AKAITEMMI A4 H A VK cccCP
ACADEMY OF SCIENCES USSR

OTAEJEHUE TEXHUYECKHMX HAVK DEPARTMENT OF TECHNICAL SCIENCES:
PPYNNA TEXHAYECKOA MEXAHMKH SECTION OF TECHNICAL MECHANICS
OPUKINADHAA MATEMATHKA APPLIED MATHEMATICS
U MEXAHUKA AND MECHANICS

T, II. B. 4 1939 V. I, N 4

0 HEKOTOPBIX 3AJXAYAX HEJHHENHOA TEOPUH YHPYIOCTH

H. B. 3BOJUHCKHII I II. M. PH3
(Mocxna)

Kiacomueckas Teopma YHOPYrocTH CTPOMTCA B NPEIHONOKEHHH, 9TO HepeMe-
IIeHWA DIEMOHTOB YIPYTOTO Tella BO BpeMa Me(OPMAIAE CYTH GECKOHOTHO MAJEe
BeJAMYHEH. B ypaBHeHHAX KNacCcHueckofl TeopHH OTOpACHBAlOTCA KBAJPATH M
IPOHNBBEIEeHHS NPOM3BONHHX OT IOPEMEIIeHHI H COXPAHAKNTCH TONBKO JHHEH-
BHe uIeBH. Bce sajaum, cBasaEHHe ¢ pacoMoTpeEmeM Gombmux pnedopmanmii,
He YEIAJHBAIOTCA YKe B paMKE InHeHHOH Teopum; 6Golee TOTO, MOXKHO YEa3aTh
pax Bajad, B KOTOPHX PaCCMaTPHBAIOTCA NPaKTHYECKH Malue nedopMannd, He
BELXOIATINE 32 IPeJeNs TPONOPIUOHANLHOCTH, HO OPH POIIeHHH KOTOPHX He-
00XO0f[AMO PA3IEYaTh HAJAIHHO® H OKOHUATEIHHO® COCTOSHEE Tela M KaK Cclell-
CTBHe BTOrO YUYHTHBATH WIGHH BTOPOro mopsika Mamxocrn. Hacrosmas craths
HBIATaeT HEKOTOPHe OOIIme BONPOCH, CBASAHHEIE C PelleHAeM HeJnHeIHHX
Bafiad, W TOBOPHUT O Bajade, CBABAHHON © PacCMOTPeHHeM Maisx xedopmammi,
HO C Y4eTOM BIMAHHA UYIEHOB BTOPOTO NOpaAKEa. HeKOTOpHe M3 IPHBOJEMBIX
pesyabraToR nybamroBanmes Bkparme B Jloknazax Axagemmm Hayr(®),

Dynem ompemenars momoxeHme TO4eK Tela TeKaPTOBHMH OPTOTOHANLHEIME
rwoopaumaramm. Ilyers a; (i==1, 2, 3) xoopmmmars kKakoH-1MG0 MarepHATBHON
TOYEE B HeNe()OPMEPOBAHHOM COCTOSHHHM, #; — KOOPAHHATH TOH iKe TOYKH B J6-
(POPMEPOBAEHOM COCTOSHEHE M

U, =T, — @ @1
CMEI@HHA IO KOOPKHHATHEIM OCHM.

Hedopmanmmo MOKEO XAPAKTePHBOBATE PaSHOCTHIO KBALPATOB PACCTOAHEN MEmAY

ABYMA OJMSKEMH MaTePHATLHEIME TOUKAME 10 H mocae medopmamum (ds,2 m ds?).

QOueBrIHEO
3 3
c Y
el 2  Ea—— 2 O\
det= > du, = ds?= N da,’ @)
L =dn ==l

Ecam sagann Bermanmsr %; Kak QYHEOUH HePBOHAUAILHEX KOOPIHHAT, TO H3
COOTHOINeHA T

3
(]xi:(la,,;—l— ‘}_‘ O—Zida'a (3)
a=1
JOTKO IOIAYIHTH
g 3
i
ds® — dsy? = .\_ L day dag - n,g, .
=1 H=1
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e

5 3
()ui ou 4] \j 0ua ()ua

S bt i e i db it el G
' o=l
. e )
o 1N fouy)?
KD da; S 2 Z (0(&,‘)

Bemmamest n;; 6ymem HasmBarh KoMmomemrtamm Redopmammil, OTHeCeHHHMH
E Hele(OpPMHPOBAHHOMY COCTOSHHEIO.

