yepes oty

Our . 14 7K€ TOYRY IPOXOXUT APyrafd JIMHUA CKOIbASCHUHA

: AC, woropas o6pasyeT yroli ;x €O CBODORHOIL

rpannei cpemer. Takuam o6Gpasom, KAk viKe OTMeYaJIoch BBIHIE, DTA TOYKA HB-

JAFEeTCA TOYKON paspeiBa HANPAMEHHOTO COCTOAHUA H 4Yepes Hee IPOXOANT Iy-
YOK JIMHAH CHONbH{eHUS.

Tar war AC aBagercd annpell CKOABHEHHA BTOPOro cemeiicTBa (BAOAL HIX
iI38BECTEH BaKOH H3MeHeHUA (yHKOUH 7)), TO M BCe OCTANLHEE JWHOM, HPOXOAfA-
uie Yepes bTy TOUKy, TaKme OyAYT NpPHHAIENRATH KO BTOPOMY CeMeiicTBY.
CaenoBatenbHo, mpegensHoe s3HAYeHWe PyHKUME 7 B TOYKe A 3aBICHT OT IIyTH,

II0 KOTOPOMy WAeT IpHUQIMAeHMe K DToil To4Ke. SHauenne QyHKIHH B TOYRE .

paspeBa ABIAETCA ONHOBHAUHEIM I paBHO — (14 iw

Cuurasd TUHHIO CKoibmeHus AC mocTpoeHHO#l pemermem sagadi Kouuar 1o
JAHHBIM § ¥ 7 HA ydYacTKe Tpanuusl AB u 3Hafg 3HaueHUA QyHRIDE ¢ M % Ha
OTOIl JIUMHUU, MORHO, penlad 3amauy tuma ['ypea, nocrponts JTUHUIL ¢ KOMLBAKCHII
U OHpenendTs 3HAYEHUA £ W v B obmacrn CAG.

IIpu srom oxameTca IIOCTPOEHHOM HUHAA CHOIBHEHUsA AG BTOpOTO cemeiicTBa,
HORXONAINAA TON YIVIOM ;= K IIOBepXHocTw mTamma y Touku A. IlpemensHoe
3HadeHnme (PyHKUMHE 7 HA OTOM JHMHAM IPH HPUGIMAKEHAM K TOYKe A MOmeT OHITH
HAWJEHO HEeIOocpeAcTBeHHO.

‘O00o3HAa9UM Yepes Y4 YIOJ MeKIy HOPMAJNBI0 K MOBEPXHOCTH ILITAMIA
n HanpasreHHeM 7. Torja yrox HaKIOHa JUHHM CROJBKEHUS JIePBOro ceMeiicTsa,
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oproroHanpHOTO K nmuna AG, npn npubrmwenmu (fur. 14) ® rouxe A 6Gymer
CTPEMHTHCA K BHAYCHUIO Y 4 — j¥.
Taxnm o6pasom, paa muanit AC n AG wuMeeM COOTBETCTBEHHO npenenume‘
COOTHOMIEHHA
i Bac—Mac)= —ix
1 Gag—mMa6)=ya—iw
Tar wak npefenvHble 3HaueHUA § HA 06enx INHUAX PABHBL Mexny cobo#, TO

Nac=Nac—bya =m—1—414
Jasnee nmeem

ca6 =1 K (E+n)=3K[— CrbA)+in—1 —dya] = — K (14 2(a)

W, CHeNOBATENbHO, HOPMAJILHOe [aBIEHHe CpPefbl HA IITAMI B OKPECTHOCTH
Toukn A Oyger '

—g=0,=6a6—K=—(24+2x4) K ‘

HanGonpmee mo abcomoTHOll BeIWYMHE NABIEHNE MMEET MECTO A INIOCKOro
niramina,

Hax 6ypger -mokasaHo pasiee BHYNCIACHFAMH, HNABIEHHe HA INTAMI HECKOJIBKO
VBEJIMIUBACTCHA IIPU NePeMelieHuy [0 erv NOBePXHOCTH K ocu cuvMerpmu. s
oIpefiefeHNA 3aKOHA paclipefesieHNs HODPMAABHOTC HABICHASA cilefiyeT pemarh
cMemaHHY 3an39y B obmactu HAG (dur. 13)

Ha rpanunme mramna HA nmeem

b=2E—m=y—Ir, T e m=Etm—iy |
30ech ¥ — Yrox HAKJIOHA K HANPABIEHWIO I HOPMATIH K HOBEPXHOCTHA INTAMIIA.

