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(Hasang)

CrpomrentHas MeXaHWKA I TEOPHA YIPYLOCTH JAT BOSMOKHOCTE OIIPEHEINTh
HAIIPSRCHOA W IepeMelleHNA B JOPYIUX cHereMax., ME mMeeM MHOro ciaydaes,
KOrja pemleHuA [OBEJeHEHI JI0 OIpPeAeJeHHOTO KoHNA. (OIHAKO Bce STH pEMIEHUA
NPUrOAHEl TOJBKO TOTAA, KOIJAA Bce TPH H3MEPeHHA Tela comsMepmMer. KHorpma
7@ MBI UMEeM [elN0 ¢ TOHKHMK CTepPyRHAMH WIN TOHREME O000IOYKAME, [0
OCIOASHAETCHA TeM, 4TO IPH [NOCTH:KEHUH OIpejlelIeHHHX HAOpPSKeHmi B 9acTAx
KOHCTPYRIHI, HAIPAHEHNI, KOTOPEHE HABEBAIT OOHYHO KPHTHYECKUIMH, CUCTEMA
MOsEeT BHIITH W3 COCTOAHHWA TOI'0 YOPYIOr'o PaBHOBECHSA, KOTOPOE BHETERANO OBl
3 pacueToB, AaBAaeMEIX CTPOHTEIbHO MeXaHHKoIl m Teopmeii yupyroctu. ®opma
paBHOBECHS, YHKAsHBaeMad CTPOUTENBHOI MeXaHUKOW m Teopmell yOpyrocrm
(popma pasmobecus 1), mom peificTBEmEM HKPUTHYECKUX HATIPHAKEHWIT CTAHOBUTCH
HeyCTOHYmBOii, cmcTeMa IpHHEMAeT ApYyrylo (opmy pasHoBecma (fopmy pasHO-
pecua 2). Hac mETepecyT TOIBKO KPHTHYeCKHUe HAIDAMKEHNHA, T. €. BOBMOMKHELI
MOMEHT BBIXOJA W3 IepBoro Bo Bropoe cocrosume. I[looTomy mMm Oymem B mams-
HeitmeM [oJararh, 9To AeOPMANME BTOPOTO COCTOSHWA BechMa Malke. Tar Kak
oTu Aed)OpMAIEH 'BeChMAa MAJbI, TO MOKeM IPUHATH BO BHOMAHEEe TOILKO PadoTy
e puyrpenmux. Ilpu mepeMemeHWE TOYEK CHCTeMEl B HTHX TOYKAX BHYTPEHHUE
CIIEL, IONIyYaeMble 0T HAIPAMKeHNW, AagyT marudaiomme MOMEHTH M KacaTeJbHhe
HADpa/Kenwsg. B pajgsHeiimeM ME IIPIMEM BO. BHUMAHHE TONBKO marmbaiomue
MOMEHTH, TaK Kak OyJeM paccMaTpUBAThL 000I0UKY, IOABEPFKEHHYI0 CHRATHIO ILII
usrndy. Hacarencure mampasmenns OYAYT EMeTh oco00e BHAYCHUE NIPH PaCeMO-
TPEHHHN BOIPOCAa O KPYYeHWH.

Taxmm o6pasoM pemenne 3agadn 00 YCTONYMBOCTH CBOXWNTCA B o0meM K cie-
pyomemy. Hysxuo onpepennTs HaOpsskeHHS N BHYTPeHHUWE CHJIH B YOPYILOi
cHeTeMe IIePBOTO COCTOSHUS. 3aTeM paccMOTPeTh MBru0aromme MOMEHTH, AaBae-
Mble BHYTPEHHUMI CHJIAMM B CIydae BEIX0/ia W3 9TOr0 cocTosnus. Eeam mmeercs
ypaBHEHNE YIPYroit DoBepxHOCTH 000I0YKY, 3aja4a MOseT OLITh peIIeHA B OYeHb
mpocroit opme. B mampmeiimmeM MEI OCTAHOBHMCH HA KPYTOBOil NUIHHAPHYECKOiL
aboouKe.