Kenu paccmarpmBarh cmemenms %; Kak (YHKIAE OKOHIATOIBEHX KOODIHA-
HAT Z;, TO MOHO, BOCIHOJBBOBABILVICH COOTHOUIOHHEM

da; = duw; — \‘ j;‘:/ dz ()
a=l

HATHCATD

8

N |
\ dzy dzg - €4p, )

e

: ®
_ Ouy 1 N ()ua
=T 07;— 2 =
a=1
Benmanusr €;; HA3OBeM KOMIOHeHTaMH fefopMaimii, OTHeCeHHEMA K JTe(opmu-
POBaHHOMY COCTOAHHIO.

ds — ds

Ecmm wepes ¢; 0608HAUATE YIIHHOHHS, T. €. T—O, TO IerKO0 HO.JYYHTH, TTO
0
5 1— V1 —2¢;

” pm—— VI =4 7)” 1 e e e | (9)

V11— Qe

MIH, pasiarad B paj I OIPAHHIHBAACH YISHAMH BTOPOTO HOPANEA MAIOCTH,
il 3
e e Bt Wl R

Cig == "4y g i — & g %4¢ - (10)

OueBmmEO, UTO feDOPMAIHS IIONHOCTHIO MOKET OHTH ODHCAHA KAK BeIHUH-
HAMA ng;, TAK W BeamumHaMH ¢;;. Ho B Goxemunmerse sagaw Gouee ynoGHBIM G-
BaeT MOJLBOBAEME BelHIHHAMI Sij-

OCHOBHEIM BOIPOCOM, KOTOPHII HAM IpeJCTOHT peIuHTh, GYIeT BOIPOC O TOM,
KaK, 8HAA CMOUIeHHSI H CTaxo OHTH TedopMamnmd, OnpeleIuTh HATDAKEHHS B Je-
OpMEPOUBAHHOM Teie.

Msr 6ymeM HECXOANTE H3 CIONYIOITHX IIPeIIONOMEHHIT.

1. Hanpamenus B TeopMEPOBAHHOM Telle M HHePrHA JeOPMAINE OTHOBHATHO
OmpeJeleHEN H HO 3aBHCAT OT €II0c00a Iepexofia K OKOHYATONHHOMY COCTOAHIIO.

. Temo msoTpOmHO.

Pasymeercs, 5TH NPeJNONOKEHHAA CHIBHO CYKHBAIOT O0IACTE HPHMOHOHHES
npefIaraeMofi TeOPHH, He OXBATHBAONIEH AHMBOTPOIHEX Tel W HeOoGPATHMHX
I POIEeCCOB.
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B »TEX yCUOBHAX ©CTECTBEHHO HPEINONOKATH, HUTO TIIABHHE HANPIKOHHM,
OTHECEHHHE K IOPBOHATAIBHON MIOMIANH, CYTH (PYHKNHUA TIABHEX YAIHHeHHH
Taxoro BHEIA:!

o, =F(e,, €,+¢5, €36).

B cmny npepmomomenns 06 H3OTPONHOCTH APIyMEHTAMH CIYKAT CHMMETDH-
gecEne (YHKIAE YIIHHEHHI €, T C;.

B paBmocmrbmoit opme MOKEO HAIHCATH

5, = (¢, Sy Sy, Sy), (11)
Ime
Si=¢,+e,~¢€5, S,==¢€ ¢€-+¢ e+ e, S;=c¢ ¢,¢,.

ITpexmonaras BOBMOXHOCTE PpasiofmeHHA IocrejnHell GyHERUEE B cTerreHHOI
P&, COXPAHAs WICHEH BTOPOrO NOPAJKa OTHOCATEIBHO ViumHenmii um TpeGys,
aro6Hl Koo (UIHEHTH NPH THHCTTHEX UYIeHAX COBIAJANN ¢ KIACCHIECKHMH, IOIY-
gaeMm:

o, =2p.e,+ A8, + de?+ BS?2+Ce 8+ DS, (12)
THe A H p— moCTOSHEHE JlaMe; AHAJOTHTHE® REPAKEHAS TOTYUHM JIA Gy H Tgie

ITocraBmenHOe BHIME YCIOBHE, UTO DHEPTHA Ne(DOPMAIHE B3BHCHT TONHEO
OT OKOHTATENHHOrO COCTOSHWS, PABHOCHIBLHO TPEGOBAHHIO, 9TOGH BHPAIKCHHE

6, de; + 6, de, + 64 deg

6mm0 moxumM puddepennmaion. Jlerko ybexmrhes, 9TO AIA HTOTO HEOGXOXHMO
H JOCTaTOIHO, ITOOH

C+ D=0.
Torpa Bmpamenme (12) mepenmcHBaeTca B BHJE:
o, =2pe,+ 28+ de®+ BS 2+ C(e; S, —S,). (13)

Taruy ofpasom obobmermnit saxon I'yka muaa mpocrefimero cayuas Tpexcro-
POHHEr0 PaCTHKeHHA NPH COXPAHCHWH KBAJPATHUHHX UIEHOB COJEPKAT IATH
HE3ABHCIMHX KOHCTAHT, XaPaKTePH3YONINX YIPYTHe CBOHCTBA MaTepHAIA.