Juavenus QyHKIWI £ M v Ha IMBUY CKOAbKeHUA AG W3Be THH B PeayibTaTe
pelleHnsi Tpensnymieil sapgaun. Takmm o6pasoM, pemasd 3a) uiy CMEMaHHOTO
THOR, MOKHO HOCTPOMTHL JMHWH CKOIL/KEHHA N OIpPeJelnTh 3HaUeHWA QyHHmui
£ m m B TpeyrompHoit obmacty HAG wm, B d9acTHOCTH, HAaliTm WX 3HAYEHAA HA
anann HA.

Tar ®ax BeaWYWHEK! TTABHEIX HAUPAIREHNH ¢, M 6, ompepensAiorcad QopMynamm

: 1 =6—Kno,=ct+K

a, Kpome TOTO, y
5 o= K (E+m)

TO MOKHO HAWTH 3HAYEHWH STHUX BeNUYWH Ha anHum HA.

HopmanrHOe paBieHwe ¢ ¢pefEl HA MITaMII paBHO rnaBHomy HAIIP PHEHHEIO G, .

TaxnM 06pasom 3afaya OKAZHBAETCA DeIIEHHOH.

Obmiee ycmime NaBiieHHA ITAMIIA HAa CPefy BEIDAKAETCH IIpH BTOM KPHBOJII-
HEeITHEIM UHTEerpajioM

P S 2rrg siny ds = 2w g rq dx
AH AH

a TBEPHOCTH MAaTepWada cpegn 1o bBpuHemNio — OTHOMeHNeM

rae F —mmomans KOHTaKTHOW IIOBEPXHOCTH.
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Darruueckoe mocTpoeHue JIWHMIT CHOMBr@HNA W Tpaduueckoe

onpepeneHne
BCIIOMOTATeIBHEIX BEeJHYWH [JIA [OJcYeTa paspocTeil 3HadeHmil 2 M v NpHBeIEHO
‘ua dur. 15 1 16.°

Pagmye | rpasuns KOHTAKTHON NOBePXHOCTH ORI B3AT paBHEM 400 MM,
HOnAa mocrpoenna anHnil cKoabmennsa B oOmnacty ABC (fur. 13 m 15) ma

coGopmoil rpammme 6rumn BaATe TouEm [0,0],[1,1], [2,2], [3,3], ..., [10,10]
Ha paccrosHnmu 20 MM gpyr or gpyra.

16

dur.

1 Ha yepre)kax 3THUX QUryp BCHOMOraTe/bHbIE ROCTpOenMst Tuna ¢ur. 6 He Bocnpolizne-
jgeas. QnymeHbl TaK)ke M HEKOTOPLIE M3 NPOMEXYTOYHBLIX JIMHHHA CKOMBYKIHHS |
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3areM B COOTBETCTBMH ¢ W3JIOKEHHHIM BHINE CTPOMINCH TPYOOBl TOYEK
{10,11, 1, 21, [2, 3], ... , [9, 101}, {[O, 2], [4, 3], [2, 4], ...,[8,10]} m T. n.

PesyapraTsl BeMauciaeHmit suadennii QyEkmumit ¢ u ) npuBefeHH B Tabm. 1.
[Mopagor BeMucienmil oTAX 3Havennii' moAcHAeTes cXeMoli, TpecTaBeHHOR HA