§ 1. VYeroiidnBoeTs EpPYyronoii MEIHHAPHYECKOH 000I0YRHE

Mir mowasasjm, 9TO 3aavYd O PABHOBECHH IWJIMHAPHYECKOH o000mM0YKE mop
AeiicTBIIEM HOPMAJBHEIX K € IOBePXHOCTH CIUI MOMKeT OHITH CBEJeHA K DPEemIeHH0
opuoro ypasmenns 11, 9ro ypasmenune (IV) mpmseseno B mameit cratse [Y1 m ormo-
curcA K 000JI09Ke HE TOJABKO TOHKOIl, HO U cpeameii Tonmunsl. Ecnm Mu B sTOM
YPaBHeHUX NpPeAlONOREM, 4YT0 =20 /¢ (0—TONmUEA, a ¢—cpegunit pajguyc

& IMpaxaagHad MaTeMATHKA H MeXaHmka, T. VII, Bum. 1.
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000I04KI) BeUYEHA Majaf, H IpeHeOperkeM BeTMUMHOLN ¢ 10 CPABHEHHIO ¢ €H-
poneii, ypapuenme (IV) mpmsesieTca K cefyoimieMy
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re p,— HApy/HOEe JABIEHMe, p,— BHyTpennee, (=z /¢ m ¢ —(yHrnua nepe-
MenleHuiA. . :
PanmanbHoe mepeMemenme

de
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Up=20+25m im0 (1.2)
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Wo F()ﬂzé"ﬂ dE 6 055 m’—s 523 (14)

Ecaum paccmarpuBarh ypapmenme (1.4) Kak ypaBmeEme BTOPOTO COCTOM HHA
000109KY, BenWdWHA p AOKHA OHTH M3MeneHa; BMECTO P HANO MOACTABHTHL
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ga‘[a?z(Nsb’u)"l-'am(Nan)] (1.5)
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N,=zz8, N.=0063 (1.6)
npmyem ZZ n éﬁ—cpennne 3HAYeHUA II&HpHHﬁEHHﬁ B CEY€HNN IINIOCKOCTBIO, nep-

MeHUKYJIAPHOR K OCH Z, W B CEYeHHMH INIOCKOCTHI0, IPOXONAMIEH Yepe3 och Z.
Tarum obpasom ypasmenme (1.1) mpmmer Bmg
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Korma Ha yquanHZpW4ecKy® MOBEPXHOCThH MAEHCTBYIOT CHAB HOPMAIBHO

K [OBePXHOCTH, BOIPOCH YeToitampocTnm MOTyT OHTH pemem.r opu aiobom pacmo-
JOMEHNT HTHX BHENIHNIX CHI.

§ 2. OnpenmereAde RPATHIGCKEAX CHI B HOKOTOPHIX Y2CTHBIX CIyUAAX

Moassysice gopmyaoit (1.7), mpmeemeM paAj CIyd4aes, yike PaccMOTPEHHEBIX
B JmTEpaType.

1. VeroitiausoeTs KoabHa HOJ PABHOMEDHHM RaBIeHHE M.
QOynrxnua ¢ B 9T0M cayuae He Basuenr or (. Ypapmenme (1.7) mpumuer Bup

czs_q; 83:?__ 12 (1 — cz) a2 ﬁ"‘fp 9 4
30T g6 T Eac o0 (N“ o6 (aah)

Ecam npuasare, 9r0 Ng= — pc (IpH PABHOMEPHOM [ABJIEHUH 10 OKPY/KHOCTH
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KOABLA, PABHOM p), M JOJIOxNTE ¢ = (), IOIy4uM

%[%ﬁ+<1+%§)ﬂ=0 (2.2)

W3 storo ypasmenmsi, momaras ¢ = cos2i, monyumm pesyasrar Maurice Levy

n Boussinesq
3 htd
]-'Jlipzjéi.l1 =4ET(; (23)

Touno Tay #e MOJYYAKOTCA W PE3YIBTATH IS 9ACTH KOIbIA.