Eexm mpepmomommTs, WTo JI8 yopyroro Tela B HEKOTOPOH 06JacTH Hamps-
HeHHHE CymeorByer AmHeiHAA BABHCHMOOTH MeWJy TUABHHME HAIPsiKeHAIME
u COOTBETCTBYIOINEME yiunEernavm, 70 A, B u C pna sroli o6macTd paBHEL BYIIO,
H CBASH HAUPAKEHHH ¢ YIMHHeHAAMH BWpamaercd (POPMyIOL:

o, =2AS8, +2pe,. (14)

Hameit pampmefimeit sapmadeil sapnseTca mepexorx or saBmecmMocreii, yeTaHO-
BIGHHHX JIA TPEXOCHOIO PACTEXEHHST, X YCTAHOBIEHHWK OOIMEX COOTHOINeRWH
CBHBHBAKLIIAX HANPAKEHAS W KOMOOHGHTH HedopManuii OTHOCETEIBHO IOGHX
TpAMOTHHEeIHHX OpPTOroHAaNBHEHX oceil kooppmear. Iloramem, 9TO 5TO MOEHO
crenarh, He NpHGerad HE K KAKAM TOOABOYHEIM NOIYINEHMIM.

IIpemzae Bcero or yanmmemmit mepefimeM k KoMmomeHTaM xe(OpMaIdE, OTHe-
COHHOI K OKOHUATONHHOMY COCTOSHHKI, HmONE3yach Qopmyuoi (10); rorma BEpa-
meHme (13) mpeobpasyerca E CIeXYOIIEMY:

1 BernuuEHN HaOpPAXEHEHH, teopMannil X YIINEEeHAH, OTHOCHAIIHECH K ITABHEM 0CAM, OTMe-
YaAIOTCH ONEEM HHEEECOM.
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E,-:Ml-l—‘Zy.ei—i—(B—l—g)\) I2—@BA4+O) L+ Cl g, 4+ (A +3p)e®.  (15)

3xech m B parpHeHmem I, I, m I, HHBapHAHTH TeH30Da AedopMamum:
I ==y ~tegy ey, Iy ==re) €5y~ €5 €5t €9p €95 — (157 157 €557,
: €11 €12 €13
Iy= &1y &5y pg)
€13 €93 €33
3areM BHUHCINM pealbHEe HANDPMKEHHS B Ne(DOPMEPOBAHHOM TelXe G;, OTHOCH

WX K HM3MEHOHHOMI Iomanm. OquHI[HO, qaTo
i o1
1_(1+32)(1+33) ?

OTEYZa ¢ TpeGyeMofl TOTHOCTHIO
G; —G; (1 +&,L'*—'Il). (16)
Paccmorpmy remeps Hapany ¢ IaBEHME OCAMHE 5; NPOHBBOALHLE OPTOTOHAINE-

HHe ocm koopamEar ;. Ilycrs
mg; = cos (§;, ).

Brmrmenm CAeNYIOIHe H3BOCTHEE COOTHOINCHHA:

3 3
KT iy

Gy = \ G My My 04— \ Gy Myi™
a=1 a=1
3 3
oL

€= Z €5 Myi My jy PR \ R Mea?
a=1 a==1

Onmpascs Ha BTH COOTHOIIeHWA H NOub3yack ¢opumyaamm (15) m (16), no-
Ay umM:
3
6y =M, 4+ 2pey; + (C+-A—2p) ] ey + (4 +5p) E g, Myt —+
a=1
fe (B+%) I2—(C+ 301, (17

3

Gij =z S’I'j . = (C—l— A— 2&1-) Il E,‘j =i (A +5 (J.) E Saz Mgy Wla',/'.

o=

Ham ocraercs exje BHPasHTh CYMMEBL
3

3
L LEg
§.- 2 2 2
- \ €q Mys™y 2 Eq Mgy maj

a=1 a=1
gepes KOMIIOHEHTH redopManmm B ROOPJIﬁHaTHHX ocax #;. Jlma sroro Bocmoun-
8yeMcd YPABHEHHAMH, KOTOPHM YAOBIETBOPAT HANPABIAOMNG KOCHHYCH IIaB-
HHX Ocel, Buja:

My (e, — €;) = Mg €15~ Myge13==0,

(=1,2,3)