0” M| & g
{
e
8 6,
Y 1
we
6]
g 5]
/A
drir. 17
. 3% | 82 ' 20 Il 28 | 26 ] 2% 21 18 15 12 |
| ‘ :
| | ’ oo
5 | —4.002—3.923 —3.827|3.748) —3.673 —3.618 —3.567| —3.483 —3.576/ —3.269
|
10 | 7 |—7.164 —6.67% —6.338 —G.075| —5.823 —5.59% 4,956 —4.129)  3.202| —2.310,
81 0.785 o. 688\ 0.628 0.582 0.538 0.494 0.347] +0.162) —0.043( —3.240
B L RERE RS AR 5 | i
3 | 3.549|3.523|—3.485| —3.443) —3.401| —3.971| —3.316| —3.239, —3.158|
811 ' 6.691/—6.382|—6.126| —5.877| —5.651| —5.033| —4.225| —3.208) —2.419|
a\ 7 0.785 0.715| 0.660] 0.609] 0.563 0.4!6[ 0.227  0.017/—0.185
| |
: | ' | | R
g | 3 2/,3:—3 937 —3.918| —3.189| 3173 _3.130| —3.089] —3.032
6 | v ‘ —6.390 —6.148] —5.907| —5.685| —5.090| —4&. 304 —3.403 —2.521
D ; 0.785 0.728 0.673 0.624 0.479  0.291] 0.079| —0.128
l [ |
g | it _
£ | 7 som 3,001 —2.986] —2.978| —2.962| —2.931| —2.896
il 1--6.152| —5.921| —5.704 —5.199| —4&.866{ —3.486/ —2.616
{}} 1 0.785] 0.730] 0.680 0.538 0.351] 0.139| —0.070
| |
f Ve & \ ; |
‘ —2.781! —2.776| —2.774 —2.767, —2.757 —2.941
‘ , .
2| ' . } ‘ | —5.923) —5.714) —5157 —& 416| —3.557 —2.701
ii)’ I | ‘ } 0.785 0.735! 0.596 0.412] 0.200—0.010
| { ]‘ E
e :
| € [ | _9.571] —2.571| —2.571] —2.571| —2.571
04 r —5.715| —5.178| —4.453| —3.613] —2.773
i} | | 0.785 0.650) 0.470] 0.260 0.050‘.
| | | i |

1B Ta6n. 1 u gatee B Tabn. 3 B HeNAX DKOHOMHH MeCTAa I pHBeHdEHHl 3HA4eHus &, n u O
TOJBKO AJISI TOYEK MepeceveHHs TeX XapaKTEPHCTHK, KOTOpbie BOCHPOW3BEREHbLI HA GHr. 15 1 16.
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Pur. 17, waeTkn KOTOpOH COOTBETCTBYIOT KietKam TaGn. 1 u B koropolk

(1) = (cos 4 —sin 64)AC (4) = (cos 6, —sin6.) BC

(2 =i(ra+rc) (5)=13(rg+rc)
(3)=(1):(2) (6)=(4): (5)
fe=%+0) g =15+ (6), b= ‘:‘(EC —1g)

CympecTBeHHEIMH s JambHeAMero nocrpoeHus senswores roukn (0,1}, [0, 2],
10,3], ..., 10, 10], worophie nemar Ha auHEM cKoabmeHHs AC. Jlna moerpoenms
aanuli cronbmenua B obnacta CAG depe3 TOUKy A OBHUIM IpPOBEAEHB HPAMEIS
¢ yriaMH HAKIOHA K HANpaBleHU I cooTBercTBeHHo paBumMu 0.786, 0.851,

Tabanna 1

[}
—3.164 —3.066 ——2.97&! —2.892) —2.834) —2.771f —2.706] —2.639, —2.571

2 §
—1.432"} —0.592) —0.228/ 1.041] 0.923) 0.814] 0723 6.641] 0571 4 |10
—0.433, —0.619] —0.803 —0.983) —0.939 —0.89| —0.857| —0.820] —0.786
| ‘ SR T T
—3.075 —2.996/ —2.919] —2.850, —2.783| —2.714 —2 643 —2.571 £
—1.540 —0.694 0.142] 0.954 0.838' 0.775 0.647| ' 0.571 n | 8
—0.384i —0.576| —0.765| —0.951| 0,905 -no.se-z] —0.823| —0.786 B
e P e gt ' F: IR s
—2.973) —2. 913 —2 855/ —2.801 —2.726 —2.649 —2.571 £ :
—1.642| —0.796| 0.044 0.863] 0.751] 0.653, 0.571 v | 6
—0.333| —0.529, —0.725/ —0 QIBI ‘o.sesi —0.826 —0,786{ 8
|
| ‘ | P i e
—2.857, —2.817, -2.777| —2.738 —2.655 —2.571 ; £
—1.742] —0.898 —0.655 0.768 0.661 0.571 I v | ¢
—0.279, —0.480 *O'GML —0.878 —0.629) —0.785 | ?
| \ |
| = | l
—2.723 —2.703 —2.682) —2.682( —2.571 _ ‘ [ g
—1.846 —9.997| —0.155 0.670] 0.571 ' | ‘ 7 2
—0.219 —0.427| —0.632| —0.833| —0.786 ' 9
—2.571] —2.571] —2.571] —2.571 _ | ¢
~1.933] —1.093 —0.253 0.571 ? 1 % | 0
—0.160] 0.370 —0.580, —0.786 b $ i b
|