2. BeprukanpHHi{l OHNINHAP, KOHIH KOTOPOTO CBOO6OHE.
K NMOBepXHOCTH IUIMHAPA CIJTEH HE TPHIoieHs. O00N0UKA CKUMACTCH CHIAMIT
g=const mo KpailamM cedeHHAM nuianaApa. IlpeamoxomnM, dWro pedopmanus
NIMHApPA 3aBHCAT TOXBKO oT [ 1 me sammenut oT 0. OGosnaunM cmisr, neiicTByIO-
uie Ha eJMHWIY AAMHH KpaliHero cedeHnma depes —¢d. Vpasmenme (1.7) mpu-
MeT BHJ:

1 (1 —c?) % 12 (1 — &%)
d;—s"l’ ‘h—ue—*—* (}"'i—k “thﬁs (24)
HIIm ;i \
04 12 1— 2) 12 1— 2 :
[3»4'{"(2 —I- ( = )a)—s+ ( c) CP]=O (20:!
[Tonaran
‘ o = cos fC (2.6)
TOTyINIM

(2 1;(1#«:)9)32 1244 :‘2’ =0

nman, ecan npemebpeus 2o, momydum ,

12(1 — ) g3t | 12(1 —¢%)
Bt — s 2 -4 5 =0
OTRY 12
. (1_ 2y jb-l—c’ 1201 — &)
B2 6(1—o%¢q ‘/ T e s (2.7)

Jlna Toro wrobor penmumEA 3 mMena BeimecTBEHHOE BsHAYeHWe, HEOOGXOIUMO

qT00E . ;i
' 36g% (1 —c?)?  12(1—¢? )
s 2 s >0 (2.8)

a2

Hamvensmee spauenue
Ea

I=Vid=a) (2.9)

\
1 ecTh KpHUTHYECKOe 3HAYeHUE ¢q (Gyp).
Ecmm monnm nuawmapgpa HE cMeuAloTeH, HOJaras

ke

@ =sin ; (2.10)
MOIyYAM YPaBHEHHE
kimiod Y 12 (1 =it infeigh 12 (1 =8yl
i Eq? o a? =0 (2.11)
Orryna
fnikagh E?
s 121"(1 5 7y T e (2.12),
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Ea
Vii—o
4UCI0 TEd0e, TO ACHO, UTO ¢ MoeT GuiTh Ooabme gyp, M HAJO HAliTH 3HAYCHUE
k, Opm KOTOpPOM NHOJYyYHM HANUMEHBIOIee SHAUEHUE [ad ¢. JOTO0 SHAYCHUE OIpe-
JACINTCHA U3 HePABEHCTB

Tar Kak KPHTHYECKOe HANDAMEHHE ggxp= , a k pgommHO OHTH

[
(k — 1)* n*c? 2 < kinle? i 2
122(1 — ¥ (k — 1) =22 122 (1 — &) LB Py
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pes
‘Bubpas k, monysum nupnm pammmx sHavenmAx ¢/ m &/¢ KpuTmgecKywo
HArPy8RY VIA ¢, — NPAMOIl NUWINHID IPEBPATATCA B BOJHUCTHIN MUIAHAD ¢ THOIOM
IOy BOSH, PAaBHEIM k.
3. Kpunruueckoe dpitaeposo Ha npﬁmenne Ilomaraem ¢/l penm-
ynHOoil Mamoii, OyEkIuL ¢ OepeM B BHje

qo:sin%!: cos 0 (2.14)
Vpasuenue (1.7) mam paet
w22 12 1 bl m8e8 el
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Tonaraem :
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N.=—23 (2.16)

rge P —Bes IPOAOIBbHAA HACPYSKA; NpeAnomaraeM INpH HTOM, YTO HATpy3Ka
1 45 %
P cocpexoToueHa MO YacTH OKpecTHOCTH: —- P okomo Toukm §=0 m —P oromo