My €19 —t Mgy (29 — €;) Mg €95 =0,

Mgy €15 = Mg Egg ~H= M (395 — ;) =0.
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Ws srux ypaBHeHmd (Ix Bcero 9) B pesyabTaTe COCTARISHHA COOTBETCTBYIO-
IMEX IHHeHEHX KoMOwHamail W3 J6eBHX dYacTell W ¢ YYeTOM TOrO, 4TO

3
Ry
‘,\ My maj:(),
a=1
eecan 1F), B
3
N oni TS
e gl Ly
a=1
MOKHO IIOXYIUTH
3 : 3
Ty R
D B e g 2 2 at =
} Eq Mgy =81 819" FE13, 2 €2 Mgy Mog == €15 (€7 4 €gp) T €1380g
F—— 1

a=1

7w 7. 7, w rorga opuyast (17) mpumyr crexynommil OkOHUATEILHEEI BHA:
6, =21, 4 [2p 4+ (041 —2p) L] en+(B+%) 12— (C+3N)1,+
4+ (A +Dp) (g2 ¢, 4567, (18)

oy =[2p +(C+21—2y) L] egp = (A 45 [e)5 (25 + £99) 215 95)-

Kar mm yme yrasmBanm, B o6macTH, Tfie CymiecTByer JHHeHAs 3aBHCHMOCTD
MeELy HaUPMKEHEAME H YAIMHOHEAME, KoBCTaHTH A, B m C paBEN HYNO, B MH
HEMeeM CIeAYOILINe YpaBHeHH:A, BEHpamanIlne 3akoH L'yra:

N
6 =AM, +[2p 4+ —2u) L], + = I,2—BAL, 4B (e, ey 4557,
(19)
o= [2p 4+ (A —2 ) [ e+ 5p. [£12 (211 =+ 299) F 15 €55)

. e na e B N et Tt s TR e o | -

YraxeM Ha HEKOTODHE CIeJCTBHA H3 BHBEeJeHHHX COOTHOIIEHME.

1. IpuenMag apEeHHYO 38BHCAMOCTD MY IIABHHMHA HANPAKOHASMH ¥ YHIH-
HOHHAMH, T. 6. klaccmdyeckuil saxoH I'yka IS TPeXOCHOTO PAaCTAMEHHH, HO Pas-
IHdas HaUalbHO® M KOHEYHO® COCTOAHW® HIH, YTO TO e, COXPAaHAA WIeHH BTO-
POro MOpPAKKa OTHOCHTENBHO NPOUBBOJHEX OT CMOIIeHHH, MH Yie He MOXeM
COXpaHHTH Luaccmueckuil 3akom ['yra B o6meM cIyiae W BHHYKJIEHH BaMeHHUTH
ero BHpamermeM (19).

2. Ilepexox 8a mpezexasl IWHEOHHOH 3aBHCHMOCTH MEEIY TIAaBHEIMI HANpPHme-
HAAMA ¥ Y/JIHHeHUAME HO BEHBHBAOT YCIOXHEOHHWH B CTPYETYpPe OCHOBHHX (OPMYT,
B KOTOPHIX MEHAITCA TOIBKO SHAUCHHSA KOS(PPHINEHTOB M YBOIHINBAGTCA THCIO
KOHCTAHT, XapakTepHsYOMEX YIPyrHe CBOHCTBa Tela.

3. Hm npu rakoM BeiGope koadpdpunumertos 4, B u C Hexpsa mOIyInTH, BOOOINS
roBops, 3akoH I'yra B (popue:

0p=AL 4+ 2pe, 65 =24
ecou He NpeHe(perars WIeHAMH BTOPOrO TOpALKa. B camom feme, zua ocyme~
CTBIOHHS DTHX PaBOHCTB HEOOXOJHMO MOJOMXHATH OXHOBPEMEHHO

C=2p—\ u O=—378),
uT0 HEBO3MOEHO. Meway TeM HammcaHEAaA BHIIe (Qopmyna 3akoma L'yka mpmMe-
HANACH HOKOTOPHMH HocIejoBarexaMu, Haupmmep Seth®), mpm pememmn samaw
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TEOPHH YHOPYTOCTE € COXpaHeHHeM HeamHeHHEX wureHoB. (O4eBmiHO, 9r0 BCe
PesyIbTaTH, OCHOBAHHEEE Ha TMONB30BaHHE BTOH (opmynoil sakona I'yka, He BepHEL

Dopmyrsr, aRaIOTHYEEe HammM o6muM dopmyaam (18), Osam moryueHs paHee
Murnaghan ® ms paccmorpenms sHeprmu jedopmmpoBarHOro rena’ Mu Brparme
YEa#eM OCHOBRYIO HAeio BTOTO BHEOjAa. Murnaghan noerymmpyer, 9T0 mIOTHOCTH
YHEPrUA eCTh (JYHKOUSA OT HWHBAPHAHTOB TeH30pa Xe(opMaNEM, W, IIPEIIOIATAS
ee PAasIORAMOCTE B CTEMEHHON AN, IHAITET:

E=2A2—2p.1, 4+ 13 4+ml I+ nl,

¢ TOYHOCTHIO [0 WICHOB TPETBETO TOPANKA OTHOCHTONHHO KOMIOREHT JedopMara.