| |

0.921, 0.991, ..., 2.221, 2.271, 2.316, 2.356. YyacTki mOcTPOeHHLX IPAMEX, HPH-~
MHEAOMAe K TOYKe A, IPHHUMAINCHL 33 HAYAIbHBIE YYaCTKH AHHUR CKONBHEHUA,

HpPOXOAAMIAX Yepesd TOURY A.

Hpurasggas MaTeMaTEKa 4 MeXaduKa, BB, 3
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IIpepensHnie 3nagennsa yraa 0 Ha orux amHEAX (OpH ODPECIWKCHAM K 0cODOMH
To3Ke A) paBHH coorBercrBeHHO — (0.786, —0.720, —0.650, — 0.580, ..., 0.650,
0.700, 0.745, 0.785.

IMocrpoenne Togek B obmactn CAG NMpPOM3BOAMIOCH TOCIE0BATENLHEIME I'DYII-
mamu {[—1,1],[—1, 2],[—4,3],...,[—1,101},{[—2, 1], [2,2], ..., [— 2,101}
W T. A, npudcMm 3HaveHus QYHEOWIl £ W v B 9THX TOYKAX, BEYNCIEHHES
mo cxeme ¢ur. 17, crogmancs B tabm. 1.

HOnsa enydad NIOCKOro ITaMna mociaefHeill muHBEd cKouapmeHna obmacta CAG
apnsgerca nuHna {[—24, 1], [—24, 2], [—24, 3], ..., [—24,10]}.

Hdaa ppyrux caygaeB mocaemusAd —JgMHEA BeOUpaeTrcA OO YTAY  Za,
KOTOpDHI# ofpazyeT ¢ HANDABICHHEM 7' HOPMadh K IOBEDXHOCTH ILTAMOA B TOY-
xe A. Tax, nna cheprieckoro mramma, paccCMOTPEHHOTO HAMH B Ka4yecTBe Ipii-
mepa (Qur. 16), smagemne y, B3AT0 paBHEM 1.1852~67°55". IIpa srom mpe-
nensHOe 3Havenuwe yria 6 ma muEmm ckompmenna CAG pasuo 0.400 m mocmen-
Heit JnHmWelr cKomprieHmst obmactm CAG B TpPOBEEHHOM ITOCTPOGHUH ABIACTCH
amnna {[—17,1], [—17,2], [—17,3), ..., [—17,10]}.

‘TarnM ofpasoM DHocTpoeHHE JVHUN CHOIbmeHHA obmactn CAG puf caydas
IIOCKOTO MITAaMIA MORET ONTH MCHOAB3OBAHO W IS JPYTHX CIydaes.

C oroit mempio mnnHum cxomemenms {[—18, 1], [—18, 1],..., [—18, 10]},
{[—19,1],[—19,2],...,[—19,10]} & 7. ;. IOCTPOEHEI ¢ MANEIMI HHTEPBAIAMM
npefelsbHHX sHAYeHHN yraa 6 B Touke A.

Tlocrpoenne Touek B obmactm HAG mpomsBojmmocs AIfi caydad INIOCKOTO
mramba mocaenoBareampHEMu rpymmamm {[ — 25, 1], [—25, 2], .. ., [—25, 10},
{I—26,2], [—26,3],...,[—26,10]} m 7. m. somors mo Toukm {[— 34,10},
sapepHiaomeil Bce IOCTPOEHHE. ‘

IIpu momcuere sHavenmii @ynmuiz § u v yUATHBAIOCH, 9YTO B TOYKAX
KoHTaKTHO# mosepxmocta {[ — 25, 1], [— 26, 2], ..., [ — 34, 10]} mmeer mecTO coOT-
HOIeHHe '

1E—m)=ir wmam =n=Et—3.142

Jaxee mopcumTHBAINCE 3HaYeHNA (YHRUVHA G M Hanpﬂmemm g, B YIOMAHY~-
THX TOYKAX KOHTAKTHOII TIOBepXHOCTH H0 (Popmymam

o=}KE+m=K(E+in), o=c—K=K(E+ir—1)

¥ OTpeelANHCH HA 9epTesiie PACCTOAHHA (B MIJIMMETPAX) 8THX TOUYEK OT OCH I.
Nurerpan .