TouRm § == Ha mpoTsmmenmn 2c3.
Tax kax orHOmeHWe ¢ /! HPHHATO BeJWYWHON Majoif, TO mpHEAEM K ypasHe-

HHA
it P el

A =
7 sin = I ® cos 0 ,,,aEicosB]sml

Vuuomaa obe uwactm mHa cosfdi m uATErpupya JeByw 4YacTh B Ipeaesax

(2.17)

1 1 1
0T — = [0 7, & IpaByl YacTh B IIpefiesiax oOT —?[3 fo 4B m or a—Bro

w -+ —;— B, momyumm
b )
3 9 P :
T = 53R SB (1 -+ cos 20) db = T (B +sinB) (2.18)
_i. <
IMonaras 3 BenWYIMHOH Mo, HOXyTIAM
rrsc“aE i Ee%

p="r2E T (2.19)

minl

’{:)Hp:,Ei,;'EE1 (2.20)

rpe [ —momenT muepnmm miaowamm 2 wel,
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4 CpoGomgHo omepras Mo KOHNAM NHIMHApuHdYeckas o6o-
J0YKa paAaBHOMEpPHO ckara mo noBepxHocTH. Ilyers obomouwa mim-
moit [, cpegmero pagmyca ¢, ¢BoOOAHO omepras, HAXONUTCH MOR AeWCTBHEM CIKH-
MAOMUIX CAI p, OPWIOKEHHEHX K ee HoBepxmocTH, Urodm ompefeaurs yCTOidm-
BOCTH €€, IoJIaraeM

mel

= sin —= cos kB (2.21)

Ilonyuum ypasnHenne

[ (St o [ oo ] 4

4mBet et e 20w mdeB 12 (1 — of) mhet e
—Q—hz[ 5 (4—5)—%—{—(1—26)%]— 7 + l‘; +—(—aﬁ:)—4}31n%cosk0:
12 (1 — ¢%) 9%
s (Eaacc)(w_[ (dog—i—_. 020?2%?4 ] (2.22)
Sumauenns Ny B [JAHHOM caydJae mHepeamkm; Ny JERUT MemAy — pc H
p
— pesin (nel [ ). Eomm monosmum Ng = — pe, npagas 9acth ypapaennd (2,22) mpamer
P yp p
BUJL
19(1 - CE) (kz—I—T—‘;iz si n? cos kb (2.23)
[lonyaum
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Hazmo ompepmenurs 3ravenne £, mpw KOTOPOM p HMMeeT HAaUMeHbIIee B3HAYCHIE,
910 u Oyzmer py, DBruumcoeHHEe SHAYEHHWA Py, COBOANAIT € TeMH, KOTOpHe
B JIATEPAType M3BeCTHE, :

Ecam Bosemem N, mesmamieit Mesxay — pc m — pe sin (wel [ [), moxyunM smade-
HUE Dy, HECKOALKO Oombimee.

M= Bpech mpmBeam npuMephl HA B3ajavi, paspeimenHie y:ke Boussinesq,
Mises, Southwell u gp. OTauume cocTONT B TOM, 9TO MHl [TOJIYYaeM BCe peleHHH
¢ IIOMOMmBI0 OJHOTO W TOTO ’Ke yPAaBHEHNA,

[Tpurenennoe agech o0mmee pemenme WMeeT B3HATEHNE, WAYNIEe SHAYUTEIBHO
[aabOie, — OHO JaeT BO3MOKHOCTH HCCIE0BaTh YETONIHBOCTE 000M0IRE IO 1000
HATPYBKOif, HOPMAABHOI K IOBEPXHOCTH.