IIprpaBenBas BHpameRne NONHON HAKOMIEHHONH DHePrEH pPaboTe MACCOBHIX
H HOBePXHOCTHHX CIHI, MOKHO METONAMH BAPHAIHOHHOIO HCUHCIEHHS YCTAHOBHTD
Hampawernsa B JeopMmpoBarEOM Teme. Iloryuaroimmeca Takmy 0GpasoM BEPake-
HHSA COBHAJAIOT, OTIMYaiCh TOIBKO 060SHAUEHMAMN, ¢ HAUINMH BHpaxenmavu (18)
Onmaxo B OpIIOKeHEAX CBOEro MeTola K CIY9ai0 THIPOCTATHIECKOTO CIEATHI
m oxmoocHoro pacraxenma Murnaghan nocryimpyer, 9T0 ROHCTAHTH [=—=m=—
==n==0, T. 6. 970 BHpaKeHHEe A INIOTHOCTH HSHEPIHH COXPAHAET KIACCHISCKYIO
Popary.

Murnaghan moxnaraer, wro orm BHaweHHsS K0SP(HIHEETOB B BHPAKECHHH IIf
SHOPTHH [O3BOJMIOT OUHCATE Ae(hopManun r060# BeIHIUHE, He BIEKYITHEe TOABEO
HOTePHE BHEPTHUH W, CTal0 GHTH, He CRABAHHEE ¢ H3MeHeHHeM TeMIIepaTypH nedop-
mupyemoro Texa. llpneaB rumoresy Murnaghan, cuexyer cumrats, 9ro yme IpH
CKONb YIOXHO MaJXHX JepOpManuAX He CyImecTByer IHHEHHOH BaBHCHMOCTH
MeXNy TAABHEMA Hanpamenmamu u yaamHexusvs (4, B m C He paBEH HYIO).

Wz mamrero mpemronoixeHus Ierko HAXCHATCA CIeAYOIIHe BHAYEHMA KOHCTAHT
I, m a n:

1—v
1—2v?

8=— 4y

=3 et !

Z:SEL m:—3y.

rre v ecth roaddummment Ilyaccoma.

OrMeruM emme, 9TO ypPABHEHHS PABHOBECHS B HANDMKCHHAX COXPAHAIOT KIAC-
cmdeckyo (OopMY, Tak KaK OURUHHI HX BHBOJN CBOGOZEH OT KAKHX-THOO Ipeamo-,
momeHRH O Mamoctm xedopmammm. Hajo TorbkKO TOMHEHTE, TTO DPOHBBONHEIE
BXOJAIIHe B HAUX, GepyTcd IO KOOPAHHEATAM TOUEK OKORYATENBHOTO COCTOSHHM.

YpanHeHna paBHOBeCHS B IIePeMEINeHIAX IerK0 MONYYaloTCA 3aMeHOff mamps-
meHH wepes meOpMANNH, a DTHX IIOCIeJHHX Yepes HPOMBBOIHESE OT HepeMe-
menni; YpaBEeHHS 9TH, OTHAKO, UPe3BHTAHO I'DOMOBJIEH, W ME MX BJeCh He IpH-
BOJHM.

Huwe ‘wpmBenena Bajawa, KOTOpad IOKASHBAET, KaK IPUMEHAOTCA (QaKTEISCKA
M3IOEEHHEE 00ImHe co0OpameHnsd, W KOTOpas IIOMOMeT, KaKk MEl HajeeMcsd, dHCIre-
PEMERTATBHO YCTAHOBHTH BHAUeHHA cueTeMH KoopdmmuentoB 4, B uw C mmm
SKBHBAICHTHOH CHACTOME [, m, 1.

Ilepexona & pasGopy gacTHOH B3ajadum, MW HECKOIBKO HBMeHZEM Haim 060-
BHAYEHHSA: ¢, b M ¢ — KOOPIWHATH HEePBOHAYAIBHOIO COCTOSHUH, %, Y, & — KOOPAH-
HATE OKOHYATOILHOTO COCTOAHUHA, U, ¥, W — HEPeMEIeHU,) Epyp) Epyp -+« B T Ko
EOMIIOHOHTH Je{OpMaIWy, OTHECOHHON K OKOHYATEXHHOMY COCTOSHUIO.