P =2 S rqdz (@=]o:]=]q:])
HA

upencrasisiomnit cofoit DomHOe yemmne JaBIeHEsA IITAMIA HA ILIACTHYCCKYIO
cpeny, MofcYnTHBANCA TprOIMAeHHO N0 QopMysae Tpamemuit.

3navenme ¢ B Touke / mpu mopcYeTe NPUHATO NPROAMAEHHO PABHHM 3HA-
uennio Toi se Pymknua B Touxe [— 34, 10).
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Jlna ©Gomee ToYHOTO oOIpejlesleHUA DTOTO BHAYEHHWS CJEJOBAJIO IOCTPOHTH
TAKYIO JUHNIO CKONB/KEHNA, KoTOpasf, NMed Hadamo Ha cBoOONHOIT TMoBepxHOCTA
epensl, TOYHO Ipomza Gu depe:z Touky H (IEHTP NOBEPXHOCTH KOHTAKTA).

[locrpoenitss, He yrasaHHele HA 4Yepressax, NOKA3aam, YTO HAYANO0 TAKOM
amapn orcrour or toukm [10, 10] ma pacerosnmm, roropoe Menbme 20 Mm.

Tax xakx sHavenuve (YHKOUM ¢ B TOTKe H oxkasmBaer Majoe BIEAHWe HA
BpennduHy P, TO MBH YRKasaHHOE TOCTPOEHHE OITYCTUIH.

Bruncienua [iIfA ONpeleIeHUA BeIHIUMH o,, ¢. n P mpnsenenn B Tabm. 2,
B KOTOPOM

; N * 1
TA= l; "):E'—ﬁi = 9 (ﬁTVI), q:lgﬂ‘]‘m: qr:g_K(qi-—lrf—1+qirj)

.

Ho paunpM »roif Tabamis :

1
T S Ingr dr ~ 2nK SigrAr = 2x454113K, 6, = 2K = 0.3523H 5
(]

Ornomenve

P =Hs
(rre F ==l*= 160000 = — nmowans KOHTAKTHON NOBEPXHOCTH), — TEOPETUILCKOE
sHaueHne TBepiocTH Mo Bpumemmio, mnA eayvas mmockoro mTaMma OKasaadch
pasauM 5.68 K. .

Hocrpoennst m BHYMCTeHBA AaA caydas cdepwdeckoro mramma BeayTes
aBaJIOTHYHEIM 00PanoM.

Butpannomy smauennio yraa ya=1.185 (8 Touke A) coormercTByer panuye
ceprr, pasueit 1063 MM, U norpysenne mramna B cpepy Ha 78.0 mm, uTo
cocrapufer 0.195 BHemHero paamyca KOHTAKTHON NOBePXHOCTH (pagmyca oTme-
9aTKa). .

JuaaMerp rpaHHMnsl KOHTAKTHON MNOBEPXHOCTH COCTABIACT, TAKEM 00pasoM,
0.376 pnamerpa cepsr imramna.

Jluanu ckonwmenna B ofmactax BAC m CAG moamocTsi0 COBIAfAOT ¢ COOT-
BeTCTBYIOIUMN JVHUAMHA DpejugyMel 3apaum, u nocrpoerue ux Ha ¢ur. 16
OMNYINEeHO.