Hdomycrnm, M mveeMm Merajumdecknii TpyGonmposon, ¢Bo0ORHO OHEPTHI IO
KpaAM; TpyO0OmpOBOA HAMOIHEH BOXOIl W, CJENOBATENLHO, IONBep:keH u3ruby. -
B paGore B! mceneposamo mampsizkenHoe cocrosEme mogo0HOro TpyGompdBoja.

Komeuno, B opnoit 9acTu TpyGompOBOAa HANPAKEHUA zz CYTh HATDAMEHUA CiKa-
T0A. Bosamkaer Bompoc 0 BOBMOJKHOCTH BEIIYYMBAHHA TPyGOIpOBOAA. 3HAA
HAIPAFREHHOe COCTOSHHE TPYOOnpoBOAAa, MOKHO, TOIB3YSACh AAHHEIM BIECH HCCIe-
AOBAHNEM, YCTAHOBUTH OTHOmMEHWA ¢ /[ m 8 /¢, NPW KOTOPHX MOJKET HAYAThCA
Bhnyunsanue. B ymomamyroit paGoTe mccmenoBaH BOIPOC M B CIyIae HEIOTHOTO
samonmHends Bopoit. [lemo B TOM, 9TO NpPE HENOJHOM BamOJHeHMH TpPy6OmpoOBOA
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B CMEIC.]Ie yc’roﬁqnnocrn MOMET OKasaThCA B XYIMIEM IMOJOREeHNNT — Ha10 06pafrm'r,

BHUIMaHUEe Ha TO OGGTOHTBJILCTBO, YTO HANIpAFEeHNA fJAO KaK HAOPAMCHUA B Caydae
TpyOoIpOBOSia paCTATHBAKINNE IIOAJCPHSHBAIT Y CTOUINBOCTb.

Necmenosanue yeroiamsocra Tpydonposoga nmeeT Goansmoe sHadenne, OOnTHO,
410GE OBITH yBePEHHEIM B YCTOHUMBOCTH TPYOONPOBONA, HAKIETEIBAIOT PJIH HABa-
PHBAIOT YTOJTKHA 3RECTKOCTH KAK B TPOAOIBHOM, TAK U HONEPEYHOM HATIPABJICHIIL
YeranopneHue IpefesoB, NPH KOTODPEX YeTOHYWBOCTE obecmedena Ges mobasod-
HEIX pebep JKECTHOCTH, YCTPAaHIIO Obl HeOOXOAWMOCTH 3aTPAaTH  M3IHLIHETO
Marepmama. i

ITocrynuna B pegasunio HHcTHTYT MeXaHMKN
7 1V 1942 Aragemmn Hayr CCCP

STABILITY OF A CYLINDRICAL SHELL
B. G. GALERKIN

(Summary)

The paper gives a general solution of the problem of the stability of a
cylindrical shell under the action of a load normal to its surface. The well
 known solutions of Boussinesq, Mises, Southwell and others are obtained as

particular cases. :

1. Stability of a Round Cylindrical Shell

In an earlier paper of the author ' it was established that the problem
in question may be reduced (o solving one equalion.

In the paper ¥ this equation is given in the form (IV), which is appli-
cable not only to thin shells but also to those of medium thickness. By assu-
ming the magnitude a=13&/c¢ (where ¢ is the thickness, and ¢ the middle
radius of the shell) to be small as compared with unity and by neglecting
it, the above-mentioned equation for the first state of equilibrium is then
expressed in the form

as"? 4 agcp ()g? 1L ‘js‘“? [35? I &B"? | [ Q- "-‘].}:77 |
B Tt a0 gt oM oL Tt Gl T g T oage (5—39) Jbr 9% !
9% o o 12(1 —¢%) Ao
5 el il b ) i & — L S
4 (& =7} g on N <° Tgre (4 —23) JEa pe) G
* |
12(1 — 32
=-—a— (P, —P0) (1.1)