1B ¢opmyrax Murnaghan pua o3 (i3J) meoGxopHMO HCUPABHATH OIIEOKY, HMEHHO, EOB(-
JummesT n 3aMEHHETH Ha n/2. '
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PacemorpmM EpydeHHe CHIBHO pacTABYTOro (CKATOT0) NIPHSMATHIECKOTO
crepmEL!

IIyers mpumsvaTmaeckmii crepmens pacTAHYT (WIH CEAT) CHIAMI, PABHOMEPHO
pacrpefeleFHEME MO KOHIEBHM COUOHHAM, I IOJBEPraeTCd 3aKPYIHBAHMI.

Kiuaccnuecsan ammefinas Teopns He JaeT BOBMOKHOCTH YCTAHOBUTH B3AMMHYIO
BaBHCHEMOCTh MOEIY EpyUeHneM H pacraxermeM. Hampsmenmoe cocrogmme mpm
OTHOBPEMEFHOM JeleTBnN KEPYTAIIEX I PACTATHBAIOIIILX HAIPYS0K IIOXYIAETCH
HaJXOWeHTeM ABYX cmereM Hampamenull. Heaunnefimas Teopma mossoamT Ham ompe-
JIOINTh BINSHAE PACTAMEHNE Ha XeOpPMAINI0 KPYIOHHA, KOTOPYIO MH OyxeM
cunrare Maioff. Mmr 6ymem mpemeGperars BeamumuON kBajgpara KPYTEH T

IIpexmonoxme Temeps, 4T0 #, ¥ I W OHMPEIOIAINTCA CIOAYOILIME (OPMYIAME:

u=——xbc— voa, v=r1ac—vyab, w=29¢(a, b) 4+ ac, (20)

Ijie T — EPYTEA, o.— HEKOTOPad IMOCTOAHHAA BenrmumHa, v — Kos(dunment Ilyac-
COHA, & HATATO KOOPJHEAT BHODPAHO B OJIHOM W3 OCHOBAHHH IIPHSMEL.
W3 ypaseenmit Bruja

ou_dui  0uth e _0u(y ou) Ouin_udw oo
oz oaodx T obow | dcoz da Jx db 9z~ dc ox o
; ou O Oou v A o ou  ou
ompeRensieM w Ty v G * B (yEENEAX OT MPOMSBOTREX -o» = .

Berapras pafiqenEHe BHpameHHA STEX NPOHBBOIHEX B Qopmyas (8), momryumm
BHPaKeHHA KOMIOHOHTOB Xe(POPMAIHE ¢;; Wepe3 KOOPAMHATH Hexe(OopMHPOBaH-
HOTO GOCTOAHHA:

B O AN S S i oS B g el En‘y=07

e =130,/ (1l —20+va) —b (1l —a-+2va), (22)

eyz:'r{%’ (1—2a—+va)4+a(l—a-+2ya)}.

Hamovmraem, d@ro speck m Beopy B JanbHeifinleM OTOpPOIMeHH! BeJHYHHE
TPETT»C‘FO T[Opﬂl];ﬁa MaloCTH, & TaKe BOJHUTIHLL IIO'I)H}IKS: "9'2; I{.pOMe TOTO, B BHP&—'
WeHIAX BAJA o 4 o° ME OTOPAcHBald ¢, NMOCTeIHee YHPOIIeHHe He HMeeT IpHHE-
OANHATLHEOIO XapakTepa, M OT Her0 INeTKO OTKA3aThCd, UTO TPHBENO OB IHIIH
E HEKOTOPOMY VCIOXRHEHHIO BHNA OKOHTATENHLHBIX (DOpPMYy.L.

Bocmonnsyemcs Temepr ocmoBmEmME (opuynanm (19); moryumu:

T e ] sl G .,:2{1.1(14_\,)7

&
£5

yy = Oy

8 1 . :
Gps LT (1+ = Oty mv) {0 1 —20—4av) —b(1 —a—+2av)}, ©3)

3 1 /i [3 f 3
Oye = 7 (1—1—73— a5 ow) fop' (1 — 20+ ay) +a(l —a +2av)}.
Ws ycuosm#i paBHOBeCcHA JBa BHIONHAIOTC TOWKTCCTBOHHO, & TPeTbe BeeT
E TpeGoBaHHI: :
06y 5°yz

S e

1 Bamaua dra Omua BuasEeyTa B, II. BerummrmurM B CBA3H € PaCcyeTOM BOBLYII-
HOTO BHHTA.
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9T0 CBOZETCA K YCIOBHIO:
02 02
ek Sk, S )
oa2 0b2
YecxoBma orcyTerBEA HampameHHH HA GOKOBOI NOBEPXHOCTH IPHBOXAT E Tpe-

H0BaHHAIO:
oo db 09 da d (02 -+b2
———= ——=(l—a—ay) —(—5—
oa ds b ds ds 2
Ha KOATYpe, OIPAaHHYHEBAIOIIEM CeTIOHHS.