[Ipa srom mueDeil ckoapmenusas AG Ha dur. 16 vemepn Oyper ABIATHCA Ju-
mna {[—17,0], [—17,1], [—17,2], [—17, 3], ..., [—17, 10]}, woTOopas, Taxum
obpasom, mnabmpaeTess 8a WCXOAHYI0 INPH TIOCTPOSHHMN JIWHNI CHOIBMKEHUA
{[—18, 1],[—18,2],...,[— 18,101}, {[—19,2],[ —19, 3}, ...,[—19,10]} & 7. m.
B obaactu HAG. : '

Frranciennsie snagenna Qynenmit § u v 8 roukax obmactn HAG mpusenenw
B rabm. 3. Ilpm wmopcuere ¢ymEmuii § m v B TOYKAX KOHTAKTHOU MOBEPXHOCTH
[—18,1], [—19,2],...,[—27, 10] ncunonnaoBanoch cooraonIenne v =§— x4y,
KOTOPOE TPUBOJWIOCH yie BHIe. JHaueHme y HaXoxmioch us Gopmynn

3
CO8 Y = --CO8 YA

A*
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(s TaGauma 3
R0 S (I ST —19 =17
i i
- |
£ —4.547 | —4.176 | —2.940 | —3.749 | _3.582 | —3.447
10 7 —7.390 | —6.205 | —5.420 | —4.808 [ —4.269 —3.816
0 0.730 | 0.507 ‘ 0.370 |  0.265 0.172 0.092
Y [
3 —3.782 | —3.661 | —3.529 | —3.402 —3.292
8 n —6.318 | —5.550 | —4.929 | —4.379 —3.907
o 0.634 | 0.472| 0.350 0.244 0.156
s\ |
[
: z S-R78aa L antnn W D10 A T g ok
6 1‘ [ —5.629 [ —5.018 | —4.467 | —4.001
0.559 | 0,428 0.314 0.219
: f i [
g ! | —3.091 | —3.022 | —2.952
4 ) g | —5.079 | —4.536 | —4.071
(] ; | 0.497 0.379 0.280
g ; —2.818 —2.764
2 1 ; —4.590 —4.129°
ti 0.443 |  0.841
£ =D 57Y
L 7 —4.173
1 w 0.400
|

Tie I — pAcCTOAHME YHOOMAHYTHIX TOMEK HOHTAKTHOH TOBCPXHOCTHM JO OCH 3, &
1 =400 — paccToAHme N0 OcH 7 TOYKH A. ?
Parancae A YACIBHEX JaBIeHHI ¢ cpellsl HA NOBCPXHOCTD IITAMIA A IOACYETA
obmero yemana P, KoTopmM MTaMn NaBET Ha cpeny, B Taba. 4, rae
ra=l,  b=yx—im o n=§-40,  g=lo—K]

K i
cosy=Tcosya, 5= (E+m), qr = 55 (¢Ti-1 + 4iTs)

ITo pawHpM 3T0#M Talauiet
1
P=2n Q grdr~ 2K gr Ar — 2z 425147 K,
b oo
o= 2K =0.3764 Hyy = 0.3835 Hyg

Orromenue

P —Hs
rie F mojcunteBanock mo gopayie
A T %
P 7 —"4=0193, c0s0.193=0.9814 )

JISA PAcCMATPHBAGMOTO caydas cfepudecKoro mTaMIa OKasanoch PAaBHEM 5.22,

Ecmi: swe Opars BMecTo mnaomaan F KOHTAKTHOI NOBEPXHOCTH BeAHMYHHY ee
upoeKnun f—ml* HA WAOCKOCTH, TO OTHOWEHHE cHIH P K BeawuMBe 9Tol mpoex:
muu (TepAocts 110 Meiiepy) oxaswmisaerca pasamM My = 5.31K.
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CCECHMMETPNYECKAA 3AIIA“IA IIJJACTAYHOCTH %3

Has ynpyronnmacTudeckuX Tex Ges ynmpouHeHHs CJAeMyeT CYATATH CpaBeNIH-
BHM COOTHOLIEHNE Gs— 2K, THie 6;— Ipejes TeKyd4ecTA IPH IPOCTOM PACTAMEHHAH.

B caywae mmockoro mramma wumeeM o,=—0.352 Hp, a pasa chepmuecKoro
mramMna ¢, = 0.383 H p.