where p, is the nternal and p, — the external pressure, while ¢ is the displa-
cement function and {=1z/c. _
Formulae (1.2), (1.3), (1.4) give the radial displacement and the dis-
placements along the axes i and z correspondingly where z is the axis of
the cylinder.
By replacing the value p by the expression (1.5) equation (1.1) will be
then modified
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aos o rd aasa>°"‘6 au*o’“*a"‘[* a6 acﬂ"‘ P o a0 o+ (65— 39) aa«au"‘
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+(4—s)mf§+zaa—c‘§+(1_4a) am;cﬁ (GF eT — (1.7)

12(1 —e2) [ o° R Po )]1
— " Ed% Y_{TQE?[NZ auf'“z o T g aﬂz N, au*"‘zaa ao=+a*4 {

so as to apply to the second state of equilibrium of the shell,
The values N, and N, are given by formulae (1.6) where zz are the ave-

rage values of stresses in the plane perpendicular to the axis z and 0§ are
those in the plane passing through the axis z.

3. Critical Forces in Partucnlar Cases

1. The stability of aring under uniform pressure. In this
case the function ¢ does not depend on [ and equation (1.7) assumes
the form (2.1). The latter, by equating the value N to —pe and the
value ¢ to zero, is transformed into equation (2.2).

By selecting ¢=cos20 from this equation, the well known results (2.3)
of Maurice Levy and Boussinesq for the critical value of p are obtained.

2. A vertical cylinder with free ends. No forces are applied
to the surface of the cylinder. The shell is compressed by forces ¢ which are
constant and applied along the contours of the butt-ends. On a unit of length
of these contours acts the force — ¢8. It is supposed that the deformation of
the cylinder does not depend on 0, i. e. it depends only on {. Then equation
(1.7) would become (2.4), i. e. (2.5). The substitution of (2.6) gives equation
(2.7). The formula (2.9) for |the ,critical load from the condition (2.8) for
the existence of real values of 8 is derived.

When the flanges of the cylinder are clamped the function ¢ must be
selected of the form (2.10) and then equation (2,5) is transformed into (2.11),
wherefrom p is determined by formula (2.12). A comparison of this result with
formula (2.9) shows that the value of ¢ may be larger than the critical one.

Inequalities (2.12) furnish an integer value of k for which the load ¢ will
be the least for the given ratios ¢/ and 8 /c.

The rectilinear cylinder becomes a corrugat'ed one with the number of
half waves equal to A.

3. The Euler critical load. The ratio ¢/? is supposed to be
small. The function ¢ is selected of the form (2.14). Equation (1.7) gives
(215). Assume the value N, to be determined by formula (2.16) where P is
a longitudinal load uniformly distributed: one half about the point 6=0
and the other about the point 6 ==, along the ranges 2 ¢B. Then equation (2.15)
will lead to equation (2.17).

By multiplying the latter by cos 6 df and integrating the left-hand side with-

in the range from —= to = and the right-hand side from —%B to +%B
and from = — . Btow-’l—i B the expressions (2.18) are obtained.

By assummg the value § to be small formula (2.19) and then formula
(2.20) for the critical load are derived.
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4, A cylindrical shell freely supported at the ends. Let
[ be the length of the cylinder, which is subjected to a contracting load p
uniformly distributed over the surface.

By substituting (2.21) in equation (1.7) equation (2.22) is deduced. In
this case the values N, are not large and — pe<c Ny<< — pcsin (ncC/Z). For
Ny= —pc the right-hand side of equation (2.22) takes the form (2.23) and
for p is obtained formula (2.24%).

By determining the value of %, for which p will be the minimum, can be
established the critical value p. The calculated values p, coincide with those
known in literature. The value p, will be a little larger if the value Ny is
taken within the range (— pe, — pesinmeC (). :

The advantage of the method developed is its applicability to a wide
range of problems.
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