Orciona BEAHO, 9TO QyEEDUHS ¢ OTIAUAETCA OT QYERIHR 9 IIA KI3CCHICCKOH
3arauyd 4ucTOoro EPY‘IGH]IH JHUIIOL MHOJKHTEJEM

1—oa—av.

Ecam magamo xooppmmar BHOpPaHO B IEHTpPe THXKECTH OJHOTO M3 OCHOBaHHI
mpmsME (caydai, EOTfa 0Ch KPY9eHHA IIPOXOAHT Yepes IMeHTPH TAKOCTH CeUeHHIl),
TO JEerKo l'IOEa.Ba.TBJ aTo H&HPHJEGH]ZLH Ha KOHICBHEHX CeYeHHAX IarnT ‘IKCTYIO
mapy, T. e.

[[ 6y A dy = ” cyzdx dy =0.

B npormerOM crywae pesyibTEpyOIIie HANPAXEHHA HA KOHIEBHX CeTeHHAX
He DaBHEL HYJIO H COB1aI0T HEKOTOPHI marmbalomiuil MOMEET, ypaBHOReITHBAK-
mufica MOMEETOM OT PABHOAeHCTBYIOMEX DPACTATUBAKINUX CHI, OTIHYHEM OT HYIS
B TOM cIydae, KOTHa OCh EPYUYCHHS He IPOXOAHT Uepe3 JIHHHIO INeHTPOB THieCTH.
Kpyrammii MomenT ompepeaseM mo (opmyire:

W= .” ‘:“’Gy.e — YOt dxdy =

= [[{a+uo,—@+)ou} [Fot ] dads  (=const) (29
IIpoBoas BHEmagkm cormacHO QopMmyzam (23) m (24), maxommm:
: ! P (JIp 8 4 by

rge Ty— reoMerpHueckad IKeCTKOCTH Ha EPYJdeHHe HO PACTAHYTOIO CTepPIHHMT,
o —mouspHEH MOMEHT HMHEPIOUH CEeYeHHA OTHOCHTEILHO OCH KPYUeHHs, & P=—
= 2Go (1 + V) — manpamesne oT pactaraBaomuEx cmil. OTcofa NOXyuaeM OCHOB-
HOIT pesyabTar.

Teomerprmyeckan mecTroCTE Ha KpYdeHHe PACTAHYTOrO (CKATOr0) CTOPKHA

ompegexaerca GopPMyxoii:
J, 8. A
T T L. 2=V
e 0{1+—67(K~4(1— ——|—v))} (26)

Wz orofi dpopmyasr MoxHO cenarh Cleryloliue BHBOAEL

1. IIpm pacrameHEHH JKeCTKOCTh Ha KPY4YeHHe YBOJIHUABAOTCS W OTHOMEHHO
TOMONHUTENBHON MKEOCTKOCTH K IePBOHAYAJIBHON BEAHKO Jua crepxHeil, y moro-
PEX JP>TO, HaIPHAMeD [iasf CTepkHEH y3KOTO NPAMOYIOIBLHOTO CeYeHHS, W MH-
HEMAJBHO I KPYIAOTO IEIHHApA.'

1 Hak m3BeCTHO H3 KIACCAYECKOH TE€ODHH KPYUCHHUS,

Ip

TZ> 1.
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2 ,D;OYIOJIHHTBJIBH&H HeCTKOCThE YMEHBINaeTCd, eCIHH OCh EKDPyJdeHHA HPE6JIE-
KaeTcd K TEeHTPY TAKeCTH.
3. HPH CHATHH HECTKOCThL Ha KPYYeHH® YMeHbINaeTCd, H IIPH EPHTHYECKOM

HaOPpAKCHEHA G
pﬁp k= _JP T 5v_ (27)
Ty 41 v)

HACTyTIaeT MOTePA YCTOMYMBOCTH OTHOCHTEIBHO fie(opManun KPYdeHHS.