Ornomenne nuaMerpa KOHTAKTHOM NOBEPXHOCTH AIs cepuuecKoro mramMma
K nuamerpy ceprr Oeuro paBmo 0.376. A nmocKoro uiTaMma TO OTHONICHHE
CleflyeT CUMTATH PABHEIM HYJIIO, €CJIM PACCMATPHUBATH Bajady O ILIOCKOM IITAMIIE
RaK IpejlelbHYy0 3a/1a9y 0 cepudecKOM IITaMIe ¢ BO3PACTAIOMIUM AUAMETPOM,

TakuM 0GpasoM, oTHOIeHHe WHCIA TBepHocTH To Bpmmemmio Hp k mpeena
TeKy9eCcTH s ANXA YOPYromiIacTHUecKHAX Tea 0e3 yOPOYHEHUA NOMNKHO MAIO SaBH-
¢eTh OT JAuaMerpa OTHeYaTKAa. OJTO OOCTOATENLCTBO, & TaKMe UNMCIOBOE 3HAYEHHE
OTHOMIEHNA HAXOAATCA B COOTBETCTBHH ¢ HEKOTODHMH dkcnepumenrtama U], mo mam-
HEIM KOTOPHZX ¢,=0.34--0.36 Hp.

.

Tocrynuna B pegakiuio
27 1 194

A. J. ISHLINSKY. — THE PROBLEM OF PLASTICITY WITH THE AXIAL
SYMMETRY AND BRINELL’S TEST

Let the first and second principal stresses for a deformed ideal plastic medium
be equal and the third principal stress different from the first by a constant
value o;= 2k. , ;

Then the problem in question is statically determined and can be reduced.
to the solution of a partial differential system of the hyperbolic type

ﬁ’%:-:—(cosﬂ—sin 9) - ¢

a0 .
S (cos 6 —sin ), T

where 0 i1s the angle between the direction r and the bisectrix- of the right
angle between the principal stresses in the meridian plane; the functions €
and 7 are determined by formulae -

= I:' (34 2k0), =n= ;?(cx — 2K9) (“ i %‘(“r Y o °z)> (2)

The derivatives 9/ds, @ /ds’ are taken along the directions forming the
angles 6 and = /246 with r, i.e. along the directions of the principal shear--
ing stresses in the meridian plane.

The author uses the approximate method of characteristics suggested by
S, A. Christianovitch and developed for this problem by W. W. Sokolowsky(®.

For the given values of functions § and v at the points Aand B (fig. 5) the
value of 6 is alco known and the point C can be found as an intersection of two
straight lines AC and BC determined by angles 8, and 03+ =/ 2 correspondingly
with direction r.

The straight lines AC and BC are. taken approx1mate1y as parts of the
corresponding characteristics (the slip lines).

The values of functions & and % at the point C are given apprommately
on page 205.
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By using this procedure the families of characteristics can be approximately
plotted and the approximate values of functions § and n determined for diffe-
rent cases, namely:

1) when the values of functions § and = are given along a curve which is
not a characteristic (the Cauchy problem, fig. 8);

2) when the values ¢ and'% are given along two characteristies of different
families starting from the same point (the Gouarsat problem, fig. 10);

3) when the values & and n are known along a characteristic and along
an arbitrary curve not a characteristic; a relationship between the functions
§ and 7 is given (mixed problem, fig. 11).

The same procedure can be used for a more special case of two characte-
ristics of the same family intersecting at one point (the problem considered
by W. W. Sokolowsky!®!, fig. 12). In this case the characteristics can be plotted
providing that the values £ and n are given along a range of one of the
characteristic, but starting from the point of their intersection.

The determination of pressure of a plastic medium on a spherical punch is
reduced to the consequent solutions of the above mentioned boundary problems.

On the free surface which is assumed to be approximately plane,

z=—(jlz‘+1), g="0—1

and for the domain ACB (fig. 14) the afore-mentioned Cauchy problem arises.

In_the domain ACG we have that type, of boundary problem which
has been considered hy W. W. Sokolowsky. The characteristic AC is plotted,
the values of & and v along this characteristic are calculated and thus the
characteristic AG can be constructed. :

The characteristics AC and AG, forming angle equal to =/ 4 with the free
surface and with the surface of punch correspondingly, pass through the same
point ¢. ‘

Further, by using the values & and n along AG and the relationship 7=
=t+x—4y given on the surface of punch AH the values £ and 3 in the
domain AHG may be computed. The X denotes an angle between the normal
to the surface of punch and the direction r.

The pressure ¢ on the punch of the plastic medium is normal to the sur-
face of punch and may be calculated by formula ¢=3K(E-+n—2)
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