Bee Brknamsm Gmam npoBemems: mexops m3 gopmyx (19), mpeamoraranmmx
JHHEHRHEYIO 3aBUCHMOCTH MEXNTY IJABHGIMA HANPMAKEOBHAME ¥ YAIHHOHUAME; MOXKHO
IpoBeCTH HX HCXOAs m3 Gonee ofmmx ¢opmyr (18) m momyumrTs BHpamkeHHS
Hanpamernit m mecrroernm B (PpyEEmuax or mapamerpos 4, B m C (mmum I, m, n),

IT0 OTKPHBAET HEKOTOPHE BOBMOKHOCTH JIId HKCIePHMEHTAILHOTO OLpese-
JIeHUA HANIMX KOoHCTaHT. B wacrHocrm, ecam mpmuars rummore3y Murnaghan, mo-
aomns [=m=mn=0, ro popmyna miz mEecrTkOCTA IPHEMET BHL:

J) 8—v
Te=ds {1+§(£— Tav )}‘

ITo oroit (popmyre maa Kpyraoro muUAHHIpA, LIS KOTOPOTO -TB——_I, TMOIGEHO
0

6Fu0 GBI HAOAONATHCA YMOHBIICHA® JKECTKOCTH HA KPydYeHHe HPH PACTAKEHHH,

qro Hempapjomomo6Ho. Ham mpejxcraBigercs, UTO NPHBEeTeHHOTO COOOpameHHS

Gyner [OCTATOTHO JILd TOr0, ITOOH IOCTABHTE 1I0J COMHeHHe rmmoresy Murnaghan.
Hocrymamo B pepaxnumio 27 VI 1938,
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ABOUT A FEW PROBLEMS OF NON-LINEAR THEORY OF ELASTICITY
P. M. RIZ and N. V. SYOLINSKY '

Moscow

(Summary)

In the present work are treated a few questions of the theory of elasti-
city in cases when it is essential to keep the terms of the second order
in the formulae which connect the components of deformation and the deri-
vatives of the displacements.

In connection with this, it is necessary in some other expressions to retain
the terms of the second order relatively to the above-mentioned deriva-
tives. In keeping the terms of the second order is created the necessity
to distinguish the initial state of the elastic body and the state occurring after
deformation; then as in the linear theory of elasticity both of these states
are considered as identical (the displacements are supposed infinitesimal).

The change of the linear element of the elastic body can be characterized
by six values m;; which are attributed to the initial state [see formulae (4)
and (B)] or by six values ¢;; attributed to the state after deformation [see for-
mulae (7) and (8)].
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For the basis of further reasoning we use two hypotheses:

1. The tension in the delorming body and the energy of the deformation
are determined as mono-values and are independent from the method of con-
verting to the final state.

2. The body is supposed to be isotropic. The first question which is being
solved in the present work is the following: — establish the general character
of the relations which connect the components of ‘deformation with stresses
when the above-mentioned terms of the second order are taken into consi-
deration.

At first this question is analysed for the case when the coordinate axes
coincide with the main axes of deformation. Then it is ascertained that the
Hooke’s law can be written with the aid of the five constants [formula (13)].
Therefore, in considering the terms of the second order, it is necessary to intro-
duce five coustants instead of the two classical elastic constants of the isotropic
body. As a result of a series of calculations the authors obtained the Hooke’s
law (i. 'e. the relation between the components of deformation and the
stresses) for any orthogonal rectilinear systems of coordinates [formulae (19)].

The given formulae (19) were previously obtained by Murnaghan from
estimates of energy.

Further, as an example, when it is necessary to safeguard the terms
of the second order, the authors study the problem of the influence of the
longitudinal streteh (or compression) on the stiffness of torsion of the prismat-
ic bar.

In the linear theory of elasticity both of these states of tension are
superimposed without any influence one upon the other.

By keeping the members of the second order permits one to establish this
reciprocal influence and in particular to calculate the change of the stiffness
of the torsion due to the stretching forces.

For the solution the authors have taken the displacements given by for-
mulae (20) and have proven with the aid of the above-given Hooke's law
(in some particular supposition about the values of the new elastic constants)
that to these displacements correspond the system of stresses (23), which
can, with desirable degree of accuracy, satisty the equations of the equilibrium
and at the same time also the required conditions on the surface.

By writing the moment of the stresses on the cross-section, in respect of the
longitudinal axis, the authors received the expressions (26) for the geometrical
stiffness of stretched bar.

Formulae (26) give the possibility to conclude:—

a) Due to stretching, the stiffness of torsion increases and this increase
depends upon the ratio between the stiffness of torsion for the non-stretched
bar and the polar moment of the cross-section relatively to the axis of torsion.

b) The increment of the stiffness of torsion decreases if the axis of torsion
approaches the centre of gravity.

¢) Due to compression, the stiffness of torsion decreases and for the com-
pressing stresses (27) the stiffness of torsion vanishes, and for this corresponds
a special form of loss of stability.





